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Abstract

We study auctions with severe bounds on the communication allowed: each bidder may only
transmit ¢ bits of information to the auctioneer. We consider both welfare-maximizing and revenue-
maximizing auctions under this communication restriction. For both measures, we determine the
optimal auction and show that the loss incurred relative to unconstrained auctions is mild. We prove
non-surprising properties of these kinds of auctions, e.g. that discrete prices are informationally
efficient, as well as some surprising properties, e.g. that asymmetric auctions are better than
symmetric ones.

1 Introduction

Recent years have seen the emergence of the Internet as a central platform of interaction between
computers, humans, and firms. The different parties that interact on the Internet are in various levels
and modes of cooperation and competition with each other. This happens in all levels of the interaction,
from the lowest technical level of computer communication, routing, storage, and computing, and
reaching to the highest level of electronic commerce in its many forms. Studying such types of computer
systems that are distributed in terms of the participants’ goals and incentives, naturally requires using
a combination of techniques from economics, game theory and computer science. Indeed much recent
work has been done on this borderline, see e.g. the surveys [20, 11].

Studying these types of distributed-incentive-computer-systems naturally leads to many new prob-
lems in each of the participating research fields — questions that arise due to considerations from the
other fields. In particular, many new questions in economics arise due to the necessity of taking com-
putational questions into account. This paper deals with such a question: how to design efficient
auctions that are restricted to using a very small amount of communication.

Auctions have been suggested many times as an efficient mechanism for resource allocation in
computer systems. See e.g. |20, 8, 25, 30] and the many references therein. The basic argument goes
along these lines: when some computational resource needs to be allocated in a distributed system,
we would like the system to allocate it in the most beneficial way. If we auction the resource among
all the conflicting uses in an economically efficient way then we will do just that. Thus, for example,
congestion over some communication link in a network can be handled by auctioning the bandwidth
of the link. This type of idea has indeed been applied in various forms both for low level resources
like network bandwidth [15, 29, 27, 12| or computing resources [33, 35, 34, 13, 22, 24|, and for many
e-commerce systems [2, 3, 1, 5, 4].
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Several researchers have considered the effect of various computational considerations on the de-
sign of auctions: online behavior [14, 6], unbounded supply [7, 10, 6], computational complexity in
combinatorial auctions [32, 16, 21, 28, 37|, timing uncertainty [26], and more. This paper studies the
effect of severely restricting the amount of communication allowed in an auction of a single item. Each
bidder is only allowed to send a single ¢-bit message to the auctioneer, who must then allocate the item
and determine the price according to the messages received. I.e. each bidder has a set of k possible
messages it can send (where k = 2!). The simplest case is t = 1, and thus k = 2, i.e. each bidder sends
a single bit of information, and the auctioneer must determine an allocation and pricing according to
the bits received from the bidders. This is in stark contrast to the usual treatment in economics where
we assume the communication is in terms of real numbers. The only treatment of similar issues we
know of in the economic literature is [17], who considered similar questions in cases of restricting bid
levels in oral auctions to discrete levels, and [36, 18] that analyze the inefficiency caused by discrete
priority classes of customers.

The reader may ask why we bother studying such severe restrictions on communication, as a single
real number does not seem like an excessive amount of information to transfer in any computer system.
Well, there are several motivations for studying auctions with such severe restrictions on the commu-
nication. First, if auctions are to be used for allocation of low level resources in computer systems,
then only a very small amount of computational effort can be spent on them. Thus, e.g, an auction for
routing a single packet will need to require very little communication overhead, certainly not a whole
real number. One would ideally like to “waste” only a bit or two on the bidding information. Prefer-
ably, the bidding information can be piggy-backed on some unused bits in the packet header of existing
networking protocols (such as IP, TCP, or those used for QoS). Second, restrictions on communication
can sometimes function as a proxy for other simplifications in the auction: low communication means
low information revelation; low communication reduces the amount of required human input (and thus
simpler user interface); low communication means a small number of payment amounts and thus may
simplify handling them electronically, etc. Since we will design auctions that are very efficient despite
using very low communication, we get all such properties as a bonus. Third, while single item auc-
tions require only a single real number in communication, efficient combinatorial auctions require an
exponential amount of communication [23] and are thus impossible computationally. Understanding
the trade-offs between communication and allocative efficiency will thus allow enlarging the envelope
of auctions that are efficient both in the economic sense and in the computational sense.

We consider both the question of optimizing total social welfare and the question of maximizing
seller revenue (under individual rationality constraints) under the restriction of bounded communi-
cation. We completely characterize the optimal auctions in the case of 2-bidders, a characterization
that holds for all notions of equilibria. We describe two families of auctions called "priority games"
and "modified priority games" each having a dominant-strategy equilibrium. Each of these families
is parametrized by certain threshold vectors. We derive the optimal values for these parameters, for
which we prove:

Theorem 1.1. For any pair of distributions on the valuations of two bidders, and any bound k on
the number of possible messages allowed to each bidder, a priority game with the derived parameters
achieves mazximal social welfare. The loss in social welfare compared to auctions that are unconstrained
in communication is O(k—lz)

Theorem 1.2. For any regular distribution on the wvaluations of two symmetric bidders, and any
bound k on the number of possible messages allowed to each bidder, a modified priority-game with the
derived parameters achieves mazimal seller revenue (under individual rationality and Bayesian-Nash
equilibrium constraints). The loss in seller revenue compared to auctions that are unconstrained in



communication is O(k%)

The O(k%) bound on the loss incurred is tight for some distributions, as we show by analysing
the case of valuations uniformly distributed in [0,1]. In this case the loss of social welfare is exactly
m and the loss of seller revenue is Q(77) .

Our analysis implies some expected as well as some unexpected results:

o Low welfare and revenue loss: Even severe bounds on communication result in a mild loss
of efficiency. E.g. for the case of two bidders whose valuations are uniformly distributed in [0, 1],
we obtain a 1-bit auction with expected welfare 0.648, compared to 0.667 which is what can be
reached without any restriction on communication.

e Asymmetry helps: Asymmetric auctions may be more efficient than symmetric ones with the
same communication bounds. E.g. for the case of two bidders whose valuations are uniformly dis-
tributed in [0, 1], symmetric 1-bit auctions can only achieve expected welfare of 0.625, compared
to 0.648 for asymmetric ones. We also show that asymmetry helps achieving higher revenue.

e Discrete Prices are Informationally Efficient: We show that in the optimal auctions with
k messages, bidders simply partition the valuation range to k continuous price ranges and bid
their price range.

e Dominant Strategy equilibrium incurs no additional cost: The efficient auction we design
has a dominant strategies equilibrium and yet is optimal among all auctions regardless of their
definition of equilibrium.

We start by presenting, in section 2, a self-contained treatment of the simplest case: 2 bidders with
uniformly distributed valuations, each allowed a single bit of communication. We continue with the
general case: section 3 provides the model definition and introduces our notations, section 4 analy-
ses welfare and revenue maximizing in auctions among two players. Finally, section 5 discusses the
generalization to an arbitrary number of bidders.

2 2-players, 2 possible bids

We start with the description of the simplest case: games among 2 players where every player can send
only a single bit to the auctioneer (or mechanism). Later on, we generalize these games to any number
of possible bids and any number of players.

2.1 The model

The players in our model are risk-neutral, have independant private values for the item, and quasi-linear
utilities. The valuation of player i is distributed in the range [0, 1] with a commonly-known distribution
function f;. In this section, we assume players’ valuations are distributed uniformly. Throughout the
paper, we deal with ez-post Individually-Rational (IR) mechanisms, i.e. games where the utility of zero
is guaranteed for each player.

Our unique assumption is that every player has only two possible bids to choose from. Such
mechanisms can be described with a 2x2 game matrix, where the 1st player (Alice) chooses a row, and
the 2nd (Bob) chooses a column. Each entry of the matrix specifies the allocation and payments given
a bids’ combination. The mechanism can toss coins to determine the allocations. Figures 2.1 and 2.2
depicts examples for 2-players 1-bit mechanisms.



A 0 1
B wins and pays 0 | B wins and pays 0
1 A wins and pays % B wins and pays %

Figure 2.1: (g1) A 2-player 1-bit game that achieves maximal expected welfare (efficiency)

B
A 0 1
No allocation B wins and pays %
1 A wins and pays % B wins and pays %

Figure 2.2: (g2) A 2-player 1-bit game that achieves maximal expected revenue

A Strategy s; for player i is a function s; : [0,1] — {0,1}. A strategy determines the bid of player
1 according to his valuation wv;.

Each selfish bidder wants to maximize her expected utility. As the mechanism’s designers, we
will try to optimize “social” criteria such as expected welfare and revenue. The expected welfare (or
efficiency) achieved by a mechanism is the expected valuation of the player that wins the item (if any).
The expected revenue from a mechanism is the expected sum of bidders’ payments.

2.2 Welfare and revenue optimizing mechanisms

In the case of unlimited communication between the bidder and the mechanism, when valuations are
distributed uniformly, we know that the optimal expected welfare is 2 (2nd-price auction, see [31]) and
the optimal expected revenue is - = 0.417 (2nd-price auction with reservation price of %, see [9, 19]).
In this section, we study how close can 2-player games, with 2 possible bids for each player, get to
these values, with dominant-strategies equilibrium and ex-post individual-rationality.

Let g; denote the mechanism described in figure 2.1 and go denote the mechanism in figure 2.2.

Theorem 2.1. The mechanism g1 has dominant strategies equilibrium, with ex-post individual-rationality
and it achieves erpected welfare of g—i = % — i4 = 0.648.
The mechanism go has dominant strategies equilibrium, with ez-post individual-rationality, and it

achieves expected revenue of g—i =0.39

Proof. (sketch) Consider the following strategy: “bid 1 if your valuation is greater than %, else bid
0. Clearly, this strategy is dominant for player A in g;: when his valuation is smaller than % he will
gain negative utility if he bids “1”. When his valuation is greater than %, bidding “0” gives him zero
utility, but he can get positive utility by bidding “1”. We call this kind of strategies threshold-strategies.
Similarly, a threshold-strategy with % is dominant for player B in g;. The threshold-strategies with
the values %, g are dominant for A, B, respectively, in gs.

Bidding “0”, guarantees a zero payment for the players in both games. Thus, both games are
ex-post individually-rational.

Now, we calculate the expected welfare in g; when both players play their dominant strategies
described above. When a player uses a threshold strategy with z as a threshold, he bids “0” with
probability z, and “1” with probability 1 — z (uniform distribution). The expected valuation of this
player, given that he bids “07, is §, and it equals HT“” given that he bids “1”. The expected welfare, is
therefore:
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Similarly, we can calculate the expected revenue in g2, when both players play their dominant
strategies: 0+ 5(1 — %)% +(1- %)%% +(1-4Ha- %)% = g—i O

Recall that with no communication limitations, the optimal welfare is % = g—g. We surprisingly see
that despite severely limiting the communication from infinitely many bits to a single bit, the welfare
loss is mild (only ;).

2.3 Optimal mechanisms

Next, we claim that the mechanisms g; and g (described in figures 2.1 and 2.2) achieve optimal welfare
and revenue, respectively.

Theorem 2.2. No 2-player 1-bit mechanism achieves strictly greater expected welfare, than the mecha-
nism g1 from figure 2.1 (even without restriction to mechanisms with dominant strategies equilibrium).

Proof. (sketch) This theorem is proved in 3 steps:

Step 1: We show that every mechanism g can achieve its optimal welfare with a pair of threshold-
strategies. L.e. there exists a pair of threshold-strategies such that no other strategies achieve strictly
greater expected welfare in g.

Step 2: Consider mechanisms in which the item is always allocated to the player with the highest
bid, and in case of equal bids, the item is always allocated using a pre-defined order on the players.
We call this family of mechanisms priority-games. (For example, g1 is a priority-game in which we
always break ties in favour of B.) We show that for each priority-game there exists a pair of strategies
(not necessarily in equilibrium) that achieves the maximal welfare among all 2-player 1-bit mechanism
with any pair of strategies.

Step 3: From the previous steps we know that optimal welfare can be achieved in priority-games
with threshold-strategies. Next, we express the expected welfare in a priority-game as a function of the
threshold-values that the players use: w(g,z,y) = zy§ +z(1— y)HTy +(1-z)y 4+ (1-2)(1- y)HTy

This function achieves unique maximum (z,y € [0,1]) when (z,y) = (3, 2). O

Theorem 4.3 is a generalization of theorem 2.2 (with a full proof).

Theorem 2.3. No ez-post individually-rational mechanism achieves strictly greater revenue than go
(see figure 2.2) .

Proof. Theorem 4.6 generalizes this result. O

Observe the following properties of g1 and g2, which demonstrate the properties of the optimal
mechanisms in the general case:

e Both optimal-welfare and optimal-revenue are achieved when the players use threshold-strategies.

e The mechanism g; achieves the maximal welfare achievable by any 1-bit mechanism and any pair
of strategies, without restrictions to any kind of equilibria. Nevertheless, we found a game with a
dominant-strategies equilibrium that achieves this welfare. go achieves maximal revenue among
all the mechanism with Bayesian-Nash equilibrium with ex-post IR, but go achieves this optimal
revenue with dominant-strategies equilibrium.

e The welfare-maximizing threshold values (z,y) = (3, 3) are what we call mutually-centered. Le.
z is the expected valuation of B given that B bids 0 (i.e. z = E(vg|0 <wvp <y) = (HTy), and y
is the expected valuation of A given that A bids 1 (i.e. y = E(valz <wva < 1) = ZH).



e The optimal mechanism is assymetric (priority-games are assymetric by definition). Actually we
show in section 2.4 that symmetric mechanisms must achieve strictly smaller expected welfare.

e When optimizing revenue, the ex-post IR assumption is critical. We could alternatively assume
ex-ante IR, where the players participate only if their ezpected utility is non-negative. In this

case the mechanism “extracts” the whole welfare of the players (thus the optimal revenue is g—i)

2.4 Optimal symmetric games

In this section we show optimal 2-players 1-bit mechanisms, and prove that they incur greater welfare-
loss and revenue-loss than asymmetric mechanisms. This section has been moved to appendix A.

3 The general model

3.1 The players and the mechanism

We cousider single item auctions among n risk-neutral players. Player ¢ has a private valuation v; €
[0,1]. The valuations are independently drawn from a distribution function f; (Vve[0,1] filv) >0,

fol filv)dv = 1) and the cumulative function is F;. Throughout the paper we assume that all the

distribution functions are continuous and always positive. Players want to maximize their utilities,
which are quasi-linear. We assume a normalized model, i.e. players’ valuations, for not winning the
item, are zero. We also assume players utilities depend only on whether they win the item or not (no
externalities).

In our model, each player i can send a message of t; = 1g(k;) bits to the mechanism, i.e. player
i can choose one of possible k; bids (or actions). In most parts of the paper, we assume that all
players have the same number of possible bids, k. The seller’s valuation for the item is zero. Denote
the possible set of bids for player i as 8; = {0,1,2,...,k; — 1}. In each auction, player i chooses a bid
b; € B;. Let b= {b1,...,b,} be a vector of players’ bids. A mechanism should determine the allocation
and payments given a vector of bids s:

Definition 1. A mechanism g is composed of a pair (a,p) where:

e a: (B X...xpp) — [0,1]" is the allocation scheme (not necessarily deterministic). We denote
the i’th coordinate of a(b) by a;(b), which is player i’s probability for winning the item when the
bidders’ bids vector is b. Clearly, Vi Vb a;(b) > 0 and Vb Y " | a;(b) < 1.

e p: (B X ... x fBy) = RN™ is the payment scheme. p;(b) is player i’s payment given a bids’ vector
b, which she pays only if she wins the item.

Note that we allow non-deterministic allocations, but we ignore non-deterministic payments (since
we are interested in expected values, using lottery for the payments has no effect on our results).

Definition 2. In a mechanism with k-possible bids, for every player i, |3;| = k. We denote the set of
all the mechanisms with k-possible bids among n players by G, . We denote the set of all n-player
mechanisms in which |3;| = k; for each player i, by Gy (k;.... k,)-

Throughout the paper, we deal with ez-post Individually-Rational (IR) mechanisms, i.e. mecha-
nisms in which the utility of zero is assured for each player (including the seller). As a result: (1)
A player will pay non-zero amount only when she wins the item. (2) The payment for each player is
always in the range [0, 1] .

Next, we define the notion of a strategy for a player, and show how players choose their strategies.



Definition 3. A Strategy s; for player ¢ in a game g € Gy, ;, describes how a player determines his bid
according to his valuation, i.e. it is a function s; : [0,1] — {0,1,....,k — 1}.

Denote ¢y, = {s|s:[0,1] — {0,1,....k — 1} } (i.e. the set of all strategies for players with k possible
bids).

Definition 4. A real vector ¢ = (cg, c1, ..., ¢x) is a vector of threshold-values if ¢y < ¢1 < ... < ¢k.

Definition 5. A strategy s; € ¢y is a threshold-strategy based on a vector of threshold-values ¢ =
(co,€1y--ry), if cg = 0 and ¢ = 1 and for every ¢; < v; < ¢j+1 we have s;(v;) = 1.

We use the notation: s(v) = (s1(v1), ..., Sn(vn)), when s; is a strategy for bidder i, s = (s1, ..., 8n)
and v = (v1,...,v,). Note that b = s(v) is a vector of bids. When s = (s1,...,8,) is a vector
of strategies, and s; a strategy for player i, s_; denotes the strategies of the players except 7, i.e.
S—i = (815 -1y Si—1,Sit1, -, Sn ). We sometimes use the notation s = (s;,5_;).

3.2 Optimality criteria

The players in our model choose strategies that maximize their utilities. We are interested in games
where such strategies forms equilibria.

Definition 6. Let u;(g, s) be the expected utility of player ¢ from game g when bidders use strategies
s, l.e.

ui(9,8) = Eyepo,r (ai (5(v) - (vi = pi (s(v))))

Definition 7. Strategy s; for player i is dominant in mechanism g € Gy, (k,,...k,) if regardless of the
other players’ strategies s_;, ¢+ cannot gain higher utility by changing his strategy, i.e.

Vsi € ok, Vs uilg, (si,s—4)) > ui(g, (5i,5-4))

We say that mechanism g has a dominant-strategies equilibrium if for every player ¢ there is a
strategy s; which is a dominant.

Definition 8. Strategies s = (s1, ..., 8p) forms a Bayesian-Nash equilibrium in mechanism g € G (ktyenkn)
if for every player i, s; is the best response for the strategies s_; of the other players, i.e.

Vi V‘%VZ ul(ga (Si,S_i)) > Uz(g, (évzas—’l))

Our goal is to find optimal communication-bounded mechanisms. Each selfish bidder wants to
maximize her expected utility. As the mechanism designers, we will try to optimize “social” criteria
such as welfare (efficiency) and revenue.

The expected welfare from a mechanism g, when bidders use strategies s, is the expected sum
of bidders valuations. Because the item is indivisible, the expected welfare is actually the expected
valuation of the player that wins the item (if any). Note that the expected welfare does not depend
on the payments in the mechanism.

Definition 9. Let w(g, s) denote the expected welfare in the n-player game g when bidders’ strategies

are s, i.e.
n
w(g,s) = EvE[O,l}” (Z a; (s(v)) 'Uz')
i=1



and let woP ' denote the maximal possible expected welfare from any n-player game where each player

has k p0551ble bids, with any vector of strategies allowed, i.e.

¢
wir, = max w(g, s)
’ 9EG, k), SEP1X... X

Definition 10. Let r(g, s) denote the expected revenue in the n-player game g when bidders’ strategies

r(gas): vel0,1]™ (Zaz 3(”)))

and let 7", denote the maximal possible expected revenue from any ex-post individually-rational,
n-player k p0551ble bids game and strategies s that forms a Bayesian-Nash equilibrium:

opt

opt __
Tok = max r(g,s)
g € G is ex — post IR

S € (1 X ... X @y, in Bayesian — Nash equilibrium

Note that we define the optimal welfare as the maximal welfare achieved among all mechanisms
and strategies, not necessarily in equilibria, and we define the optimal revenue as the maximal revenue
achieved among all mechanisms with Bayesian-Nash equilibrium and ex-post IR. Yet, the optimal
mechanisms (for both measures) that we present in this paper will have dominant-strategies equilibria.

Definition 11. We say that a mechanism g € Gy, achieves ezpected welfare (revenue) of o if there
is a vector s of dominant-strategies for which the expected welfare (revenue) from ¢ and s is a, i.e.
w(g,s) = a ( r(g9,8) = a ). Mechanism g € G, achieves optimal excepted welfare (revenue) if it
achieves wff: ,ﬁ (rff ,i ).

4 Optimal mechanisms for 2 players

In this section we present mechanisms with bounded communication that achieve optimal welfare and
revenue.

Definition 12. The priority-game PG, € G} allocates the item to the player ¢ that bids the
highest bid (i.e. when b; > b; for all j, the allocation is a; (b) = 1 and a; (b) = 0 for j # i), with ties
consistently broken according to a pre-defined order on the players.

Definition 13. The modified priority-game M PG, € G, is a game with the same allocation as
priority-games, except no allocation is done when all players bid 0.

We will assume (w.l.o.g) throughout this paper that in 2-player priority-games B > A, i.e. the
mechanism allocates the item to A if she bids a higher bid than B, and otherwise to B.

Definition 14. A 2-players priority-game based on the threshold-values © = (g < ... < ) and
y = (yo < ... < yg) is a mechanism that its allocation is as in a priority-game and given a pair of bids
(i,7) of A, B respectively, A pays ;41 whenever she wins, and B pays y; when he wins. We denote
this mechanism by PGg(z,y). The mechanism PGg(z,y) is presented in figure 4.1.

Definition 15. A 2-players modified priority-game based on the threshold-values © = (zg < ... < zy)
and y = (yo < ... < yg) is a mechanism that its allocation is as in a modified priority-game and
given a pair of bids (4,j) of A, B respectively, A pays ;1 whenever she wins and when B wins he
pays y; when 4 > 0 and y; when i = 0. We denote this mechanism by M PG (z,y). The mechanism
MPG(z,y) is presented in figure 4.2.



0 1 2 .. k-2 k-1
0 | B,0| B,0 | B,0|..|l B0 B,0
1 A,.’I,‘l B,’yl B,’yl B,yl B,yl
2 | Az | Ayze | Byys | ... | B,ys B,y
k-2 A, A A, I A, I3 | ... B, Yk—2 B, Yk—2
k-1 A,.’L‘1 A,ZIIQ A,ZII3 A,.’L‘k,1 B,yk,1

Figure 4.1: A priority-game based on the threshold-values z,y. Note that the threshold- strategies based
on z,y are dominant strategies, with ex-post IR. When z,y are mutually-centered, this mechanism achieves
optimal welfare, among all the mechanisms and the possible-strategies.

0 1 2 - k-2 k-1
¢ |Byi [Byyn|..| Biys | By
1 A,.Z‘l B,yl B,yl B,yl B,’yl
A,.’L‘1 A,.TQ B,y2 B,y2 B,y2
k-2 A, Al A, I A, I3 | ... B, Yk—2 B, Yk—2
k-1 A,.’L‘l A,JZQ A,xg A,.’L‘k,1 B,yk,1

Figure 4.2: A modified priority-game based on the threshold strategies z,y. Note that z,y are dominant
strategies with ex-post IR. For a chosen values of z,y, this mechanism achieves optimal revenue.

It turns out that priority-games achieve optimal welfare, and modified priority-games achieve op-
timal revenue.

Proposition 4.1. For every pair of threshold-values x,y, the threshold-strategies based on these threshold-
values are dominant in both PGy(z,y) and M PGy (x,y), and these mechanisms are ez-post individually-
rational.

Definition 16. The threshold-values z = (zg,z1,...,Zx—1,2k = 1), v = (Y0, Y1,---»Yk—1,Yx = 1) are
mutually-centered, if the following constraints hold:

% fp(vg) - vpdup
Vi<i<k-1 z,=F(w <o <) = Yt
STS i (vB|yi-1 < v <) Fsi) — Falyi1)

Joit falva) -vad

) A\VA) - VAGQVA
' (valas 1) Fa(wiy1) — Fa(z;)

Lemma 4.2. For any pair of distribution functions on the players’ valuations, and for any values of
o and Yo, there exist a unique pair of mutually-centered threshold-values x,y.

4.1 Welfare-optimal 2 players mechanisms with £ possible bids

In this subsection, we show the characterization of an efficient mechanism, for any pair of distribution
functions on the players’ valuations. We also give a tight upper bound on the welfare loss they incur.

Let ¥ = (2f,...,z}_1,op = 1) and y* = (y¢'s - Y1, ¥y = 1) be mutually-centered threshold-
values, where zg = yo = 0.



Theorem 4.3. For any pair of distribution functions on the players’ valuations, the mechanism
PGi(z%,y") achieves optimal welfare (wgf’t), among all mechanisms in Goy. The optimal welfare
s achieved with dominant-strategies equilibrium and ex-post IR and the welfare loss it incurs, com-

pared with the optimal auction with no communication bounds, is O(Elg)
Proof. In theorem B.12 in the appendix. O

We give an explicit solution for the case of uniformly-distributed valuations in [0, 1]. We show that
the upper bound on the efficiency loss is tight, i.e. the efficiency loss in the worst case, is Q(k—g)

Theorem 4.4. When players’ valuations are uniformly distributed, the mechanism PGk(Y, 7) achieves
optimal welfare, among all mechanisms, where

0! 3 2k—31)

T e T %1% = 1
2 4 2% — 2

y=(0 1)

"2k —1"2k—-1"""2k—1’

and the welfare loss it incurs is ezactly &

W. The optimal welfare is achieved with dominant-

strategies equilibrium and ez-post IR.
Proof. In theorem B.11 in the appendix. O

Note that the threshold strategies from theorem 4.4 are mutually-centered.

We saw in theorem 4.3 that for any pair of distribution functions we can construct a mechanisms
that incurs a welfare loss of O(%) But can we design a mechanism that regardless of the distribution
functions, will always incur a low welfare loss? The following theorem presents a mechanism with
k-possible bids that incurs a welfare loss of O(%) regardless of the players’ distribution functions, and

we also show that no mechanism can do better.
Theorem 4.5. The mechanism PGy(x,y), where x = y = (0,%,%,...,%,1), incurs an exrpected
welfare loss < % for any pair of distribution functions of the players’ valuations. Moreover, for any

mechanisms there exists a pair of distribution functions for which the expected welfare loss is Q(%)

Proof. In theorem B.13 in the appendix. U

4.2 Revenue-optimal 2-players mechanisms with £ possible bids

Most results in the literature on revenue-maximizing auctions, assume that the distribution functions
of the players’ valuations are regular (as defined below). When the valuations of all players are
distributed with the same regular distribution-function, it is known that Vickrey’s 2nd-price auction,
with an appropriately chosen reservation price, is revenue-optimal (|31, 19, 9]).

Definition 17. ([19]) Let f be a distribution function on a finite range, and let F' be its cumulative
function. We say that f is regular, if the function

_1-F(v)
f ()

is monotone, strictly increasing function of v. We call v virtual utility or virtual surplus.

o(v) =v

10



The key observation of Myerson ([19]), which we also use, is that revenue maximization is equivalent
to virtual-utility maximization.

For optimally chosen zy and yg (see appendix C.3), let = (Xy, ...,X;_2, 1) and ¥ = (9o, ---, Yg—2, 1)
be mutually-centered threshold-values. Let z" = (zg,...,z},) and yi/z (Y45 ---»yy) be threshold-values
that satisfy 2 =y = 0, 2}, = y;, = 1 and for every 1 <i <k —1 ;1 = v(z]).

Theorem 4.6. When both players’ valuations are distributed with the same reqular distribution func-
tion, the mechanism M PGg(z",y") achieves optimal ezpected revenue among all the individually-
rational mechanisms in Goy. It incurs a revenue loss, compared with the optimal auction with no
communication limitations, of O(k%)

Proof. In theorem C.5 in the appendix. O

As in the case of welfare optimization, we give an explicit solution for the case of uniform distribu-
tion functions. this optimal mechanism incurs a revenue loss of Q(k%), which is (due to theorem 4.6)
asymptotically the worst case.

Theorem 4.7. When players’ valuations are distributed uniformly, the modified priority-game
MPG(z,y) achieves optimal ezpected revenue amonyg all the individually-rational mechanisms in G,
where

1 1(—t) . 3-(1-1) (26 —5)- (1 - 1)
= (0,5t + gt et e 1)
2.(1—1t) . 4-(1—1) 2k —4) - (1-1)
- 1
y=Ottt gttt gt gy

_ —2a+V14+3a _ 1 . . . 1
and t = —oiza) fora= 37 This mechanism incurs revenue loss of Q(3z).

Proof. In theorem C.7 in the appendix. O

Note that when the distribution functions are uniform, the transformation 7! is linear, and thus
the threshold values x and y from theorem 4.7, without the first zero element, are mutually-centered.

5 Results for any number of players

This section has been moved to appendix D.
Acknowledgment. We gratefully thank Ilya Segal for suggesting the use of “virtual utilities” for

proving bounds for the revenue loss. We also thank Motty Perry, Daniel Lehmann, Abraham Neyman,
Ron Lavi and Ahuva Mua’lem for helpful discussions.
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A Symmetric 2-players 1-bit mechanisms

The optimal mechanisms we have presented so far in this paper are asymmetric. Can we find symmetric
mechanisms that achieve optimal results? In this section we will see that the answer is no: optimal
symmetric games can achieve smaller welfare and revenue, though the differences are small. We show
this only for the simplest case of 2-players 1-bit games.
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0 1

0| w.p- %A wins, pays 0 B wins and pays i
w.p. % B wins, pays 0
1 A wins and pays % w.p. % A wins, pays%

w.p. % B wins, pays %

Figure A.1: (m1) 2-players 1-bit symmetric mechanism that achieves optimal welfare

A.1 Welfare optimization

Let m1 be the mechanism depicted in figure A.1. We show that m; achieves maximal revenue (for sym-
metric mechanisms), and this revenue is smaller than the optimal revenue in asymmetric mechanisms
(0.648, see section 2.2).

Proposition A.1. The mechanism mq achieves welfare of % with dominant-strategies equilibrium and
ez-post IR.

Proof. (sketch) The threshold strategy % is dominant for both players. The dominance here is less
obvious than previous examples: for player A, if v4 < % he would prefer bidding 0 either when B bids
0 (because VUA<% 2-v4 >wv4— 1) or when B bids 1 (because VvA<% 0>2%(wa—1)), andifvs >1
he will similarly bid 1.

In addition, ex-post IR clearly exist (zero payment is guaranteed when players bid 0). Calculating

the welfare can be done as in section. 2 O

Theorem A.2. No symmetric 2-players 1-bit mechanism achieves welfare which is strictly higher than
my (with any strategies, not necessarily dominant).

Proof. (sketch) We will start with the set of all the symmetric 2-players 2-possible-bids mechanisms,
and reduce it to an optimal mechanism. As in section 2.3, we conclude that the following set of
mechanisms will contain an optimal (symmetric) one:

0 1
0| w.p. % A wins and pays 0 B wins and pays b
w.p. % B wins and pays 0
1 A wins and pays a w.p. % A wins and paysa
W.p. % B wins and pays b

With threshold-strategies (x,y) the expected welfare is:

B 1z 1y (1+y) (1+2x)
w(z,y) = z-y (2 5 T3 2>+x I-y)- 5= +0-2)y
1 1+42z) 1 (1+=x)
1—2)-(1— - i
R e
This function achieves a unique maximum (z,y € [0,1]) when (z,y) = (3.3%), and w(g, 5,%) = 3.
When a = b = i and E:b:% we get the mechanism m; from figure 77 O
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0 1
0| No allocation B wins and pays %
A wins, pays % w.p. % A wins, pays%

w.p. % B wins, pays %

3

Figure A.2: (my) 2-players 1-bit symmetric mechanism that achieves optimal revenue

A.2 Revenue optimization

Let mgo be the mechanism depicted in figure A.2. We show that mg achieves maximal revenue (for
symmetric mechanisms), which is smaller than the optimal expected revenue in asymmetric mechanisms
(0.39, see section 2.2).

Proposition A.3. The mechanism my achieves revenue of 0.385 with dominant-strategies equilibrium
and ex-post IR.

Proof. (sketch) The threshold strategy % is clearly dominant for both players. The rest of the proof
is similar to the proofs in section 2. O

Theorem A.4. No symmetric mechanism with ex-post IR, achieves strictly greater revenue then mo
(with any strategies)

Proof. (sketch) Using the same considerations as in section 2.3, we can see that the following set of
symmetric mechanisms contains one with optimal revenue (and ex-post IR):

0 1
0 | w.p. p A wins and pays 0 B wins and pays a
w.p. p B wins and pays 0
1 A wins and pays a w.p. % A wins and pays @
w.p. % B wins and pays a

If x > a or z > @, the mechanism with z = a = @ and p = 0 will achieve greater expected revenue
with ex-post IR . Thus we can assume, x = a = @ and p = 0. The expected revenue is:

1 1
R(a) =a(l —a)a+ (1 —a)aa+ (1 —a)(1l — a)(ﬁa + Ea)
This function achieves unique maximum (a € [0, 1]) when a = % and 7(g, %’ %) —0.385 .

B Welfare optimization in 2-players mechanisms

B.1 Threshold-strategy optimality

Lemma B.1. Given a mechanism g € G, (,....k,), there is a strategies-vector s € X[y, such that
for every player i, $; is a threshold-strategy and

w(g,5) = max w(g,s)

SEXT_ 1 P

Proof. Given a strategies vector s* which achieves optimal welfare in g (i.e. w(g, s*) = max ok o w(g, s)

), we will show that for every player 7 we can modify s} to be a threshold-strategy, and the welfare
will not decrease.
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Assume s; is not a threshold-strategy. Therefore, there must be a,b,c € [0,1], a < b < ¢ such that
sf(a) = si(c) = m but sf(b) =t (t # m). We will show that a strategies vector § identical to s*,
except 8;(b) = m, holds w(g,s) > w(g, s*).

Denote the probability that all players except ¢ bids b_; as Pr(b—;). Thus, the expected welfare
from a game g given that bidder 7 with valuation v; bids m and that the other players use strategies

* .
s*, is:

> | ailm,bg) v+ aj(m,b_g) - E(vj |s§(v;) = b;) | - Pr(b_s)
b j#i
Note that this expected welfare is linear in v;, and we denote it by h(m) - v; + t(m) (the constants
h(m) and t(m) depend on the bid m).
We know that s}(a) = m. The strategies s* achieve optimal welfare in g, therefore there is no other
bid ! such that if s;(a) = [, the expected welfare will increase. Thus:

Vi#£m h(m)-a+t(m)> h(l)-a+t() (B.1)

Similarly, because s} (c) = m, we can derive:

Vi#m h(m)-c+t(m)>h(l)-c+t() (B.2)
We know that a < b < ¢, thus there is A € [0,1] such that Aa + (1 — A)c = b. We will multiply
inequality B.1 with A and B.2 with (1 — A), and sum the inequalities to get:
Vi#m h(m)-b+t(m) > h(l)-b+t(l)

Thus, the expected welfare for player ¢, given v; = b, is maximal when she bids m. Therefore, when
modifying s} such that sf(b) = m the total expected welfare will not decrease. We can repeat this
process until there is no a < b < ¢ such that s}(a) = s} (c) # s;(b). Therefore, given a strategies-vector
s* such that w(g,s") = maxsexr (ks w(g, s), we can change all strategies to threshold-strategies s and

still have maximal welfare. O

B.2 Priority-games’ optimality
B.2.1 Theorem’s proof
Theorem B.2. There is a priority-game g € G, that achieves optimal welfare (wgp,: .

For proving theorem B.2 we have to prove some lemmas beforehand.
We have special interest in “simple” mechanisms where the item is always allocated (i.e. the item
must be sold) or which the allocation is done without any lottery (deterministic games):

Definition 18. Mechanism g € Gy (x,,....k,) 18 deterministic if for every combination of bids the
allocation is fixed, i.e.
Vb€ B1 X ... X B, V1 <1 < naib) € {0,1}

Definition 19. We say that in mechanism g € Gy, (4, .. k,) the item must be sold if for every combi-
nation of bids the item is always allocated, i.e.

Vb€ B X .. X By Y _ai(b) =1
=1
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Lemma B.3. There is a mechanism g* € Gy (k,,...k,), which is deterministic and in which the item

must be sold, and a strategies’ vector s € X[ py,;, such that gx and s achieve optimal welfare, i.e.
* _ . opt

w(g ’S) - wn7(k17"'7kn) ’

Proof. In the next subsection (B.7). Proof’s idea: For each bids’ combination, we can assign the

item with probability 1 to the player with the highest expected valuation, and the welfare will not

decrease. O

Definition 20. A mechanism g € G, (x,,....k,) i monotone if for any bids vector b and for any player
i, the probability of a player to win the item cannot decrease, when he increases his bid, and all other
player don’t increase their bid (even if some of them decrease bids), i.e.

V V ai(bi, bfz) S ai(bz’, b_z)

bi>bi Vb <b_;

The following lemma shows that we can modify any mechanism to be monotone, without decreasing
the welfare.

Lemma B.4. For any mechanism g € Gy, ..k, and for any vector of threshold-strategies s €
X 1Pk, , there is a monotone mechanism g* € Gy, (1, .. k,) such that w(g*,s) > w(g, s).

Proof. We can assume, w.l.o.g, that for each bidder the thresholds are ordered from lowest to highest
(i.e. if a bidder bids “m” for all v € [¢t, ¢py1] then she will bid “m + 1”7 for all v € [¢y41,ci42]). Thus,
for any player 4 and any bid m € {0, 1,...k; — 2},

E(vilfi(vi) = m) < E(vil fi(vi) = m +1) (B.3)

Therefore, changing the mechanism as in the proof for lemma B.3, will modify the mechanism to be
not only deterministic where the item must be sold, but also to be monotone. Given a bids vector
(b;, b_;) for which player j has maximal expected valuation over all other players, if he increases his
bid to ¢ > b;, he will still have the maximal expected valuation (according to equation B.3 ). For the
same reason, if any other player decreases his bid, her average valuation will decrease too, so j still
has the maximal expected welfare. O

The following lemma, states that the optimal welfare strictly decreases, when the number of possible
bids decreases. This property is intuitive, since with smaller number of bids, the mechanism’s ability
to differentiate the players’ valuations decreases.

opt
2,(k,k

pt

Lemma B.5. w ) > wgy(k_l’k

) for every k.
Proof. In the next subsection (B.8) O

Corollary B.6. Let g € Go i, be a deterministic, monotone game in which the item must be sold, and
x,y be threshold strategies that achieve the optimal welfare (i.e. wg{’kt) with g. Then, in the matriz

representation of g there are no rows or columns with identical allocation.

Proof. From lemmas B.3, B.4 we know that there is a deterministic, monotone mechanism g, in which
the item must be sold, that achieves w;f’,: . Lemma B.1 tells that there are threshold strategies that
achieve wgf’ ,f in g. Assume that player A has 2 different bids with the same allocation. g is monotone,
thus these bids are consecutive. Clearly, a similar game with k—1 rows that unites the 2 identical rows,
will have the same expected welfare, using the same threshold strategies (when uniting the thresholds

of the identical rows). Thus, wgp(tk_l - w;p(’;c - Contradiction to lemma B.5. O
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We finally can prove theorem B.2. According to lemmas B.3, B.4 there is a deterministic, monotone
game in which the item must be sold that achieves w2 . In monotone, deterministic games in which
the item must be sold, a row 7 looks like [A4,..., A, B.. B] where r; is the index of the first B in this
row (0 < r; < k). Corollary B.6 derives that there are no rows with the same allocation in the game’s
matrix, thus there are k 4+ 1 possible rows for the game matrix. However, we only have k rows in our
game. Similarly, we have k (of possible £+ 1) columns in the game. Assume that the row [B, B, ..., B]
is in g. Then, the column [A, A..., 4] is not in g. Therefore, our game matrix consist of all the columns
except [A, A, ..., A], which compose the priority game where B > A. If the row [B, B, ..., B] is not in
g, then the row [A4, ..., A] must be in g, and g is the priority-game where A > B.

B.2.2 Proofs for lemmas

Lemma B.7. There is a mechanism g* € Gy (,, . k,) » which is deterministic and in which the item
must be sold, and a strategies vector s € X} ¢k, such that g* and s achieve optimal welfare, i.e.

t
'LU(g*, 8) - wzpj(kh,kn) ’

Proof. Let g € Gy (k,,....k,) and s € XL g, such that w(g,s) = w;f(tkl,---,kn). Consider the bids vector

b* = (b7, ...,b},). Let j be the bidder with the maximal expected valuation when all bidders bid b*, i.e.

j €arg max FE(vi|s(v;) =b])
i€{l,...,n}

Let ¢* be a mechanism identical to g except that we always assign the item to bidder j when the bids’
vector is b*(i.e. a;j(b*) = 1 and V;£;a;(b*) = 0). We will show that w(g*,s) > w(g, s) (recall that Pr(b)
is the probability that the players bid b, given a strategies vector s, and let a be the allocation scheme
of g and a* be the allocation scheme of ¢g*):

U)(g, S) = E’UE[O,I]" ’LU(g,S,’U) = Z PT (Z az UZ' UZ) = b ))

bEPBLX... X Bn, i=1
= Z( Zaz E(vi|s(v;) = b; >+Pr (b%) - Zaz E(vi|s(v;) = b))
b#b* =1
< Z < Zaz E(vi|s(vi) = b, )) + Pr(b%) - 1- E(vj|s(v;) = b})
b£b*
n
= Z( Za E(vi|s(v;) = b; )—I—PT (v%) Za b*)E(v;|s(v;) = b})
b#£b* i=1

— Z ( Za fuz| 1)1) =b; )) = Eve[O,l]m ’w(g*,S,U) = w(g*,s)

b

We can perform similar modifications in g for each bids’ vector b, and get a determinlstlc mechanism

g* where the item must be sold, and w(g*, s) > w(g,s) = wzpfkl k) thuS w(g*,s) =w? (k1 - O

opt
2,(k,k)

opt

Lemma B.8. w > Wy (k1) for every k.

Proof. From lemmas B.3 and B.4 we can assume that there is a monotone, deterministic mechanism
g € Gy in which the item must be sold such that there are threshold-strategies (z,y) for which
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Figure B.1: Inserting a first row to a (k — 1) X k game matrix

n n

0
A . BE B B
E:}E(mln—}vnlﬂ} T s

X1

w (g, (z,y)) = wy k Because ¢ is monotone, each row i in the game matrix (A is the rows player, B is
the columns player) has index [; such that it allocates the item to B if and only if bg > I; (i.e. a row
looks like: [A,...., A, B,...B]). The monotonicity also tells us that the index where the item starts to
be allocated to B cannot decrease with the row number (i.e. I; <l;+1). B can start winning the item
in k4 1 possible indices inside a row (note that [B,....B], A, ...A] are possible rows). Because we have
only k£ — 1 rows in g, there must be a type of row that is not one of the rows in g. We will modify
g to g € Go (11) by adding some missing row, and change the threshold strategy z to z, such that
the new mechanism and strategies achieve strictly greater expected utility than the originals. We will
assume that the thresholds of each player are unique (ie. 0 < 21 < ... < zp_1 < 1,0 < y; < ... < 1).
(Otherwise, we have a bid that is never chosen, and we can omit it from the game, without welfare
loss, and the rest of our proof will hold.)

Case 1. We can insert the new line as a first line in the game’s matrix representation (i.e. when both
players bid “0”, A wins the item). See figure

We know that g is welfare-optimal, and that A wins the item when both players bid 0, so E,, (v4|0 <
va < z1) > By, (v|0 < wp < y1) (otherwise allocating the item to B increases the expected welfare).
Because the valuations’ probabilities is always positive, 0 < E,, (v4]0 < vy < 1) < 1. In the game
matrix, we will add a first row identical to the first row in g, except allocating the item to B when
they both bid 0. Let xll = E,,(vB|0 < vp < y;) —¢e for some 0 < ¢ < E,,(vp|0 < vp < y1). Let
T = (0,26,1,161,.’1,‘2, ey Tk—2,1). When A, B uses (z,y) as threshold strategies in g, we will see that the
expected welfare is strictly greater than the welfare when they use (z,y) in g (which is the optimal
welfare for k X k games).

The expected welfare is a weighted sum of the expected welfare in all entries. Clearly the expected
welfare in all entries where by € {2,...,k; — 1} is not changed, because each entry’s probability and
the allocation inside it haven’t changed. Each entry (bs,bp) = (0,4), 2 > 0, in the first row of g, is
split in g to two entries which together add the same expected welfare as in entry (0,4) in g. We first
show this property when g allocates the item in entry (0,%) to B:

wel fare from entry wel fare from entry
( (0, z')z'n§ )*( (1,i)in g )
= (Fa(z1) — Fa(0)) - (Fp(yi+1) — FB(yi)) - Eyp (vBlyi < vB < yit1)
+ (Fa(x2) — Fa(@1)) - (FB(Yit1) — FB(%i)) - Bop(vBlyi < vB < Yiv1)
(Fa(x2) — Fa(0)) - (FB(yi+1) — FB(i)) - Evp (vBlyi < vB < yiv1)
(Fa(z1) = Fa(0) - (FB(yir1) — FB(i)) - Bvp (vBly: <vB < yit1)

wel fare from entry
(0,9) in g
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If g allocates the item in entry (0,) to A :
wel fare from entry wel fare from entry
N -~ + N~
(0,i)ing (L,9)ing
= (Fa(z1) — Fa(0)) - (FB(yi+1) — FB(yi)) - Bv, (v4|0 < va < 771)

+ (Fa(z2) — Fa(z1)) - (FB(Yit1) — FB(yi)) - By, (valzr <va < 23)

Oﬁ fa@)vdv [
(Fa(z1) — Fa(0))
f“ fa(w)vdo [

= (Fp(yi) — FB(yi-1)) - (Fa(z1) — Fa(0)) -

+ (FB(Yit1) — Fp(yi)) - (Fa(x2) — Fa(z1)) - Fa(m) = Fa@)

Fp(yiv1) — Fp(yi)) - /sz fa(v)vdv

(
= (Fp(yi+1) — FB(Yi) - (Fa(r2) — Fa(0)) - By, (val0 < va < 73)
(FB(yit1) — FB(yi)) - (Fa(z1) — Fa(0)) - By, (v4|0 <va < 1)

_ wel fare from entry
a (0,2)ing

Note that because :L‘Il < E,,(vp|0 < vp < y;) and the always-positive probabilities, we have:

By, (vgl0 <wvp <y1) >z = T1 > By, (v4]0 < vy < 77)

Thus, the contribution of entries (0,0) and (1,0) to the expected welfare in g is strictly greater

than the expected welfare in entry (0,0) in g:

( wel fare from entry ) n

(0, 0) ing
= (Fa(z1) - ())
+ (Fa(z3) -

wel fare from entry
(1,0)ing

Fg(y1) — F(yo)) - By (vB|0 < vp < 91)

(
)
(Fe(y1) —
)
(

Fy(z1
> (Fa(z1) — Fa(0)) - FB( 0)) * By, (v4|0 <va < 77)
+ (Fa(z2) — Fa(1)) - (F(y1) — FB(%0)) - Evy(valze <va < T7)
= (Fa(z2) — Fa(0)) - (Fp(y1) — Fp(0)) - By, (v4|0 <va < 73)
= (Fa(z2) — Fa(0)) - (Fp(y1) — Fp(0)) - By, (va|0 <va < z41)

_ wel fare from entry
N (0,0)ing

Case 2. We can insert the new line as a last row

1)) - (F(y1) — FB(Y0)) - By, (valz2 <va < 77)

In this case we know that B wins the item in g when both players bid maximal bids (i.e. (ba,bg) =
(k—2,k—1)). We will create a new game g € G (4 1) by adding a k — 1th row identical to g’s k — 2th
row, except that A wins the item when bg = k — 1. Let m;c_l = E(vlyk-1 < v < 1) +e. When
A uses the strategy z = (0, z1, ...,.Tk_g,.’,C’kil, 1), and B still uses y as a threshold-strategy, the total
welfare is strictly greater than the optimal welfare in g, achieved by the strategies (z,v).
shown similarly as in the previous case: the expected welfare in g is the same as in g, except in entry

(k — 1,k — 1) when it strictly increases.
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Figure B.2: Adding a middle row to (kK — 1 x k) game with optimal welfare

x';
¥il ¥i ¥l ¥i1 ¥ ¥l
Xi1 Xi1 :
B B I!i B
@ x I:;} X A
Al A A
Xi+l Xi+l
X5
¥il ¥ ¥l ¥il ¥i, ¥
Xi1 Xi1
B B | B B
(b) xi Oy %
Ll al A x| | & | B
X+l X5+l A A

Case 3. We can insert a row between 2 existing rows

Now there must be 2 rows ¢ and 2+ 1 and 2 columns 7 and 7 + 1 such that we allocate the item to
B when the bids are (4, ), (1,7 + 1) and to A when the bids are (i +1,7),(i+ 1,7 + 1) (see figure B.2).
We will create a new mechanism g by adding a row ' identical to row i except for the entry (i',j + 1)
where B will win the item. The way we construct the new threshold-strategy z for A depends on
whether the expected valuation of B when bidding j is smaller than z; or not:

When E(vplyj—1 <vp < y;) < z;: let x; = E(vBlyj—1 <wvp < yj),and let T = (0, z1, ...,avi_l,x;,:vi,

As in previous cases, we can see that the expected welfare in all entries hasn’t changed, except a strictly
positive increase in the (i',7) index (because E(va|z; < vp < ;) > x;), so the total welfare has in-
creased. See figure B.2 part (a).

When E(vplyj—1 < vp < y;) > x;: Let x; = E(vp|yj—1 < vp < y;). Because the probabilities
are always positive, E(vgly; < v < yj+1) > E(vsly; < vp < y;+1) > z;. Player A wins the item in
. . !
entry (1 + 1,7 + 1) thllls E(vply; < vp < yjy1) < Ewalzi <va < @igp1) < @ig1 50 &5 < £; < Tiyi.
Let = (0,21, ..., Ti, T;, Tit1, ..., 1). Again; the expected welfare was changed only in the entry (7', 7),
where it was strictly increased (because z; > FE(val|z; < va < z;), so the total welfare has increased.
See figure B.2 part (b) O

B.3 The welfare optimizing mechanism

Proposition B.9. For any pair of distribution functions on the players’ valuations, there exist a
unique pair of mutually-centered threshold-strategies.

Proof. (sketch) We know that zo = yo = 0. If z1 is known, we can calculate y; (that solves 1 =
E,,(vB|yo <vp < y1) ), which is unique since the function h(y) = E(v|0 < v < y) is continuous and
strictly monotone (assuming continuous, always-positive distributions). Similarly we can calculate
Zg9, then yo, then z3 and so on. Finally, we calculate yx_1 such that it solves zy_1 = E(vp|yx_2 <
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v < yk—1) . It is easy to see that all the variables z; and y; can be viewed as a continuous, strictly-
monotone functions of z1. Now, let ¢’ be the solution for the equation yx—1 = E(va|zr—1 < va <7').
For the satisfiability of all the 2(k — 1) equations, ¥’ = 1 must hold. Because y’ is also a continuous
strictly-monotone function of x1, there is only a single value of z; for which all the equations hold. [

Theorem B.10. For any pair of distribution functions on the players valuations, the mechanism
PGy ( z 7 achieves optimal welfare, among all mechanisms (i.e. ka) where T, 7 are mutually-
centered threshold-strategies.

Proof. According to theorem B.2 and lemma B.1 there is a priority-game (B > A) g E Ga,i, and
threshold strategies @ = (20, %1, .., 7k), ¥ = (Yo, Y1, ..., yx) such that w (g, (z,y)) = w2k Note that
2o = yo = 0 and 1 = y; = 1, so we have 2 - (k — 1) variables to optimize. Also note that player %
bids m with probability Fg(ym) — FB(ym—1) (recall that F; is the cumulative distribution function for
player %), and that her average valuation when she bids m is:

fym fz 'Uzd'Uz
Fi(ym) — Fi(Ym-1)

We will calculate the total expected welfare by summing first the expected welfare in the entries of
the game matrix where B wins the item, then summing the entries where A is the winner. Note that
the average valuation of B is fixed per column, and for A is fixed per row.

E(vi]si(v;) = m) = E(vi|ym—1 < v < yYm) =

k

w(g, f) =Y (Fp(yi) — F(yi-1)) - (Fa(z:) — Fa(xo)) -

=1

yylil fB(UB)UBd’UB
Fp(yi) — Fp(yi-1)

f;i_l fa(va)vadva
FA(xl) - FA("l}'ifl)

M=

+ > (Fa(z:i) — Fa(zi-1)) - (FB(yi—1) — FB(®0)) -

||
I\

(Fa(z;) — Fa(zo)) - ?h fB(vB)vpdup

-~
Il
—

I
M= I

||
I\

+ > - (Fp(yi-1) — FB(y0)) / fa(va)vadva

2

k Yi
= -Fa(z:) / fB(vB)vpdup + Z Fp(yi-1) / fa(va)vadva
1=1 Yi- =2

Because the probability functions are continuous and derivable, we can formulate the partial derivatives
for all variables (Note that by definition aF (w) = (F, z(w)); = fi(z) and that ([ f(v)-v- d'u);C = f(x)x
).

(w(g,s))’z, = ( ! fB('UB)'UBd'UB) falws) + fa(zs) - @i - Fe(yi—1) — fa(zs) -z - Fp(y:) =0

1
Yi—1

yyz_1 fB(UB)UBdUB B
Fp(yi)) — F(yi-1)

(w(g5))y, = (/%i+1 fA(UA)UAdUA) - fB(Yi) + [B(i) - yi - Fal@i) — fB(yi) - yi - Falziy) =0

T; = vp (VB |Yi—1 < v < y;)
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ff"“ fa(va)vadva

i

" Fa(@is1) — Fa(z)

Yi =E,,(valziy1 <wva < z;)

B.4 The uniform distribution case

Theorem B.11. When players’ valuations are uniformly distributed, the mechanism PGk(?,ﬁ)
achieves optimal welfare, among all mechanisms, where

1 3 % — 3
r=0 1wV
2 4 2% — 2

’]‘)

=(0
v=O w1
and the welfare loss it incurs is exvactly m. The optimal welfare is achieved with dominant-
strategies equilibrium and ez-post IR.

Proof. First, we define the welfare loss.

Definition 21. Denote w%"’ as the expected welfare from optimal n-players single-item auctions (e.g.
Vickrey’s 2nd-price auction) with unbounded communications. The welfare loss (or efficiency loss)
from a mechanism g € Gy, ; when the players use strategies s is

wl(g, f) = wi" —w(g, s)

We need to prove that mingea, , sy x e, WI(g,s) = m. According to theorem 4.3 , wgp,f can

be achieved with PGy (2, ), when the thresholds (7, ¥/) of players A, B must hold (when valuations
are distributed uniformly for both players):

Vici<k—1 @i = Eyy (v lyi-1 <vp <yi) = %

T; + Tit1
Vici<k-1 % =By, (valzi <va <mig) = %
There is a single solution for this set of equations, when

1 3 2k -3
"2k —-1"2k—-1"""2k—17

2 4 2k — 2
"2k —-1"2k—-1"""2k—1’
Note that this mechanism can make the wrong allocation (compared to the efficient auction with no
communication bounds) only in bids’ combinations that are on the diagonal or on the lower secondary
diagonal in the matrix representation of the game (i.e. when by = bp or when by = bp +1). It is easy
to verify, that for a bids’ vector (7, j), the overlapping segment of [z;, z;1+1] and [y;,yj+1] is of the exact
size of 2;T1 Given the bids’ vector (i, 7), if one of the valuations is not in this overlapping segment,

the allocation is optimal (note that we allocate the item to B on the main diagonal, and to A on

the secondary diagonal). The probability that both valuation are in this overlapping range is ﬁ

1)

z=(0

y=(0 1)

The expected valuation in our priority-game (when both valuation are in this overlapping segment) is
exactly in the middle of this segment. The expected valuation in the optimal auction will be exactly
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Figure B.3: Optimal 2-players k-possible-bids game with dominant-strategy equilibrium and ex-post
IR

in the % point of this range. Thus, the welfare loss, given that both players are in this overlapping
segment, is a % of the segment, i.e. %ﬁ Thus, for every bids’ vector on the main diagonal or on the

secondary-diagonal the expected welfare loss is %ﬁ There are (2k — 1) such bids’ vector, thus

the total welfare loss is %m
Figure B.3 describes such mechanism for games with k possible bids. Figure B.3 describes this
optimal mechanism. O

B.5 Asymptotic analysis of welfare loss

Theorem B.12. For any pair of distribution functions on the players’ valuations, the mechanism
PG (z",y") achieves optimal welfare (w;f’]:), amonyg all mechanisms in Goy. The optimal welfare is
achieved with dominant-strategies equilibrium and ex-post IR and the welfare loss it incurs, compared
with the optimal auction with no communication bounds, is O(k%)

Proof. Theorem B.10 proves that the mechanism PGk(?, 7) achieves wgf’,: . Following is the proof
for the O(Elg) upper bound. We show a priority game in which both players have the same dominant
threshold-strategy, where the probability that a player chooses a certain bid is O(%) and both players
will choose this bid w.p. O(Elg) Because the thresholds are identical, “bad” allocation of the item
might occur only when both bids are equal (i.e. on the diagonal). Simple calculation shows welfare
loss of O(k—lz)

Consider a priority game g € Ga. Let a,b be integers such that £ = a + b and a,b > L%J
(clearly such numbers exist). Assume w.l.o.g that @ > b. Let X = {z1,...z4_1} € [0,1]*"! be a set
of a — 1 points that divide the distribution function f4 to a segments with the same weight (when
20 =0,z =1), ie:

1
Vici<a—1  Fa(z;) — Fa(zi—1) = .

Similarly, let Y = {y1,...,y5} € [0,1]° be a set of b points that divide fp to b+ 1 equal segments
(when yg = 0,yp41 = 1), i.e

1
Vi<i<bt Fp(y;)) — Fp(yi1) = o1

Let T=XUY,|T|=(a—1)+b=Ek—1, and let 7 = (0,%1,t2, ..., tx—1, 1) be the threshold-strategy
created by ordering the elements in 7" from smallest to largest. For every 1 <1 <k,
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1 2
< = —
“2-1 k-

Fy(t;) — Fa(ti—1) <

SH N

<

ml?r‘ =
| E—
= ool

A

1
%=
2

2
2
Fp(ti;) — Fp(ti-1) < %

Shr1s 5] +1

g is a priority-game (w.l.o.g B > A ), therefore, when by > bp (i.e. player A bids higher bid),
player A wins the item. Because both player use the same threshold strategy, clearly v4 > vg. Thus,
the allocation is as in the Vickrey’s 2nd-price auction. In the same way, when by < bp there will also
be no welfare loss. Welfare loss is only possible in entries on the diagonal, i.e. when b4 = bp. When
ba = bp = m, the players’ valuation are in the range [t;;+1,%mn].- The maximal welfare loss in this case
can occur when v4 = t,41,v8 = t,, but B wins. Thus, we can have an upper bound for the total
welfare loss, by summing the welfare losses only on the entries of the diagonal (note that the optimal
allocation always allocates the item to the player with the maximal valuation):

k
= 37 (Fa(t) = Falti 1) (Falt) = Fati-)) B (mas(va,08) ~ vs
=1

v4 € [ti—1,1i] )

vB € [ti—1,1i]

<

hE

(Fa(ti) — Fa(ti-1)) (FB(t:) — Fp(ti-1)) (ti — ti—1)

i=1
k k
2 2 4
SZm'_'(ti_ti—l) < ok Z(ti_ti—l)
1=1 =1
—i(t —t)—i
TR 2k RV T g2 ok

We know that we can set the payments in g (priority game based on ¢ and ¢) such that the threshold
strategy t will be dominant for A and B, with ex-post IR. O

Theorem B.13. The mechanism PGy(z,y), where z = y = (0, %, %,..., %, 1), incurs an expected
welfare loss of O(%) for any pair of distribution functions of the players’ valuations. Moreover, for any

mechanism there exist a pair of distribution functions for which the expected welfare loss is Q(%)
Proof. When both players use the same threshold strategy x = (0, %, %, . %, 1) in a priority-game,
non-optimal allocation is possible only on the diagonal. Then, when both player bids the same bid, a
maximal welfare loss of % can be incurred (maximal difference between valuations). Thus the expected
welfare loss will be smaller than

k-1 )
> (Fo(witr) — Fi(zi)) (Fa(zisa) — Falzi))
=,

= 7 > (Fo(is1) — F(x:) (Fa(xis1) — Fa(zs)

i=0
k-1

< 33 (Faloi) - Faen) = 1

1=0
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Now, consider a mechanism g € G2 with dominant strategies sa,sg. We can prove, similarly to
the proof of lemma B.1, every mechanism that has a dominant strategy equilibrium, has an equilibrium
with dominant threshold-strategies. Thus, we can assume that s4,sp are threshold strategies with
the threshold-values vectors z,y. For any bids-combination b4,bp with overlapping valuations, i.e.
[@b,+1,To, ) [Ybp+1,08] # ¢, let 24, p, be the size of the overlapping segment. clearly, the sum of all
such zp, p, is 1, and there are no more than 2k — 1 such bids combination. Thus, there must be a bids’
combination b4, bp with an overlapping segment with size of at least 2k+1 Denote this segment with
[m1, ma] when mg > mq. Assume w.l.o.g that for the bids vector ba, bp player B wins the item with
probabilty not greater than % Now assume that players’ valuations are distributed such that B always
have the valuation mgy and A’s valuation is always my. Then, the allocation will not be optimal (i.e. A
wins or no player wins) with probability of at least %, and the welfare loss is at least mg —mq1 > 2191—71

ie. Q(4). O

Thus, the expected welfare loss is at least % . —le_l,

C Revenue optimization in 2-players mechanisms

C.1 Threshold-strategies’ optimality

Lemma C.1. Given a mechanism g € Gy ,....k,) With er-post Individual-Rationality, there is a
strategies-vector s € X,y such that for every player i, s; is a threshold-strategy and

r(9,8) = max r(g,s)
SEXT_0p
Proof. Given a strategies vector s* that achieves optimal revenue in g (i.e. r(g, s*) = maxsexn_ o, (9, 5)
), we will show that for every player i we can modify s} to be a threshold-strategy, and the welfare
will not decrease.

Assume s} is not a threshold-strategy. Therefore, there must be a1, a2, a3 € [0,1], a1 < ag < a3
such that s}(c;) = s)(a3) = m but sf(a2) =t (t # m). We will show that a strategies vector s
identical to s*, except $j(a2) = m, holds r(g, ) > r(g, s*).

Denote Feasible;, = {j "U > mazy_, (a;(j,5-:)) }, i-e. the set of all feasible bids for a player with
ex-post IR when her valuation is v. From the definition of Feasible;, we derive that if m € Feasible; o,
and ap > o then m € Feasible; o, (i.e. a bid will remain feasible when the valuation increases).

We know that the strategies’ vector s* achieve optimal revenue in g, and that s} (a3) = m. Thus,
no bid achieves greater expected revenue than m when 4’s valuation is ag, i.e.

mEarg  max bz Pr(b_;)ai(j,b—;)pi(j,b-;)
—J

where Pr(b_;) is the probability that the other players bid b_;. We saw that m € Feasible; o, and

clearly Feasible; o, C Feasible; q,, therefore

mearg  max bz Pr(b_;)ai(j,b—;)pi(j,b-;)
-j

Thus, if we modify s} such that s} (a2) = m, the expected revenue will not decrease. This way we can

modify s} to be a threshold strategy without decreasing the revenue, and we can do it for each player

1. O

26



C.2 Lower bound for revenue loss

Theorem C.2. ([19]) Consider a model with unbounded communication, in which non-winning players
pay zero. Let h be a direct-revelation mechanism, which is incentive-compatible (i.e. truth telling by
all players forms Nash equilibrium) and interim individually-rational. Then in h, the expected revenue
s equal to the expected virtual utility.

Proposition C.3. Consider a mechanism g € G, with dominant-strategies equilibrium. Then, in the
unbounded communications model, there is an incentive-compatible, individually-rational mechanism
that achieves exactly the same expected revenue and expected virtual-utility as g does.

Proof. Let g € G2 be a mechanism with dominant strategies s4,sp. Consider the following direct-
revelation mechanism: each player 7 bids her true valuation v;. The mechanism calculates s;(v;)
for every ¢, and determines the allocation and payments according to g, as if the players bids were
$i(v;). The new mechanism is incentive-compatible: Let w; be player i’s bid. If s;(v;) = s;(w;), the
allocation and payments are identical, weather she bids v; or w;. If s;(v;) # si(w;), and player 7 gains
positive utility by bidding 4, then bidding s;(w;) gains more utility for her in g than bidding s;(v;).
Contradiction to s; being a dominant-strategy.

The new mechanism is clearly ex-post individually-rational, since the allocation and payments are
exactly as in g, when the players use the strategies s4, sp, and g is ex-post individually-rational. Since
the allocation and payments are exactly as in g, the expected revenue, and expected virtual-utility are
equal in both mechanisms O

Proposition C.4. Consider a mechanism g € Ga,, with dominant-strategies equilibrium. Then, over
all the 2-players mechanisms with k-possible bids, which are ex-post individually-rational and have
dominant-strategy equilibrium, g achieves mazimal revenue if and only if g achieves mazimal virtual
utility

Proof. An immediate result of proposition C.3 and C.2 is that the expected virtual utility in a mecha-
nism with k-possible bids and dominant strategies equilibrium is equal to the expected revenue. Thus
maximizing the revenue is equivalent to maximizing the virtual utility O

Theorem C.5. When both players’ valuations are distributed with the same regular distribution func-
tion, the mechanism MPGg(z",y") achieves optimal expected revenue among all the individually-
rational mechanisms. It incurs a revenue loss, compared with the optimal auction with no commu-
nication limitations, of O(75).

Proof. First, we prove the optimality of the given mechanism M PGy(z,y).

Consider the model where players’ consider their virtual-utilities as their valuations, ( then, the
%, 1]), and that there is a third player with a constant valuation of zero (player
Z which is actually the seller). Consider a mechanism h with k-possible bids in this model, and a pair
of threshold-strategies 7,y that achieve optimal welfare among all mechanisms and strategies (due
to lemma B.1, h achieves optimal welfare with threshold strategies, player Z is not relevant for this
lemma). We will make some modifications in h, which cannot decrease the expected welfare it achieves
with Z,7. In the interim stages Z,%y won’t necessarily stay dominant, but in the final mechanism they
will. Let a be the first index such that E(va|t, < va < Tg11) > 0. Let b be the first index such
that E(vp|yy < vB < ypr1) > 0. Consider a bids’ vector (i.j). When ¢ < a and j < b, the expected
valuations of both A and B are negative. Thus, allocating the item to Z will not decrease the expected
welfare. When ¢ < a and j > b, the expected welfare of player B is positive, and A’s expected welfare
is negative, thus we can allocated the item to B and the welfare will not decrease. Similarly, we can

valuations are in [
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allocate the item to A when 7 > @ and j < b. When ¢ < a, the allocation is done regardless to ¢, thus
we can assume that z, is the first threshold (i.e. @ = 1), and similarly we can assume that b = 1.
Next, we show the optimal allocation for bids’ combinations (i,5) such that ¢ > a and j7 > b.
We can ignore the player with the zero valuation, and we actually perform an auction with £ — 1
possible bids for each player, when the players’ valuation are in the range [z, 1], [gs, 1]. The proof for
theorem B.2 is true when players’ valuations are in these new ranges, and we know (theorem B.10) that
the optimal welfare in this case can be achieved in a priority game, with mutually-centered strategies
z = (z1,72,...,7k_1,1) and ¥ = (91,92, .., Ys_1, 1). The only degrees of freedom we have, are the values
for z1 and y1. Thus, the new welfare-optimal mechanism is actually a modified priority-game , based on

T = (#(0),5{, T2,y Th_1,1) and § = (#(O),yﬁ,y}, vy Uk—1,1). Consider the same mechanism, except

each payment c in the mechanism is replaced with v=!(c). Clearly, we get the given mechanisms
MPGy(z,y), were z,y are v ‘-transformation of Z,7 . The distribution function p is regular, thus
v~ is also strictly increasing, and thus M PGy (z,y), when players use their original valuations, will
have exactly the same allocation as M PG(T,y), when the players consider their virtual-utilities as
their valuations. Thus, M PGy (x,y) achieves optimal expected virtual-utility. Due to proposition C.4,
MPG(z,y) achieves optimal revenue.

Next, we prove the second part of the theorem, i.e. that revenue-optimal mechanisms incurs
expected revenue loss of O(k%) We show that the mechanism created when z7 = y; = 0 (which is not
necessarily optimal) incurs a revenue loss of O(Elg) The optimal mechanism cannot do worse. Consider
the model when every player replaces his valuation with his virtual-utility, and consider the mechanism
MPG(Z,7) described above (when 77 = y; = 0, and when (z1,...,7; 1,1) and (91,...,Y%_1,1) are
mutually-centered). Let (4,7) be a bids’ vector for A, B. Clearly, no welfare loss occurs when either
i = 0 or when j = 0. When 7 > 0 and j > 0, we opt to maximize the expected welfare (where
players’ valuations are in range [0, 1]). Due to theorem 4.3, mutually-centered strategies do just that
(the only difference is that the cumulative distribution function in [0, 1] is smaller than 1, but this
fact does not effect the proof of theorem 4.3). Due to [9], RP(p) = v (0) (recall that in our model,
the seller valuation for the item is zero). Thus, the expected welfare loss from this mechanism is
(1— F (RP(p)))?- O(k%) =0(1) O(k%) = O(k—lz) We know that the allocation in both mechanisms is
the same, whether the players consider their original valuation in M PG (z,y) or if they consider their
virtual-utility as their valuation in M PG (Z,7y). Therefore, M PGy(z,y) incurs the same welfare loss
as MPG(z,y), i.e. it incurs welfare loss of O(k%) MPGg(z,y) has a dominant strategies equilibrium,

and using proposition C.3 and theorem C.2 it incurs revenue loss of O(k%) O
Lemma C.6. Denote t = % where a = m and let

i=(-1,0t+ 12(; :?,t+ 32(; :?,...,H W,l)

7=(-1,0,t,t+ 22(;:?,15 + 42(;:?,...,t P () ;;)_(13_ t),l)

be threshold-strategies for A, B respectively. Consider a mechanism M PGy(Z,y), in a model of a
single item auction among 3 players, {A, B, Z} where the valuations for the players A, B are distributed
uniformly on [—1,1], and player Z has a constant valuation of zero. Players A, B have k possible bids.
Then, h achieves optimal welfare in this model (i.e. w(h,z,y) = mazy g ywh',z',y") ), but with

welfare loss greater than m.

Proof. Due to theorem C.5, we know that the optimal welfare in this case can be achieved with a
priority game M PGy,_1(z,y) where z,y are mutually-centered. Assuming w.l.o.g. that y, > z,, these
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equations have a unique solution which is z = (0, z4,yp + 2k % Up + gi_gg’),...,yb + W, 1),

y=(0,9p,yp + gk_%f’),y + 4(21k ygf’), - Yp+ W 1). We should find the values for z, and y, for

which the mechanism achieves minimal welfare loss. For that, we present an expression for the welfare
loss, and find its minimum value.

First, we calculate the welfare loss given that v4,vp > yg. As in the proof for theorem B.11, the
mechanism’s allocation can be different from the allocation of 2nd-price auction only in 2-(k —1) —1
bids combinations (on the diagonal, and on the secondary diagonal). For any such bids’ combination
(I,m) the segments [z}, z;+1] and [Ym, Ym+1] have an overlapping segment of size ﬁ In priority
games, the allocation can be different form the optimal allocation only only when both valuations are

2
within such segment, and this happens with probability (%%) . Given that the both valuations

are in such range, the expected welfare in optimal auction is % of this range, and the expected welfare

in our mechanism is in the middle of this range, so the expected welfare loss is (2((,3:{’;’11 %) Thus,

the total welfare loss added when v4,vp > yp is

1— 1\° 1— 1
_(=w) LN =) 1Yo gy
2(k—-1)—12 2(k—1)—16
Similarly, we can calculate the welfare loss in all possible cases and get (for example, the 2nd expression
is the expected welfare loss when 0 < vp < yp and —1 < vy <0, and so on):

(=g 1Y’ (1—y) 1
<(2(k S 5> ((2(k 5 1) E) (2 (k=1 -1+

yplyp  alza | (Yo — Ta) Ta (Y6 + Za)

222 222 + 2 2 2 +
Ta Za 2z, (yb - xa) (yb - $a) (yb - 37a)
22 3 2 2 6

For convenience, denote a = m This welfare-loss function has a unique minimum value when

2, =0and yp = % V1132 Thys we have the exact formula for the minimal welfare loss. However,
this formula is a bit complicated. First, we notice the existence of the following inequalities:

(1+a)+\/1+2a+a -1+a)+V1i+2a+a? —-(1+a)+1+a

= 1
vB = l1-a 1-«a l1-«a 0 (C.1)
(1+a)+\/1+3a —-l+a)+14+3a 2« (C.2)
1-a -« T l-a ’
Rearranging the welfare loss expression results (when z, = 0):
2 Y3
YB a  3oys
3221 = — —
i (1+0) & 5H1 =) + 50 = =)
Which is greater than 7 — 33?13 (using equation C.1). Using equation C.2, and assuming k > 3:
a 3ay3>a 3(112_—aa_oz 1—Ta >a1_ 1
24 24 T 24 24 24\ 1-a ) =244 96-(2k—3)
Thus, the welfare loss is greater than m for k& > 2. O
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Theorem C.7. When players’ valuations are distributed uniformly, the modified priority-game
MPG(x,y) achieves optimal expected revenue among all the individually-rational mechanisms, where

1, 10-0, 308 | (k-5-(1-1

= (0, = 1
=05t gt =g h—3
2-(1-1) 4-(1-1) (26 —4)-(1-1)
= (0,¢,t t 1
y= Ottt st g -3 'V
and t = _20‘(+V 1+3a for a = (Zki3)2' This mechanism incurs revenue loss of Q(k%)

Proof. Let w be the optimal expected welfare achieved by the optimal mechanism described in lemma,
C.6. Assume there is a mechanism ¢’ € Gg that achieves expected virtual utility greater than w in
dominant strategy equilibrium. Let A’ be a mechanism which is identical to ¢’, except each payment
p in ¢’ is replaced with 2p — 1. It is easy to see that the same transformation on z,y results dominant
strategy equilibrium in A'. Since the virtual utility (2v — 1) is strictly increasing with v, each player’s
bid in ¢’ when her valuation is v will be identical to her bid in A’ when she considers the virtual utility
as her valuation. Thus, the allocation in these two cases will be the same and the expected welfare
in A’ is equal the expected virtual utility in g’. Therefore, h' is a mechanism in the model described
in lemma C.6, which achieves strictly greater welfare than w. Contradiction to lemma C.6. Thus, no
mechanism in Goy achieves expected virtual utility which is greater than w.

Clearly, in the given mechanism g, if we replace each payment p to be 2p — 1, we get exactly the
mechanism described in lemma C.6. For similar reasons, the expected virtual utility in g will be w.
Due to proposition C.4, g maximize expected revenue if and only if g maximize expected utility. Thus,
g is revenue-optimal, and the revenue loss is equal to the virtual-utility loss, which is Q(k%) O

C.3 Thresholds values for revenue-optimal mechanisms

Let z = (Xo,..-,Xk—2,1) and ¥ = (%o, -.-, Yk—2, 1) be threshold-values. Let 2" = (z,...,2}) and y" =
(/y\g/,,yl’;) be threshold-values that satisfy zj = y5g = 0, 2}, = y;, = 1 and for every 1 < ¢ < k-1
Ti—1 = v(z]).

Proposition C.8. When the valuations of both players are distributed with the same regular function,

MPG(z",y") achieves optimal revenue if T and y are mutually-centered and the following constraints
hold:

N-l+y .

i r@E + [

Y1

onf(om)dvn (5~ 1(@0) ) =0 ©3)

N-—-1+x 1

_Tf(yl)yl +/

N
T

Proof. Consider the model where the players consider their virtual-utilities as their valuations. We
show in the proof for theorem 4.6 that the optimal welfare in this model can be achieves in a

modified prioirty-game. The expected welfare in a MPGy(z,y) where z = (— f(lo),xl,...,mk,l, 1),

vaf(v4)dva (i - f(y:)) (F@) - F@) fG)d =0 (C4)

Y= (—ﬁ,yh ey Yk—1,1) is (denote N = f( y + 1 to be the normalization factor):

_ 14 [
E(w) = W/ vAf(vA)dvA—i-%/ vpf(ve)dvp
k 1 Yi yl ;i
+3 (F(s) - F(an)) / vsf(vs) de+Z (i)~ F)) [ oaf(oa)dos
=2 i— Ti—1
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Partial derivatives (first order conditions) on %1, ...,Zg—1,Y1,.--, Ye—1 sShow that (z1,...,z5-1,1) and
(y1,---s Yk—1, 1) are mutually centered, and z; and y; holds the following constraints:

1

_Wf(xl)xl + /y1 ’UBf(’UB)dUB (% - f($1)> =0
_%f(yl)m + /w1 vaf(va)dva (% - f(y1)> = (F(z2) = F(21)) f(y)yn =0

As proved in theorem 4.6, the mechanism in which for every 1 < ¢ < k —1 z;°; = v(z]) has
the same allocation (in the original model), and thus achieves optimal expected virtual utility. By
proposition C.4 this mechanism achieves optimal revenue. O

D n-players mechanisms

We consider games among n players, where each player has 2 possible bids (i.e. she can send 1 bit to
the mechanism). In this section, we assume all players are symmetric, i.e. all players have the same
distribution of their valuations.

D.1 Optimality of priority games

Lemma D.1. Let g € Gy 2 be a priority game for n symmetric players. Then, there exists a vector of
strategies s* for which g achieves mazimal welfare, i.e.
t
w(ga 3*) = wrof2
Proof. From lemma B.1 we can assume s* consists of threshold-strategies. Let zi,...,xz, be the

thresholds for the players (wl.o.g ;1 < ... < z,). The following claim derives immediately from
the symmetric-players assumption (i.e. all the valuations’ distributions are the same).

Claim. If x; > z; then
E(vi|lz; <v; <1) > E(vjlz; <v; <1)

and
E(v;|0<v <) > E (v |0 <w; <zj)

Mechanisms with optimal allocation must allocate the item for the player with the maximal ex-
pected valuations. Using the claim above, it is easy to see that priority-games’ allocation (where player
n has the highest priority, player 1 has the lowest priority, etc.) holds this rule. O

Lemma D.2. There is a mechanism g € Gy 2 that achieves mazimal revenue with some strategies’
vector s* (i.e. r(g,s*) = rfg}, such that g is a modified priority-game where each player i pays a fized

payment x; whenever he wins. Moreover, this game has dominant-strategies equilibrium.

Proof. We will find an ex-post IR mechanism with optimal evenue, then we will show that it has a
dominant-strategies equilibrium. From lemma B.1 we can assume s* consists of threshold-strategies.
Let z1, ..., z, be the thresholds for the players, and w.l.o.g 1 < ... < z,. If all players have ex-post IR
a player cannot pay more than his valuation, i.e. z; > p;(1,s_;) for every b_;. If there is b_; for which
x; > pi(1,b—;) then the mechanism in which z; = p;(1,b_;) achieves strictly greater revenue than g.
If we modify the mechanism such that every winning player pays his threshold value, we thus get a
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mechanism with higher expected revenue than g. Thus, we can assume player ¢ will always pay its
threshold value upon winning.

The ex-post IR assumption also derives that every player must have a bid that ensures him a zero
payment in case her valuation is zero. W.l.o.g this bid will be “0” for each player. Given a revenue-
optimal game g, we can modify it to give the item to the player with the highest payment over all
players who bids 1, and the revenue will not decrease. Therefore, we allocate the item to the player
whose threshold value is the highest among all players that bid 1 (take the player with the higher index
in case of equal thresholds). This is exactly the allocation of a modified priority-game where player n
is with highest priority, player 1 with the lowest priority etc.

In this game, the threshold strategies with the threshold values zi,...,z, are clearly dominant
strategies. O

D.2 Welfare optimizing mechanisms
D.2.1 Optimal welfare in n-players 2-possible-bids games
Theorem D.3. Let (z1,...,x,) € [0,1]" be threshold-strategies for the n players, such that the following
constraints hold:
Vi<n—2Zm+1 = (1 —F(zn)) E(vm|vm € [Tm,1]) + F(2m) - Tm (D.1)
1 = E(vy|0< v, <n) (D.2)
S (=i F ) (1= F2i) B (v o € [23,1])
1- H?:}l F(zi)
Then, a priority game g for which x1,...,z, are dominant threshold-strategies, achieves optimal
welfare.

(D.3)

Ty —

Proof. Due to lemma D.1 priority games can achieve optimal welfare. This optimal welfare can be
achieved with threshold strategies due to lemma B.1. Our goal in this subsection is to find the threshold
strategies that achieve maximal welfare.

Consider a priority game among n players, indexed by their priorities (i.e. 1 < 2... < n ). In priority
games, every player wins the item if he bids 1 and the players with higher priority bid 0. When all
players bid 0, player n wins. Thus, the probability that player ¢ wins is (H?:Z +1 F(xj)) -(1 = F(x;))
( where F(z) is the cumulative distribution function of all players). The expected welfare from this
game, where the players use threshold strategies z1, ..., z, is:

n

w(g,s) = Y| [] Flas) | 1~ F(z))

i=1 \j=it1
- o f('Un)'Und'Un
+ (E FCEi)) ; F(zy)

In an internal maximum solution, the derivatives by z1, ..., z,, should be zero. By rearranging these
equations we get a formalization of the optimal solution.
For players 1 <m <n —1:

S, £ (wi)vido,
(1 = F(zi))
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m—1

m—1
Tm = Z H F(z;) | (1= F(;)) E (vi|zi <vi <1)

=1 Jj=i+1
n—1
+ H F(z;) | E(vp |0 < vy, < py)
i=1,i#m

For player n:

S (M2 Fzy)) (U= F(@) B (vifzi < v < 1)
1 - Hzn:_f F(z;)
And now we can easily reach a recursive formula by calculating ,,+1 — Tpm:

In =

Tmi1 — Tm = (1 = F(zm)) - (B (v [2m <o < 1) — 2)

Thus, %41 is a convex combination (with F(z,,) ) of z,, and the expected valuation of player m
when she bid 1:

Tmi1 = (1= F(zp)) - E (U |2m < v < 1)+ F(zy) - T (D.4)

When m = 1, we have z; =F (v, |z, < v, <1).
O

Corollary D.4. Let (z1,...,x,) € [0,1]" be threshold-strategies for the n players, such that the following
constraints hold:

2
x
Vi<m<n—2 Tmy1 = +7m (D.5)

SN =

n

= 7 D.6

1 5 (D.6)
-1 -1 2

21 (H?:iﬂ %‘) (1-=7)

2 (1- 115 )

Then, when players’ valuations are distributed uniformly, a priority game g for which z, ..., z, are

dominant strategies achieves optimal welfare.

I

Proof. Trivial result of theorem D.3 O

D.3 Revenue optimizing mechanisms

Classic results in auction theory (see [19]) show that 2nd-price auction with a reservation price achieves
optimal revenue for the seller, independent of the number of the (symmetric) buyers. They provide a
simple formula for the optimal reservation price, and in case of uniform distribution on the valuations
the reservation price is % Thus, in the case of uniform distribution, our benchmark auction is 2nd-price
auction with reservation price of %
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Theorem D.5. Let (z1,...,zpn) € [0,1]" be threshold-values, such that the following constraints hold:

Iy =

(D.8)

N = N =

2
Vi<m<n-—1z,41 = —{—%” (D.9)
Then, when the players valuations are distributed uniformly, a priority game g € Gpo for which
the threshold-strategies with x1, ..., x, are dominant strategies, achieves optimal revenue.

Proof. Due to lemma D.2 optimal revenue can be achieved in priority games (where no allocation
is made when all players bid 0), and the optimal revenue can be achieved with dominant threshold
strategies. Let s be the vector of threshold-strategies with 1, ..., z, as thresholds.

Again, consider a priority game among n players, indexed by their priorities (i.e. 1 < 2... < n )
with thresholds z1, ..., z,. The revenue from this game is given by:

n

r(g,s)zz H F(zj) | - (1= F(z;)) -z

i=1 \j=i+1

The derivation of this formula is tedious and is out of the scope of this paper. We show here the
analysis for the case of uniform distribution of the players’ valuations, which is quite elegant.
When the valuations are distributed uniformly, the revenue is given by:

n n n n
r(g9)=> | T[] =i| A=z -wi=D | [[wi] 0 —a)
im1 \j=it1 i=1 \ji

For internal maximum, the derivations should be zero:

n m—1 n
II #m | @=22)+> | ] 25| @—2)=0
j=m+1 i=1 \j=i,ji
Or:
m—1 [m—1
1—2mm:Z H:EJ (1 —x)
=1
And form+1:

1-2zpm41 = Z Hl'] (1 =) = (1 — o) + T (22 — 1)
i=1 \j=t

So we reach a recursive formula similar to D.5:

2
Tm
+2

N | =

Vi<m<k—2 Tyl =

But in this case, 1 = % O
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D.4 Analysis of the uniform distribution case

First, we see an easy upper bound for the optimal revenue-loss and welfare-loss when players’ valuations
are distributed uniformly.

. . .y . . In(n) . )
Proposition D.6. The modified priority-game, in which the threshold-strategy 1 — == is dominant

for all players, incurs both revenue-loss and welfare-loss of O(@)

Proof. Assume each bidder pays 1 — % upon winning. Then, the expected revenue is
In(n)\" In(n)
E = (1-(1- -(1-—
(®) = (- (1-"0)). -
_lIn(n),, In(n) 1 In(n)
> — — —(1-= _
R R R - BBy
In(n) In(n)
= 1- > 0Pt _
o) > et — 0( )

-where r" is the optimal revenue in unbounded-commumication mechanisms between n players. Sim-
ilarly, we can show that the welfare-loss incurred by the given mechanism is O(%) U

Next, we show that the loss from limiting the communications in n-players games to 1-bit is O(%)
for both welfare and revenue, when the valuations are distributed uniformly. According to computer
simulations we made, these upper bounds are tight. However, we haven’t proved it, and it is an open

question.

D.4.1 Upper bound for revenue loss

Due to section D.3, the threshold strategies given by the following recursion

1 22 1
=4 tm — - D.1
Tm+1 2 + 9 I 9 ( 0)

achieve optimal revenue in priority games, when these strategies are dominant. We will show that
the revenue loss achieved by this mechanism and strategies is O(%)

Theorem D.7. Consider n-players mechanisms with 2 possible bids, where the players’ valuations are
distributed uniformly. The efficient mechanism g € Gy described in theorem D.5 achieves revenue

loss of O(2)

Proof. We know ([19, 9]) that Vickrey’s 2nd-price auction achieves optimal revenue. In the priority
game described in lemma D.2, if player ¢ wins the item, he pays z;. In 2nd-price auctions, the valuations
of both players can be 1, so the winner pays 1. Thus, the maximal revenue loss when player ¢ wins is
1 — z;. Therefore, we can bound the expected revenue loss by

rl(g,s)gz H zj |- (1 =) (1—x)
i=1 \j=i+1

We will first prove 2 inductive claims, about the properties of the recursion elements:
Claim D.8. Vi 1—x3 < %
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Proof. By induction on k. For k£ = 1, we know T = 2, and 1 —zp = 1 — 5 <2= % We assume

1—x S , and we prove that 1 — zp 1 < k+1 (we use the fact that m > 1 for every k > 1):

1 22 1 (1-2) 9k-1

2 2 2 2 k2
2(k — 1) k? 2
< - =
- k2 (k—1((k+1) k+1
O
Claim D.9. Vg>15 mp < 23
Proof. Again, by induction on k. For k = 15, 215 = 0.899 < 0.9 = 2k , and
we prove that zx11 < 2(219(;1_)1)3.
2
1 22 1 (%2)° 8k2-12k+9
=4k <2 =
=gty syt 8k?
It suffices to prove that 2(2]?241_)173 — 8’“2*8]13”'9 > 0, and indeed when k > 15:
2(k+1) -3 8k —12k+9  6k—18
2(k +1) 8k? O 16k2(k+1) T
O
Denote rl, = >0, (H;L i1 ) - (1 — ;). We will show that for every n > 15 we have rl, < 8.

The proof is by induction on n. We assume rl, < 8 , and try to prove that 7,1 < +1

We first notice that rl,.1 = (1 — zp41)? + :cn+1rln. Next, using the two claims above and the
induction hypothesis:

— — 2 \° 2n+1)-3 8 4 on—1 8
— (1= 2 b o S S L2
rlit1 = (1= &n41)” + Tnarln < <n+1> + 2(n+1) n  (n+1)? +2n—|—2 n
Now, it suffices to show that +1 <(n+1)2 + 325 n) >0:
8 4 2n—1 8 8n+8-4 16n—-8 n(8-8)+8

>0

n+1 (m+12 2n+2 n  (m+1)2 2n(n+1) 2n(n+1)2

D.4.2 Upper bound for welfare loss

The thresholds in equation D.5, which optimize the welfare in a priority game, are similar to the
thresholds from equation D.10 that optimize revenue. We will show that using the latter thresholds
we get an upper bound of O( 1) for the welfare loss in the priority game. Simulations shows that the
optimal welfare loss is proportional to , but we have managed only to prove the upper-bound.

Theorem D.10. Consider n-players mechanisms with 2 possible bids, where the players’ valuations
are distributed uniformly. The efficient mechanism g € Gy, 2 described in corollary D.4 achieves welfare

loss of O(L)
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Proof. We assume w.l.0.g. that the players have priorities in g according to their index (i.e. 1 < 2... < n
). We also assume that the players use threshold-strategies with the thresholds 1, ..., z, described in
equation D.10. As shown in section D.2.1 for the general case, the following expression stands for the
expected welfare in n-players priority-games, with uniform distribution:

w(g,s) = Z H zj | (1 — ;) 1+$Z (H(Ez)—
i=1 \j=i+1

We compare this expression with the welfare achieved in 2nd-price auction which is known to be
optimal. When a player wins after bidding 1, the minimal valuation he might have is z; but there may
be a player with valuation 1 that did not win. 2nd-price auction allocates the item to the player with
the highest valuation, thus the maximal welfare loss in this case is 1 — z;. When all players bid 0, we
will use the trivial upper bound of 1 for the welfare loss . Therefore, we can bound the welfare loss by:

n n

wl(g,s) < Z H zj | (1—z) (1 — ) H%

i=1 \j=i+1

The first expression in the sum is proved to be < = (for every n > 14 ) in the previous section
(D.4.1) . Here we prove that the second expression is also O(n)

Claim D.11. V, [ < %

Proof. By induction on n. For n = 1 the claims hold. We assume [[  z; < % and prove that

Hn+11 z; < 5 +1 We use claim D.9 :
ﬁ H - -1l _2m-11, 11
Ty = Tn+1 xz_-’l)n—Fl _2n+2n mt2n Qn(n+1)_n+1

Thus, for every n > 14, wi(g, s) < % +

3o

1
n
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