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Abstract
Bayesiannetworksin general,andcontinuousvariablenetworksin particular, havebecomeincreas-
ingly popularin recentyears,largely dueto advancesin methodsthatfacilitateautomaticlearning
from data. Yet, despitetheseadvances,the key taskof learningthe structureof suchmodelsre-
mainsacomputationallyintensiveprocedure,whichlimits mostapplicationsto parameterlearning.
This problemis evenmoreacutewhenlearningnetworksin thepresenceof missingvaluesor hid-
denvariables,a scenariothat is partof many real-life problems.In this work we presenta general
methodfor speedingstructuresearchfor continuousvariablenetworks with commonparametric
distributions. We ef�ciently evaluatethe approximatemerit of candidatestructuremodi�cations
andapplytime consuming(exact)computationsonly to themostpromisingones,therebyachiev-
ing signi�cant improvementin therunningtimeof thesearchalgorithm.Ourmethodalsonaturally
andef�ciently facilitatestheadditionof usefulnew hiddenvariablesinto thenetwork structure,a
taskthat is typically consideredboth conceptuallydif�cult andcomputationallyprohibitive. We
demonstrateourmethodonsyntheticandreal-lifedatasets,bothfor learningstructureonfully and
partiallyobservabledata,andfor introducingnew hiddenvariablesduringstructuresearch.
Keywords: Bayesiannetworks,structurelearning,continuousvariables,hiddenvariables

1. Intr oduction

Probabilisticgraphicalmodelshavegainedwide-spreadpopularityin recentyearswith theadvance
of techniquesfor learningthesemodelsdirectly from data. Theability to learnallows us to over-
comelackof expertknowledgeaboutdomainsandadaptmodelsto achangingenvironment,andcan
alsoleadto scienti�c discoveries. Indeed,Bayesiannetworks in general,andcontinuousvariable

A preliminary versionof this paperappearedin the Proceedingsof the TwentiethConferenceon Uncertaintyin
Arti�cial, 2004(UAI '04).
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networksin particular, arenow beingusedin awiderangeof applications,includingfaultdetection
(e.g.,U. LernerandKoller, 2000),modelingof biologicalsystems(e.g.,Friedmanet al., 2000)and
medicaldiagnosis(e.g.,Shweetal., 1991).

A key taskin learningthesemodelsfrom datais adaptingthestructureof thenetwork basedon
observations.ThisNP-completeproblem(Chickering,1996a)is typically treatedasacombinatorial
optimizationproblemthatis addressedby heuristicsearchprocedures,suchasgreedyhill climbing.
This procedureexamineslocal modi�cations to single edgesat eachstep,evaluatesthem using
somescore,andproceedsto apply the onethat leadsto the largestimprovementin score,until a
local maximumis reached.Even with this simpleapproachstructurelearningis computationally
challengingfor all but smallnetworksdueto thelargenumberof possiblemodi�cationsthatcanbe
evaluated,andthecostof evaluatingeachone.To make thingsworse,theproblemis evenharderin
the(realistic)presenceof missingvalues,asnon-linearoptimizationis requiredto evaluatedifferent
structuremodi�cation candidatesduringthesearch.Learningis particularlyproblematicwhenwe
alsowantto allow for hiddenvariablesandwantto effectively addthemduringthelearningprocess.
Thus,in practice,mostapplicationsarestill limited to parameterestimation.

Of particularinterestto usis learningcontinuousvariablenetworks,whicharecrucialfor awide
rangeof real-life applications.Onecasethat received scrutiny in the literatureis learninglinear
Gaussiannetworks (GeigerandHeckerman,1994;LauritzenandWermuth,1989). In this case,
we canusesuf�cient statisticsto summarizethe data,anda closedform equationto evaluatethe
scoreof candidatestructuremodi�cations. In general,however, wearealsointerestedin non-linear
interactions.Thesedo not have suf�cient statistics,andrequireapplyingparameteroptimization
to evaluatethe scoreof candidatestructures.Thesedif�culties severely limit the applicability of
standardheuristicstructuresearchproceduresto rich non-linearmodels.

In thiswork, wepresentageneralmethodfor speedingstructuresearchfor continuousvariable
networks.In contrastto innovativestructurelearningmethodsthatmodify thespaceexploredby the
searchalgorithm(e.g.,Chickering,1996b;MooreandWong,2003;TeyssierandKoller, 2005),our
methodleverageson theparametricstructureof theconditionaldistributionsin orderto ef�ciently
approximatethebene�t of an individual structurecandidate.As such,our methodcanbeusedto
speedupmany existingstructurelearningalgorithmsandheuristics.

Thebasicideais straightforwardandis inspiredfrom thenotionof residuesin regression(Mc-
CullaghandNelder,1989). For eachvariable,we constructan ideal parentpro�le of a new hypo-
theticalparentthatwouldleadto thebestpossiblepredictionof thatvariable.Intuitively, acandidate
parentof a variableis usefulif it is similar to the idealparent.Usingbasicprinciples,we derive a
similaritymeasurefor ef�ciently comparingacandidateparentto theidealpro�le. Weshow thatthis
measureapproximatesthe improvementin scorethatwould resultfrom theadditionof thatparent
to thenetwork structure.This providesuswith a fastmethodfor scanningmany potentialparents
andfocusesmorecarefulevaluation(exactscoring)onasmallernumberof promisingcandidates.

Theidealparentpro�les we constructduringsearchalsoprovide new leverageon theproblem
of introducingnew hiddenvariablesduringstructurelearning.Basically, if theidealparentpro�les
of several variablesaresuf�ciently similar, andarenot similar to oneof their currentparents,we
canconsideraddinga new hiddenvariablethatservesasa parentof all thesevariables.The ideal
pro�le allows us to estimatethe impactthis new variablewill have on the score,andsuggestthe
valuesit takes in eachinstance.The methodthereforeprovidesa guidedapproachfor introduc-
ing new variablesduringsearchandallows for contrastingthemwith alternative searchstepsin a
computationallyef�cient manner.

1800



THE “ IDEAL PARENT” ALGORITHM

WeapplyourmethodusinglinearGaussianandnon-linearSigmoidGaussianconditionalprob-
ability distributionsto several tasks:learningstructurewith completedata;learningstructurewith
missingdata;andlearningstructurewhile allowing for the automaticintroductionof new hidden
variables.Weevaluateall tasksonbothrealisticsyntheticexperimentsandreal-lifeproblemsin the
�eld of computationalbiology.

Therestof thepaperis structuredasfollows: In Section2 we provide a brief summaryof con-
tinuousvariablenetworks. In Section3 we presentthe “Ideal Parent” conceptasit appliesto the
simplecaseof linearGaussianmodels. In Section4 we discusshow our methodis usedwithin a
structurelearningalgorithm. In Section5 we show how our methodcanbe leveragedin orderto
introducenew usefulhiddenvariablesduring learning,andin Section6 we discussthe computa-
tionalmodi�cationsneededto addressboththepresenceof missingvaluesandhiddenvariables.In
Section7 we show how our entireframework canbe generalizedto the challengingcaseof more
generalnon-lineardistributions. In Section8 we presenta furtherextensionto conditionalproba-
bility distributionsthat usenon-additive noisemodels. In Section9 we presentour experimental
resultsfor both syntheticandreal-life data. We concludewith a discussionof relatedworks and
futuredirectionsin Section10.

2. ContinuousVariable Networks

Considera �nite setX = f X1; : : : ;Xng of randomvariables. A Bayesiannetwork(BN) is an an-
notateddirectedacyclic graphG that representsa joint probabilitydistribution over X. Thenodes
of the graphcorrespondto the randomvariablesandareannotatedwith a conditionalprobability
density(CPD)of therandomvariablegivenits parentsUi in thegraphG. Thejoint distribution is
theproductover families(variableandits parents)

P(X1; : : : ;Xn) =
n

Õ
i= 1

P(Xi jUi):

ThegraphG representsindependencepropertiesthatareassumedto hold in theunderlyingdistri-
bution: EachXi is independentof its non-descendantsgivenits parentsUi .

Unlike the caseof discretevariables,when the variableX andsomeor all of its parentsare
realvalued,thereis no representationthatcancaptureall conditionaldensities.A commonchoice
is the useof linear Gaussianconditionaldensities(GeigerandHeckerman,1994;Lauritzenand
Wermuth,1989),whereeachvariableis a linearfunctionof its parentswith Gaussiannoise.When
all the variablesin a network have linear Gaussianconditionaldensities,the joint densityover X
is a multivariateGaussian(LauritzenandWermuth,1989). In many real world domains,suchas
in neuralor generegulation network models,the dependenciesare known to be non-linear(for
example,a saturationeffect is expected). In thesecases,we can still useGaussianconditional
densities,but now themeanof thedensityis expressedasa non-linearfunctionof theparents(for
example,asigmoid).

GivenatrainingdatasetD = f x[1]; : : : ;x[M]g, wherethemth instancex[m] assignsvaluesto the
variablesin X, theproblemof learningaBayesiannetwork is to �nd astructureandparametersthat
maximizethelikelihoodof D giventhegraph,typically alongwith someregularizationconstraints.
GivenadatasetD andanetwork structureG, wede�ne

` (D : G;q) = logP(D : G;q) = å
m

logP(x[m] : G;q)
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Algorithm 1: GreedyHill-Climbing StructureSearchfor BayesianNetworks

Input : D // trainingset
G0 // initial structure

Output : A �nal structureG

Gbest  G0

repeat
G Gbest

foreachOperator Add,Delete,Reverse,Replaceedge in G do
if Operator doesnotcreatea directedcyclethen

G0  ApplyOperator( G)
if Score(G0 : D) > Score(Gbest : D) then

Gbest  G0

end
end

end foreach
until Gbest == G
return Gbest

to be the log-likelihoodfunction, whereq arethe modelparameters.In estimatingthe maximum
likelihoodparametersof thenetwork, weaimto �nd theparameterŝq thatmaximizethis likelihood
function.Whenthedatais complete(all variablesareobservedin eachinstance),thelog-likelihood
canberewrittenasasumof local likelihoodfunctions,

` (D : G;q) = å ` i(D : Ui ;qi)

wherè i(D : Ui ;qi) is afunctionof thechoiceof Ui andtheparametersqi of thecorrespondingCPD:
it is thelog-likelihoodof regressingXi on Ui in thedatasetwith theparticularchoiceof CPD.Due
to thisdecomposition,wecan�nd themaximumlikelihoodparametersof eachCPDindependently
by maximizingthe local log-likelihoodfunction. For someCPDs,suchas linear Gaussianones,
thereis a closedform expressionfor the maximumlikelihoodparameters.In othercases,�nding
theseparametersis acontinuousoptimizationproblemthatis typically addressedby gradientbased
methods.

Learningthestructureof a network is a signi�cantly hardertask. Thecommonapproachis to
introducea scoringfunctionthatbalancesthe likelihoodof themodelandits complexity andthen
attemptto maximizethisscoreusingaheuristicsearchprocedurethatconsiderslocalchanges(e.g.,
addingandremoving edges).A commonlyusedscoreis theBayesianInformationCriterion (BIC)
score(Schwarz,1978)

BIC(D;G) = max
q

` (D : G;q) �
logM

2
Dim[G] (1)

whereM is thenumberof instancesin D, andDim[G] is thenumberof parametersin G. TheBIC
scoreis actuallyanapproximationto themoreprincipledfull Bayesianscore,thatintegratesoverall
possibleparameterizationsof theCPDs.While aclosedform for theBayesianscore,with asuitable
prior, is known for Gaussiannetworks (GeigerandHeckerman,1994),numericalcomputationof
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this scoreis extremelydemandingfor thenon-linearcase.Thus,we adoptthecommonapproach
andfocuson theBIC approximationfrom hereon.

A commonsearchprocedurefor optimizing the scoreis the greedyhill-climbing procedure
outlined in Algorithm 1. This procedurecanbe augmentedwith mechanismsfor escapinglocal
maxima,suchasrandomwalk perturbationsuponreachinga local maxima(alsoknown asrandom
restarts),andusingaTABU list (GloverandLaguna,1993).

3. The “Ideal parent” Concept

Ourgoalis to speedupagenericstructuresearchalgorithmfor aBayesiannetwork with continuous
variables. The complexity of any suchalgorithm is rootedin the needto scoreeachcandidate
structurechange,which in turn mayrequirenon-linearparameteroptimization. Thus,we want to
somehow ef�ciently approximatethebene�t of eachcandidateandscoreonly themostpromisingof
thesecandidates.Themannerin which this helpsusto discover new hiddenvariableswill become
evidentin Section5.

3.1 BasicFramework

ConsideraddingZ asanew parentof X whosecurrentparentsin thenetwork areU. Givenatraining
dataD of M instances,to evaluatethe changein score,whenusingthe BIC scoreof Eq. (1), we
needto computethechangein thelog-likelihood

DXjU(Z) = max
qXjU;Z

`X(D : U [ f Zg;qXjU;Z) � `X(D : U;bqXjU) (2)

wherebqXjU arethemaximumlikelihoodparametersof X givenU andqXjU;Z aretheparametersfor
the family whereZ is an additionalparentof X. The changein the BIC scoreis this difference
combinedwith thechangein themodelcomplexity penaltyterms.Thus,to evaluatethisdifference,
weneedto computethemaximumlikelihoodparametersof X giventhenew choiceof parents.Our
goalis to speedup thiscomputation.

Thebasicideaof our methodis straightforward. For a givenvariable,we want to constructa
hypotheticalidealparentY thatwouldbestpredictthevariable.Wewill thencompareeachexisting
candidateparentZ to this imaginaryone using a similarity measureC(~y;~z) (which we describe
below). Finally, wewill fully scoreonly themostpromisingcandidates:thosethataremostsimilar
to the ideal parent. Figure1 illustratesthis process.In order for this approachto be bene�cial,
we want the similarity scoreto approximatethe actualchangein likelihood de�ned in Eq. (2).
Furthermore,wewantto beableto computethesimilarity measurein a fractionof thetime it takes
to fully scoreacandidateparent.

3.1.1 CONDITIONAL PROBABILITY DISTRIBUTION

To make our discussionconcrete,we focuson networkswherewe representX asa functionof its
parentsU = f U1; : : : ;Ukg with a conditionalprobabilitydistribution (CPD) that hasthe following
generalform:

X = g(a1u1; : : : ;akuk : q) + e (3)
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Figure1: The “Ideal Parent” Concept: Illustrationof the“Ideal Parent”approachfor a variable
with a singleparentU anda linear Gaussianconditionaldistribution. The top panelof
(a) shows thepro�le (assignmentin all instances)of theparent.Thepanelbelow shows
the pro�le of the child nodealongwith the pro�le predictedfor the child basedon its
parent(dottedred). (b) shows thepro�le of theidealhypotheticalparentthatwould lead
to zeroerrorin predictionof thechild variableif addedto thecurrentmodel.In thelinear
Gaussiancase,thispro�le is simplytheresidualof thetwo curvesshown in (a). (c) shows
thepro�les of two candidateparents,comparedto thepro�le of the idealparent(dotted
black). (d) shows thechild pro�le alongwith its predictionbasedon theoriginal parent
and the new chosenparentfrom the candidatein (c) that wasmostsimilar to the ideal
pro�le of (b). Note that the predictionis not perfectasthe pro�le of the parentchosen
doesnot, in general,matchthepro�le of theidealparentexactly.
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whereg is a link functionthatintegratesthecontributionsof theparentswith additionalparameters
q, a i thatarescaleparametersappliedto eachof theparents,ande that is a noiserandomvariable
with zeromean.In thefollowing discussion,weassumethate is Gaussianwith variances 2.

Whenthefunctiong is thesumof its arguments,thisCPDis thestandardlinearGaussianCPD.
However, wecanalsoconsidernon-linearchoicesof g. For example,

g(a1u1; : : : ;akuk : q) � q1
1

1+ e� å i a iui
+ q0 (4)

is asigmoidfunctionwheretheresponseof X to its parents'valuesis saturatedwhenthesumis far
from zero.

3.1.2 L IKELIHOOD FUNCTION

Giventheabove form of CPDs,wecannow write aconcreteform of thelog-likelihoodfunction

`X(D : U;q) = �
1
2

M

å
m= 1

�
log(2p) + log(s2) +

1
s2 (x[m] � g(u[m]))2

�

= �
1
2

�
M log(2p) + M log(s2) +

1
s2 å

m
(x[m] � g(u[m]))2

�
(5)

where,for simplicity, we absorbedeachscalingfactora j into eachvalueof u j [m]. Similarly, when
thenew parentZ is addedwith coef�cient az, thenew likelihoodis

`X(D : U [ f Zg;az;q;) = �
1
2

�
M log(2p) + M log(s2

z) +
1
s2

z
å
m

(x[m] � g(u[m];azz[m]))2
�

wheres2
z is usedto denotethevarianceparameterafterZ is added.Consequently, thedifferencein

likelihoodof Eq.(2) takestheform of

DXjU(Z) = �
M
2

�
logs2

z � logs2�

�
1
2

�
1
s2

z
å
m

(x[m] � g(u[m];azz[m]))2 �
1
s2 å

m
(x[m] � g(u[m]))2

�
: (6)

3.1.3 THE “ IDEAL PARENT”

Wenow de�ne theidealparentfor X

De�nition 3.1: Givena datasetD, anda CPDfor X givenits parentsU, with a link functiong and
parametersq anda, theidealparentY of X is suchthatfor eachinstancem,

x[m] = g(a1u1[m]; : : : ;akuk[m];y[m] : q):

Undermild conditions,the ideal parentpro�le (i.e., valueof Y in eachinstance)canbecomputed
for almostany uni-modalparametricconditionaldistribution. Theonly requirementfrom g is thatit
shouldbeinvertiblew.r.t. eachoneof theparents.Notethatin thisde�nition, we implicitly assume
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thatx[m] lies in theimageof g. If this is not thecase,wecansubstitutex[m] with xg[m], thepoint in
g's imageclosestto x[m]. This guaranteesthat theprediction's modefor thecurrentsetof parents
andparametersis ascloseaspossibleto X.

The resultingpro�le for the hypotheticalideal parentY is the optimal set of valuesfor the
(k+ 1)th parent,in thesensethat it would maximizethelikelihoodof thechild variableX. This is
truesinceby de�nition, X is equalto themodeof thefunctionof its parentsde�nedby g. Intuitively,
if wecanef�ciently �nd acandidateparentZ thatis similar to thehypotheticallyoptimalparent,we
canimprovethemodelby addinganedgefrom thisparentto X. Wearenow readyto instantiatethe
similarity measureC(~y;~z). Below, wedemonstratehow this is donefor thecaseof a linearGaussian
CPD.Weextendtheframework for non-linearCPDsin Section7.

3.2 Linear Gaussian

Let X be a variable in the network with a set of parentsU, and a linear Gaussianconditional
distribution. In thiscase,g in Eq.(3) takestheform

g(a1u1; : : : ;akuk : q) � å
i

a iui + q0:

To choosepromisingcandidateparentsfor X, we startby computingtheidealparentY for X given
its currentsetof parents.This is doneby inverting the linear link function g with respectto this
additionalparentY (notethatwecanassume,without lossof generality, thatthescaleparameterof
thisadditionalparentis 1). This resultsin

y[m] = x[m] � å
j

a ju j [m] � q0:

Wecansummarizethis in vectornotation,by using~x = hx[1]; : : : ;x[M]i , andsoweget

~y = ~x� U~a � q0

whereU is thematrixof parentvaluesonall instances,and~a is thevectorof scaleparameters.
Having computedthe ideal parentpro�le , we now want to ef�ciently evaluateits similarity to

thepro�le of candidateparents.Intuitively, we wantthesimilarity measureto re�ect thelikelihood
gain by addingZ asa parentof X. Ideally, we want to evaluateDXjU(Z) for eachcandidateparent
Z. However, insteadof re-estimatingall theparametersof theCPDafteraddingZ asa parent,we
approximatethis differenceby only �tting the scalingfactorassociatedwith the new parentand
freezingall otherparametersof the CPD (thescalingparametersof the currentparentsU andthe
varianceparameters2).

Theorem3.2 Supposethat X hasparentsU with a set~a of scaling factors. Let Y be the ideal
parentasdescribedabove, andZ besomecandidateparent. Thenthechange in thelog-likelihood
of X in thedata,whenaddingZ asa parentof X, whilefreezingall scalingandvarianceparameters
exceptthescalingfactorof Z, is

C1(~y;~z) � max
aZ

`X(D : U [ f Zg;bqXjU [ f aZg) � `X(D : U;bqXjU)

=
1

2s2

(~y�~z)2

~z�~z
: (7)
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Proof: In the linear Gaussiancasey[m] = x[m] � g(u[m]) by de�nition and g(u[m];a zz[m]) =
g(u[m]) + azz[m] sothatEq.(6) canbewrittenas

DXjU(Z) = �
M
2

�
logs2

z � logs2�
�

1
2

�
1
s2

z
å
m

(y[m] � azz[m])2 �
1
s2 å

m
y[m]2

�

= �
M
2

�
logs2

z � logs2�
�

1
2

�
1
s2

z

�
~y�~y� 2az~z�~y+ a2

z~z�~z
�

�
1
s2~y�~y

�
: (8)

Sincesz = s this reducesto

DXjU(Z : az) � `X(D : U [ f Zg;bqXjU [ f aZg) � `X(D : U;bqXjU)

= �
1

2s2

�
� 2az~z�~y+ a2

z~z�~z
�

: (9)

To optimizeouronly freeparameteraz, weuse

¶DXjU(Z : az)

¶az
= �

1
2s2 (� 2~z�~y+ 2az~z�~z) = 0 ) az =

~z�~y
~z�~z

:

Pluggingthis into Eq.(9), weget

C1(~y;~z) � max
az

DXjU(Z : az)

= �
1

2s2

 

� 2
~z�~y
~z�~z

~z�~y+
�

~z�~y
~z�~z

� 2

~z�~z

!

=
1

2s2

(~z�~y)2

~z�~z
:

Theform of thesimilarity measurecanbeevenfurthersimpli�ed

Proposition3.3 Let C1(~y;~z) beas de�ned aboveand let s be themaximumlikelihoodparameter
beforeZ is addedasa new parentof X. Then

C1(~y;~z) =
M
2

(~y�~z)2

(~z�~z)(~y�~y)
=

M
2

cos2 f ~y;~z

where f ~y;~z is the anglebetweenthe ideal parent pro�le vector~y and the candidateparent pro�le
vector~z.

Proof: To recover themaximumlikelihoodvalueof s we differentiatethe log-likelihoodfunction
aswritten in Eq.(5)

¶`X(D : U;q)
¶s2 = �

M
2s2 +

1
s4 å

m
(x[m] � g(u[m]))2 = 0

) s2 =
1
M å

m
(x[m] � g(u[m]))2 =

1
M

~y�~y

wherethelastequalityfollowsfrom thede�nition of~y. Theresultfollows immediatelyby plugging
this into Theorem3.2andfrom thefactthatcos2 f ~y;~z � (~y�~z)2

(~z�~z)(~y�~y)
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Figure2: Demonstrationof the(a)C1 and(b) C2 boundsfor linearGaussianCPDs.Thex-axis is
thetruechangein scoreasaresultof anedgemodi�cation. They-axisis thelowerbound
of thisscore.Pointsshown correspondto severalthousandedgemodi�cationsin arunof
theidealparentmethodon real-life Yeast geneexpressionsdata.

Thus,thereis anintuitivegeometricinterpretationto themeasureC1(~y;~z): wepreferapro�le ~z that
is similar to theidealparentpro�le ~y, regardlessof its norm. It caneasilybeshown that~z= c~y (for
any constantc) maximizesthis similarity measure.We retainthe lessintuitive form of C1(~y;~z) in
Theorem3.2for compatibilitywith laterdevelopments.

Note that, by de�nition, C1(~y;~z) is a lower boundon DXjU(Z), the improvementon the log-
likelihoodby addingZ asa parentof X: Whenwe addtheparentwe optimizeall theparameters,
andsowe expectto attaina likelihoodashigh, or higherthan,theonewe attainby freezingsome
of theparameters.This is illustratedin Figure2(a) thatplots the true likelihoodimprovementvs.
C1 for several thousandedgemodi�cations taken from an experimentusing real life Yeastgene
expressiondata(seeSection9).

Wecangetabetterlowerboundby optimizingadditionalparameters.In particular, afteradding
anew parent,theerrorsin predictionschange,andsowecanreadjustthevarianceterm.As it turns
out,wecanperformthis readjustmentin closedform.

Theorem3.4 Supposethat X hasparentsU with a set~a of scaling factors. Let Y be the ideal
parentasdescribedabove, andZ besomecandidateparent. Thenthechange in thelog-likelihood
of X in the data,whenaddingZ as a parent of X, while freezingall other parameters exceptthe
scalingfactorof Z andthevarianceof X, is

C2(~y;~z) � max
aZ;sZ

`X(D : U [ f Zg;bqXjU [ f aZ;sZg) � `X(D : U;bqXjU)

= �
M
2

log sin2 f ~y;~z

where f ~y;~z is theanglebetween~y and~z.
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Proof: To optimizes z weagainconsiderEq.(8) andset

¶DXjU(Z)

¶sz
= �

M
sz

+
1
s3

z

�
~y�~y� 2az~z�~y+ a2

z~z�~z
�

= 0:

Solvingfor sz andpluggingthemaximumlikelihoodparameteraz from thedevelopmentof C1(~y;~z)
(whichdoesnotdependons z), weget

s2
z =

1
M

�
~y�~y� 2az~z�~y+ a2

z~z�~z
�

=
1
M

�
~y�~y�

(~z�~y)2

~z�~z

�
:

As in the caseof Proposition3.3 wheres = 1
M~y �~y, the varianceterm s2

z “absorbs”the sum of
squarederrorswhenoptimized.Thus,thesecondtermin Eq.(8) becomeszeroandwecanwrite

C2(~y;~z) = �
M
2

�
log(s2

z) � log(s2)
�

=
M
2

log

 
~y�~y

~y�~y� (~z�~y)2

~z�~z

!

=
M
2

log

0

@ 1

1� (~z�~y)2

(~z�~z)(~y�~y)

1

A =
M
2

log
�

1
1� cos2 f ~y;~z

�

= �
M
2

logsin2 f ~y;~z:

It is importantto notethatbothC1 andC2 aremonotonicfunctionsof (~y�~z)2

~z�~z , andsothey consistently
rank candidateparentsof the samevariable. However, when we comparechangesthat involve
differentidealparents,suchasaddingaparentto X1 comparedto addingaparentto X2, theranking
by thesetwo measuresmight differ. Due to the choiceof parameterswe freezein eachof these
measures,wehave

C1(~y;~z) � C2(~y;~z) � DXjU(Z)

andsoC2 canprovidebetterguidanceto somesearchalgorithms.Indeed,Figure2(b)clearlyshows
thatC2 is a tighterboundthanC1, particularlyfor promisingcandidates.

4. Ideal Parentsin Search

The technicaldevelopmentsof the previous sectionshow that we can approximatethe scoreof
candidateparentsfor X by comparingthemto the ideal parentY usingthe similarity measure.Is
thisapproximateevaluationuseful?

Whenperforminga local heuristicsearchsuchasthe one illustratedin Algorithm 1, at each
iterationwe have a currentcandidatestructureandwe considersomeoperationson thatstructure.
Theseoperationsmight includeedgeaddition,edgereplacement,edgereversalandedgedeletion.
We canreadilyusethe idealpro�les andsimilarity measuresdevelopedto speedup two of these:
edgeadditionandedgereplacement.In a network with N nodes,therearein the orderof O(N2)
possibleedgeadditions,O(E � N) edgereplacementwhereE is thenumberof edgesin themodel,
andonly O(E) edgedeletionsandreversals.Thusour methodcanbeusedto speedup thebulk of
edgemodi�cationsconsideredby a typical searchalgorithm.

Whenconsideringaddingan edgeZ ! X, we usethe ideal parentpro�le for X andcompute
its similarity to Z. We repeatthis for every candidateparentfor X. We thencomputethefull score
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only for theK mostsimilar candidates,andinsertthem(andtheassociatedchangein score)into a
queueof potentialoperations.In a similar way, we canusetheidealparentpro�le for considering
edgereplacementfor X. SupposethatUi 2 U is a parentof X. We cande�ne the idealpro�le for
replacingU while freezingall otherparametersof theCPDof X.

De�nition 4.1: Given a datasetD, anda CPD for X given its parentsU, with a link function g,
parametersq anda, thereplaceidealparentY of X andUi 2 U is suchthatfor eachinstancem,

x[m] = g(a1u1[m]; : : : ;a i� 1ui� 1;a i+ 1ui+ 1; : : : ;akuk[m];y[m] : q):

Therestof thedevelopmentsof theprevioussectionremainthesame.For eachcurrentparentof X
we computea separateidealpro�le thatcorrespondsto the replacementof thatparentwith a new
one.Wethenusethesamepolicy asabovefor examiningthereplacementof eachoneof theparents.
In particular, we freezethescaleparameterscomputedwith U astheparentsetof X, take out the
parametercorrespondingto Ui , andusetheC1 or theC2 measuresto rankcandidatereplacements
for Ui .

For bothoperations,we cantradeoff betweentheaccuracy of our evaluationsandthespeedof
thesearch,by changingK, thenumberof candidatechangesperfamily for whichwecomputeafull
score.UsingK = 1, weonly scorethebestcandidateaccordingto theidealparentmethodranking,
thusachieving the largestspeedup,However, sinceour rankingonly approximatesthe true score
difference,this strategy might missgoodcandidates.Using highervaluesof K bringsus closer
to the standardsearchalgorithmboth in termsof candidateselectionquality but alsoin termsof
computationtime.

In the experimentsin Section9, we integratedthe changesdescribedabove into a greedyhill
climbing heuristicsearchprocedure. This procedurealso examinescandidatestructurechanges
that remove an edgeand reversean edge,which we evaluatein the standardway. The greedy
hill climbing procedureappliesthe bestavailablemove at eachiteration(amongthosethat were
chosenfor full evaluation)asin Algorithm 1. Importantly, the idealparentmethodis independent
of thespeci�csof thesearchprocedureandsimply pre-selectspromisingcandidatesfor thesearch
algorithmto consider. Algorithm 2 outlinesa generalizationof the basicgreedystructuresearch
algorithm of Algorithm 1 to include a candidateranking/selectionalgorithm suchas our “Ideal
Parent”method.

5. Adding NewHidden Variables

Somewhat unexpectedly, the “Ideal Parent” methodalsooffers a naturalsolution to the dif�cult
challengeof detectingnew hiddenvariables.Speci�cally, theidealparentpro�les provideastraight-
forwardway to �nd whenandwhereto addhiddenvariablesto thedomainin continuousvariable
networks. Theintuition is fairly simple: if theidealparentsof severalvariablesaresimilar to each
other, thenwe know that a similar input is predictive of all of them. Moreover, if we do not �nd
a variablein the network that is closeto theseideal parents,thenwe canconsideraddinga new
hiddenvariablethat will serve astheir combinedinput, and,in addition,have an informedinitial
estimateof its pro�le. Figure3 illustratesthis idea.

To introducea new hiddenvariable,we would like to requirethat it be bene�cial for several
childrenat once. Thedifferencein log-likelihooddueto addinga new parentwith pro�le ~z is the
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Algorithm 2: GreedyHill-Climbing StructureSearchwith CandidateRanking/Selection

Input : D // trainingset
G0 // initial structure
CE // candidateevaluationmethodsuchasour “Ideal Parent”
K // numberof candidatesto evaluate

Output : A �nal structureG

Gbest  G0

repeat
G  Gbest

L  ø // initialize list of modi�cationsto evaluate
// for eachfamily, choosethetop 'add' and'replace'candidatesfor evaluation
foreach Xi nodein G do

Q  ø // initialize family speci�c queue
foreach Add,Replaceparentof Xi in G do

score CE.Score(Operator )
Q  (Operator ,score)

end foreach
foreach topK Operator s in Q do

L  (Operator )
end foreach

end foreach
// addall deleteandreverseoperations
foreach Delete,Reverseedge in G do

L  (Operator )
end foreach
// processall candidateoperationschosenfor evaluation
foreach Operator in L do

if Operator doesnotcreatea directedcyclethen
G0  ApplyOperator( G)
if Score(G0 : D) > Score(Gbest : D) then

Gbest  G0

end
end

end foreach
until Gbest == G
return Gbest

sumof differencesbetweenthelog-likelihoodsof familiesit is involvedin:

DX1;:::;XL(Z) =
L

å
i

DXi jUi (Z)

wherewe assume,without lossof generality, that the membersof the cluster(childrensetof the
candidatehiddenvariable)areX1; : : : ;XL. To scorethenetwork with Z asanew hiddenvariable,we
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Y1

H

X1 X2 X3 X4

H

X1 X2 X3 X4
Y4

Y3

Y2

Figure3: Illustrationof how theidealparentpro�les canbeusedto suggestnew hiddenvariables.
Shown on the left arethe idealparentpro�les Y1 : : :Y4 of thevariablesX1 : : :X4, respec-
tively. Thesecorrespondto the residualinformation of thesevariablesthat is not ex-
plainedby thecurrentmodel.As canbeseen,the�rst, secondandfourth variableshave
similar ideal pro�les. Thesepro�les areaveraged,resultingin a candidatehiddenpar-
entpro�le of thesethreevariables(top right). Assumingthat thereis no variablein the
network with a similar pro�le, our methodwill proposeaddingthis hiddenvariableto
the network asshown on the bottomright. Note that the averageideal pro�le of these
variablesprovidesaninformedstartingpoint for theEM algorithm.

alsoneedto dealwith the differencein the complexity penaltyterm,andthe likelihoodof Z asa
rootvariable.Theseterms,however, canbereadilyevaluated.Thedif�culty is in �nding thepro�le
~z that maximizesDX1;:::;XL(Z). Using theC1 ideal parentapproximation,we canlower boundthis
improvementby

L

å
i

C1(~yi ;~z) �
L

å
i

1
2s2

i

(~z�~yi)2

~z�~z
� DX1;:::;XL(Z) (10)

andsowe wantto �nd ~z� thatmaximizesthis bound.We will thenusethis optimizedboundasour
approximateclusterscore.Thatis wewantto �nd

~z� = argmax
~z

å
i

1
2s2

i

(~z�~yi)2

~z�~z
� argmax

~z

~zTYYT~z
~zT~z

(11)

whereY is thematrixwhosecolumnsareyi=s i . Notethatthevector~z� mustlie in thecolumnspan
of Y sinceany componentorthogonalto thisspanincreasesthedenominatorof theright handterm
but leavesthenumeratorunchanged,andthereforedoesnot obtaina maximum.We cantherefore
expressthesolutionas:

~z� = å
i

vi
yi

s i
= Y~v (12)
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where~v is a vectorof coef�cients. Furthermore,theobjective in Eq. (11) is known astheRayleigh
quotientof the matrix YY T andthe vector~z. The optimumof this quotientis achieved when~z
equalstheeigenvectorof YY T correspondingto its largesteigenvalue(Wilkinson,1965).Thus,to
solve for ~z� wewantto solve thefollowing eigenvectorproblem

(YYT)~z� = l ~z� : (13)

Notethat thedimensionof YY T is M (thenumberof instances),sothat, in practice,this problem
cannotbesolveddirectly. However, by pluggingEq.(12) into Eq. (13),multiplying on theright by
Y , andde�ning A � YTY , wegeta reducedgeneralizedeigenvectorproblem1

AA~v = l A~v:

Although this problemcannow besolveddirectly, it canbe furthersimpli�ed by noting thatA is
only singularif the residueof observationsof two or morevariablesarelinearly dependentalong
all of thetraininginstances.In practice,for continuousvariables,A is indeednon-singular, andwe
canmultiply bothsidesA� 1 andendupwith asimpleeigenvalueproblem:

A~v = l ~v

which is numericallysimplerandeasyto solve asthedimensionof A is L, thenumberof variables
in the cluster, which is typically relatively small. Oncewe �nd the L dimensionaleigenvector~v�

with thelargesteigenvaluel � , wecanexpresswith it thedesiredparentpro�le ~z� .
We cangeta betterboundof DX1;:::;XL(Z) if we useC2 similarity ratherthanC1. Unfortunately,

optimizing thepro�le ~z with respectto this similarity measureis a harderproblemthatwe do not
have a closedsolutionfor. Sincethegoalof theclusteridenti�cation is to provide a goodstarting
point for the following iterationsthat will eventuallyadaptthe structure,we usethe closedform
solutionfor Eq. (11). Note thatoncewe optimizethepro�le z usingtheabove derivation,we can
still usetheC2 similarity scoreto provideabetterboundonthequalityof thispro�le asanew parent
for X1; : : : ;XL.

Now thatwecanapproximatethebene�t of addinganew hiddenparentto aclusterof variables,
westill needto considerdifferentclustersto �nd themostbene�cial one.As thenumberof clusters
is exponential,we adapta heuristicagglomerativeclusteringapproach(e.g.,DudaandHart,1973)
to explore differentclusters. We startwith eachvariableasan individual clusterandrepeatedly
merge the two clustersthat lead to the bestexpectedimprovement(or the leastdecrease)in the
BIC score.This procedurepotentiallyinvolvesO(N3) merges,whereN is thenumberof possible
variables.Wesavemuchof thecomputationsbypre-computingthematrixY TY onlyonce,andthen
usingtherelevantsub-matrixin eachmerge. In practice,thetime spentin this stepis insigni�cant
in theoverall searchprocedure.

6. Learning with Missing Values

In real-lifedomains,it is oftenthecasethatthedatais incompleteandsomeof theobservationsare
missing.Furthermore,onceweaddahiddenvariableto thenetwork structure,wehaveto copy with
missingvaluesin subsequentstructuresearchevenif theoriginal trainingdatawascomplete.

1In theGeneralizedEigenvectorProblem, wewantto �nd eigenpairs(l ;~v) sothatB~v = l A~v holds.
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To deal with this problem,we usean ExpectationMaximization approach(Dempsteret al.,
1977)andits applicationto network structurelearning(Friedman,1997).At eachstepin thesearch
we have a currentnetwork thatprovidesanestimateof thedistribution thatgeneratedthedata,and
useit to computea distribution over possiblecompletionsof the data. Insteadof maximizingthe
BIC score,weattemptto maximizetheexpectedBIC score

IEQ[BIC(D;G) j Do] =
Z

Q(Dh j Do)BIC(D;G)dDh

whereDo is theobserveddata,Dh is theunobserveddata,andQ is thedistribution representedby
thecurrentnetwork. As theBIC scoreis asumoverlocal terms,wecanuselinearityof expectations
to rewrite thisobjectiveasasumof expectations,eachover thescopeof asingleCPD.This implies
thatwhenlearningwith missingvalues,weneedto usethecurrentnetwork to computetheposterior
distributionoverthevaluesof variablesin eachCPDweconsider. Usingtheseposteriordistributions
wecanestimatetheexpectationof eachlocalscore,andusethemin standardstructuresearch.Once
thesearchalgorithmconverges,we usethenew network for computingexpectationsandreiterate
until convergence(seeFriedman,1997).

How canwe combinetheidealparentmethodinto this structuralEM search?Sincewe do not
necessarilyobserve X and all of its parents,the de�nition of the ideal parentcannotbe applied
directly. Instead,we de�ne theidealparentto bethepro�le thatwill matchtheexpectationsgiven
Q. Thatis, wechoosey[m] sothat

IEQ[x[m] j Do] = IEQ[g(a1u1[m]; : : : ;akuk[m];y[m] : q) j Do]:

In thecaseof linearCPDs,this impliesthat

~y = IEQ[~x j Do] � IEQ[U j Do]~a:

Oncewe de�ne the ideal parent,we canuseit to approximatechangesin the expectedBIC
score(given Q). For the caseof a linear Gaussian,we get termsthat aresimilar to C1 andC2 of
Theorem3.2andTheorem3.4,respectively. Theonly changeis thatweapplythesimilarity measure
on the expectedvalueof ~z for eachcandidateparentZ. This is in contrastto exact evaluationof
IEQ

�
DXjU(Z) j Do

�
, which requiresthecomputationof theexpectedsuf�cient statisticsof U, X, and

Z. To facilitateef�cient computation,we adoptan approximatevariationalmean-�eldform (e.g.,
Jordanet al., 1998;Murphy andWeiss,1999)for the posterior. This approximationis usedboth
for the ideal parentmethodandthe standardgreedyapproachusedin Section9. This resultsin
computationsthatrequireonly the�rst andsecondmomentsfor eachinstancez[m], andthuscanbe
easilyobtainedfrom Q.

Finally, we note that the structuralEM iterationsare still guaranteedto converge to a local
maximum. In fact, this doesnot dependon the fact thatC1 andC2 are lower boundsof the true
changeto the score,sincethesemeasuresareonly usedto pre-selectpromisingcandidateswhich
arescoredbeforeactuallybeingconsideredby thesearchalgorithm.Indeed,theidealparentmethod
is a modularstructurecandidateselectionalgorithmandcanbeusedasa black-boxby any search
algorithm.

7. Non-linear CPDs

We now addressthe importantchallengeof non-linearCPDs.In theclassof CPDswe areconsid-
ering,this non-linearityis mediatedby thelink functiong, which we assumehereto beinvertible.
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Examplesof suchfunctionsincludethesigmoidfunctionshown in Eq.(4) andhyperbolicfunctions
that aresuitablefor modelinggenetranscriptionregulation(Nachmanet al., 2004),amongmany
others.Whenwe learnwith non-linearCPDs,parameterestimationis harder. To evaluatea poten-
tial parentP for X we have to performnon-linearoptimization(e.g.,conjugategradient)of all of
thea coef�cients of all parentsaswell asotherparametersof g. In this case,a fastapproximation
canboostthecomputationalcostof thesearchsigni�cantly.

As in thecaseof linearCPDs,wecomputetheidealparentpro�le ~y by invertingg. (Weassume
thattheinversionof g canbeperformedin time that is proportionalto thecalculationof g itself as
is thecasefor theCPDsconsideredabove.) Supposewe areconsideringtheadditionof a parentto
X in additionto its currentparentsU, andthatwe have computedthevalueof theidealparenty[m]
for eachsamplem by inversionof g. Now considera particularcandidateparentZ whosevalueat
themth instanceis Z[m]. How will thedifferencebetweentheidealvalueandthevalueof Z re�ect
in thepredictionof X for this instance?

As wehave seenfor thelinearcasein Section3, thedifferencez[m] � y[m] translatedthroughg
to a predictionerror. In thenon-linearcase,theeffect of thedifferenceon predictingX dependson
otherfactors,suchasthevaluesof theotherparents.To seethis,consideragainthesigmoidfunction
g of Eq. (4). If the sumof the argumentsto g is closeto 0, theng locally behaveslike a sumof
its arguments.On the otherhand,if the sumis far from 0, the function is in oneof the saturated
regions,andbig differencesin theinput almostdo not changetheprediction.This complicatesour
computationsanddoesnot allow the developmentof similarity measuresas in Theorem3.2 and
Theorem3.4directly.

We circumventthis problemby approximatingg with a linearfunctionaroundthevalueof the
idealparentpro�le. Weusea �rst-order Taylorexpansionof g aroundthevalueof~y andwrite

g(~u;~z) � g(~u;~y) + (az~z� ~y) �
¶g(~u;~z)

¶az~z

�
�
�
�
az~z=~y

:

As aresult,the“penalty” for adistancebetween~zand~y dependsonthegradientof g attheparticular
valueof ~y, given the valueof the otherparents.In instanceswherethe derivative is small, larger
deviationsbetweeny[m] andz[m] havelittle impactonthelikelihoodof x[m], andin instanceswhere
thederivative is large,thesamedeviationsmayleadto worselikelihood.

To understandtheeffectof thisapproximationin moredetailweconsiderasimpleexamplewith
a sigmoidGaussianCPDasde�ned in Eq. (4), whereX hasno parentsin thecurrentnetwork and
Z is a candidatenew parent.Figure4(a)shows thesigmoidfunction(dotted)andits linearapprox-
imationatY = 0 (solid) for aninstancewhereX = 0:5. Thecomputationof Y = log

� 1
0:5 � 1

�
= 0

by inversionof g is illustratedby the dashedlines. (b) is the samefor a differentsamplewhere
X = 0:85. In (c),(d) we canseetheeffect of theapproximationfor thesetwo differentsampleson
our evaluationof the likelihoodfunction. For a givenprobabilityvalue,the likelihoodfunction is
moresensitive to changesin thevalueof Z aroundY whenX = 0:5 whencomparedto theinstance
X = 0:85. Thiscanbeseenmoreclearlyin (e)whereequi-potentialcontoursareplottedfor thesum
of theapproximatelog-likelihoodof thesetwo instances.To recover thesetupwhereoursensitivity
to Z doesnot dependon thespeci�c instanceasin thelinearcase,we considera skewedversionof
Z � ¶g=¶y ratherthanZ directly. Theresultis shown in Figure4(f). We cangeneralizetheexample
above to developasimilarity measurefor thegeneralnon-linearcase:
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Figure4: A simpleexampleof theeffect of the linearapproximationfor a sigmoidCPDwhereX
hasnoparentsin thecurrentnetwork andZ is consideredasanew candidateparent.Two
samples(a)and(b) show thefunctiong(y1; : : : ;yk : q) � q1

1
1+ e� å i yi

+ q0 for two instances
whereX = 0:5 andX = 0:85, respectively, alongwith their linearapproximationat the
idealparentvalueY of X. (c) and(d) show thecorrespondinglikelihoodfunctionandits
approximation.(e) shows theequi-potentialcontoursof thesumof thelog-likelihoodof
thetwo instancesasafunctionof thevalueof Z in eachof theseinstances.(f) is thesame
as(e)whentheaxesareskewedusingthegradientof g with respectto thevalueof Y.
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Theorem7.1 Supposethat X hasparentsU with a set~a of scaling factors. Let Y be the ideal
parentasdescribedabove, andZ besomecandidateparent.Thenthechange in log-likelihoodof X
in thedata,whenaddingZ asa parentof X, while freezingall otherparameters, is approximately

C1(~y� g0(~y);~z� g0(~y)) �
1

2s2 (k1 � k2) (14)

whereg0(~y) is thevectorwhosemthcomponentis ¶g(~au;y)=¶y ju[m];y[m], and� denotescomponent-
wiseproduct. Similarly, if wealsooptimizethevariance, thenthechange in log-likelihoodis ap-
proximately

C2(~y� g0(~y);~z� g0(~y)) �
M
2

log
k1

k2
:

In bothcases,
k1 = (~y� g0(~y)) � (~y� g0(~y)) ; k2 = (~x� g(~u)) � (~x� g(~u))

donotdependon~z.

Thus,we canuseexactly thesamemeasuresasbefore,exceptthatwe “distort” thegeometrywith
theweight vectorg0(y) thatdeterminesthe importanceof differentinstances.To approximatethe
likelihooddifference,we alsoaddthe correctionterm which is a functionof k1 andk2. This cor-
rection is not necessarywhencomparingtwo candidatesfor the samefamily, but is requiredfor
comparingcandidatesfrom differentfamilies,or whenaddinghiddenvariable.Notethatunlike the
linearcase,andasa resultof thelinearapproximationof g, our theoremnow involvesanapproxi-
mationof thedifferencein likelihood.
Proof: Usingthegeneralform of theTaylor linearapproximationfor a non-linearlink functiong,
Eq.(6) canbewrittenas

DXjU(Z)

� �
M
2

log
s2

z

s2 �
1
2

�
1
s2

z

�
~x� g(~u;~y) � (az~z� ~y) � g0� 2 �

1
s2 [~x� g(~u)]2

�

= �
M
2

log
s2

z

s2 �
1

2s2
z

�
a2

z(~z� g0)2 � 2az(~z� g0) � (~y� g0) + (~y� g0)2�
+

1
2s2 [~x� g(~u)]2

= �
M
2

log
s2

z

s2 �
1

2s2
z

�
a2

z~z? �~z? � 2az~z? �~y? + ~y? �~y?
�
+

1
2s2 [~x� g(u)]2 (15)

whereweusethefactthat~x� g(~u;~y) = 0 by constructionof~y, andwe denotefor clarity~y? � ~y� g0

and~z? � ~z� g0. To optimizeaz weuse

¶DXjU(Z)

¶az
� �

1
2s

[2az~z? �~z? � 2~z? �~y?] ) az =
~z? �~y?

~z? �~z?
:

Pluggingthis into Eq.(15)weget

DXjU(Z) �
1

2s2

(~z? �~y?)2

~z? �~z?
�

1
2s2~y? �~y? +

1
2s2 [~x� g(~u)]2

= C1(~y?;~z?) �
1

2s2 (k1 � k2)
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which provesEq. (14). Whenwe alsooptimizethat variance,asnotedbefore,thevarianceterms
absorbsthesumof squarederrors,sothat

sz =
1
M

�
~y? �~y? �

(~z? �~y?)2

~z? �~z?

�
:

Pluggingthis into Eq.(15) resultsin

DXjU(Z) � �
M
2

log
s2

s2
z

=
M
2

log
[~x� g(u)]2

~y? �~y? � (~z?�~y?)2

~z?�~z?

=
M
2

log
[~x� g(u)]2

~y? �~y?

h
1� (~z?�~y?)2

~z?�~z?~y?�~y?

i

=
M
2

log
1

1� (~z?�~y?)2

~z?�~z?~y?�~y?

+
M
2

log[~x� g(u)]2 �
M
2

log(~y? �~y?)

= C2(~y?;~z?) �
M
2

log
k1

k2
:

As in thelinearcase,theabovetheoremallowsusto ef�ciently evaluatepromisingcandidatesfor the
addedge stepin thestructuresearch.Thereplaceedge stepcanalsobeapproximatedwith minor
modi�cations. As before,the signi�cant gain in speedis that we only performa few parameter
optimizations(that areexpectedto be costly as the numberof parentsgrows), ratherthanO(N)
suchoptimizationsfor eachvariable.

Addinganew hiddenvariablewith non-linearCPDsintroducesfurthercomplications.Wewant
to use,similar to the caseof a linear model,the structurescoreof Eq. (10) with the distortedC1

measure.Optimizing this measurehasno closedform solutionin this caseandwe needto resort
to an iterative procedureor an alternative approximation. We usean approximationwherethe
correctiontermsof Eq. (14) areomittedsothata form that is similar to thelinearGaussiancaseis
used,with the “distorted” geometryof ~y. Having madethis approximation,the restof the details
arethesameasin thelinearGaussiancase.

8. Other NoiseModels

So far, we only consideredconditionalprobability distributionsof the form of Eq. (3) wherethe
uncertaintyis modeledusinganadditive Gaussiannoiseterm. In somecases,suchaswhenmod-
eling biological processesrelatedto regulation,usinga multiplicative noisemodelmay be more
appropriate,asmostnoisesourcesin thesedomainsareof multiplicative nature(Nachmanet al.,
2004).WecanmodelsuchanoiseprocessusingCPDsof theform

X = g(a1u1; : : : ;akuk : q)(1+ e) (16)

where,as in Eq. (3), e is a noiserandomvariablewith zero mean. Anotherpopularchoicefor
modelingmultiplicativenoiseis thelog-normalform:

log(X) = log(g(a1u1; : : : ;akuk : q)) + e
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wherethelog of therandomvariableis distributednormally. In thissectionwepresentaformulation
thatgeneralizestheconceptsintroducedsofar to thesemoregeneralscenarios.We presentexplicit
derivationsfor themultiplicativenoiseCPDof Eq.(16) in Section8.3.

8.1 GeneralFramework

To copewith CPDsthatusea multiplicative noisemodel,we �rst formalizethegeneralform of a
CPDwe consider. We thengeneralizetheconceptof theidealparentto accommodatethis general
form of distributions and statethe approximationto the likelihood we make basedon this new
de�nition. We will then show that our generalizedideal parentde�nition leads,as before,to a
naturalsimilarity measurethatincludesourpreviousresultsasaspecialcase.

Concretely, weconsiderconditionaldensitydistributionsof thefollowing generalform

P(X j U) = q(X : g(a1u1[m]; : : : ;akuk[m] : q); f )

whereg is the link function with parametersq as before,and q is the “noise” distribution with
parametersf (e.g.,varianceparameters).In theadditive caseof Eq. (3) we have q = N (X;g;s 2).
In themultiplicativecaseof Eq.(16)wehaveq = N (X;g; (gs)2).

We now revisit our ideaof theidealparent.Recallthatour de�nition of theidealparentpro�le
~y wasmotivatedby thegoalof maximizingthelikelihoodof thechild variablepro�le ~x. However,
unlike thecaseof additive noise,in generalandin thecaseof themultiplicative noisemodel,g is
notnecessarilythemodeof q. To accommodatethis,wegeneralizeourde�nition of anidealparent:

De�nition 8.1: Let D bea datasetandlet P(X j U) = q(X : g(U : q); f ) bea CPDfor X given its
parentsU with parametersq, a andf , wherebothq andg aretwicedifferentiableandg is invertible
with respectto eachoneof theparentsU. TheidealparentY of X is suchthatfor eachinstancem,

¶q(x[m];g; f )
¶g

�
�
�
�
g= g(a1u1[m];:::;akuk[m];y[m]:q)

= 0: (17)

That is, ~y is the vector that makes g(u;~y) maximizethe likelihoodof the child variableat each

instance.Since ¶q
¶z = ¶q

¶g
¶g
¶z

�
�
�
z= y

= 0, this de�nition alsomeansthat the idealparentmaximizesthe

likelihoodw.r.t. the valuesof a new parent. The above de�nition is quite generalandallows for
a wide rangeof link functionsanduni-modalnoisemodels. We note that in the casewherethe
distribution is a simpleGaussianwith any choiceof g, thisde�nition coincideswith De�nition 3.1.
As anexampleof a conditionalform thatdoesnot fall into our framework, g = sin(å i a iui) is not
only not invertible but also allows for in�nitely many “ideal” parents. As we show below, this
morecomplex de�nition is usefulasit will allow usto ef�ciently evaluatecandidateparentsfor the
generalCPDsweconsiderin this section.

Theabove new de�nition of theidealparentmotivatesusto usea differentapproximationthan
the oneusedin the caseof non-linearCPDswith additive noise. Speci�cally, insteadof simply
approximatingg, we now approximatethe likelihooddirectly around~y, usinga secondorderap-
proximation:

logP(~x j u;azz) � logP(~x j u;~y) + (az~z� ~y) � Ñaz~z logP(~x j u;~z)
�
�
az~z=~y +

1
2

(az~z� ~y)TH(az~z� ~y)

(18)
whereH is theHessianmatrixof logP(~x j u;~z) at thepointaz~z= ~y.
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8.2 Evaluating the bene�t of a CandidateParent

With thegeneralizedde�nition of anidealparentof Eq. (17) andtheapproximationchosenfor the
likelihoodfunctionin Eq.(18)wecanapproximatelyevaluatethebene�t of acandidateparent:

Theorem8.2 Supposethat X hasparentsU with a set~a of scaling factors. Let Y be the ideal
parentasde�ned in Eq. (17), andZ besomecandidateparent. Thenthechange in log-likelihood
of X in the data,whenaddingZ as a parent of X, while freezingall other parameters exceptthe
scalingfactorof Z, is approximately

C1(~y;~z) � logP(~x j u;~y) � max
aZ

1
2

K(az~z� ~y;az~z� ~y) � logP(~x j u)

= logP(~x j u;~y) �
1
2

K(~y;~y) +
1
2

(K(~y;~z))2

K(~z;~z)
� logP(~x j u) (19)

whereK(:; :) is an innerproductof twovectorsde�nedas:

K(~a;~b) = å
m

a[m]b[m]
� 1
qm

¶2qm

¶gm
2

�
g0

m
� 2

and

gm = g(u[m];y[m] : q)

qm = q(x[m] : gm; f )

g0
m =

¶g(u;y : q)
¶y

ju[m];y[m] :

Beforeproving this result,we �rst considerits elementsandhow they relateto our previousresults
of Theorem3.2 andTheorem7.1. The inner productK capturesthe deformationfor the general
case:The factor (g0

m)2 weighseachvectorby the gradientof g, asexplainedin Section7. The
new factor � 1

qm

¶2qm
¶gm

2 measuresthe sensitivity of qm to changesin gm for eachinstance.This factor
is alwayspositive asa maximumpoint of qm is involved. Note that in theGaussiannoisemodels
we consideredin the previous sections,this term is constant: 1

s2 . In non-Gaussianmodels,this
sensitivity canvarybetweeninstances.

It is easyto seethat the generalizedde�nition of C1 coincideswith our previous results. As
in the linear Gaussiancase,the (approximate)differencein likelihoodC1(~y;~z) is expressedasa
functionof somedistancebetweenthenew parentaz~z andtheidealparent~y. This distanceis then
deformedby a sampledependentweightsimilarly to thenon-linearcasediscussedin Section7. In
thecaseof a linearGaussianCPD,we have g0

m = 1, andsoK(~a;~b) = 1
s2~a�~b. All termswhich do

not dependon~z cancelout in this case,resultingin our originalde�nition for C1 in Eq.(7). For the
non-linearGaussianwith additive noise,we have K(~a;~b) = 1

s2 (~a� g0(y)) � (~b� g0(y)) , andtheform
of Eq.(14) is recovered.

Importantly, we notethat our new formulationis applicableto a wide rangeof link functions
anduni-modalnoisemodels(with theminimal restrictionsdetailedabove). Thedifferencebetween
differentchoicessimplymanifestasdifferencein theform of thederivativesthatappearin thekernel
functionK, andin theadditionallogP termsin Eq. (19). Finally, we notethatwe cannotderive a
similarly generalexpressionfor C2, sinceit requiresoptimizingboths andaz, andthesolutionto
thisproblemdependson theform of thedistributionq.
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For completeness,wenow prove theresultof Theorem8.2.
Proof: The�rst termin thesecondorderapproximationof Eq.(18)vanishessince,byourde�nition,
¶q
¶z jaz~z=~y = 0, which implies also ¶log(q)

¶z jaz~z=~y = 0. Using the chainrule, we derive the expression
for theHessian:

Hm;n =
¶2 logP(~x j u;~z)
¶azz[m]¶azz[n]

�
�
�
�
az~z=~y

= dmn
1

q2
m

 

�
�

¶qm

¶gm

¶gm

¶y[m]

� 2

+ qm

(
¶2qm

¶gm
2

�
¶gm

¶y[m]

� 2

+
¶qm

¶gm

¶2gm

¶y[m]2

)!

:

The Hessianmatrix is always diagonal,sinceeachterm in the log-likelihood involves y[m] that
correspondsto a singlesamplem. After eliminatingtermsinvolving ¶q

¶g, thediagonalelementsof
theHessiansimplify to:

Hm;m =
1

qm

¶2qm

¶gm
2

�
g0

m
� 2

whereg0
m � ¶gm

¶y[m] . With this simpli�cation of theHessian,theapproximationof thelog-likelihood
canbewrittenas

logP(~x j u;az~z) � logP(~x j u;~y) +
1
2å

m

(azz[m] � y[m])2

qm

¶2qm

¶gm
2

�
g0

m
� 2 : (20)

The differencein the log-likelihoodwith andwithout a new parentz cannow be immediatelyre-
trievedandequalsto thesecondtermof theright handsideof Eq.(20). Denotingthisdifferenceby
C1(~y;~z) andreplacingaz with its maximumlikelihoodestimatorK(~y;~z)

K(~z;~z) , wegetthedesiredresult.

8.3 Multiplicati veNoiseCPD

We now completethe detailedderivation of the generalframework we presentedin the previous
sectionfor thecaseof themultiplicative noiseconditionaldensityof Eq. (16). Written explicitly,
theCPDhasthefollowing form:

q(x : g;s2) =
1

p
2Ps jgj

exp

 

�
1

2s2

�
x
g

� 1
� 2

!

:

To avoid singularity, wewill restrictthevaluesof g to bepositive. Thepartialderivativesof qm are:

¶qm

¶gm
=

�
�

1
gm

+
1
s2

�
x

gm
� 1

�
x

g2
m

�
qm

¶2qm

¶gm
2 =

�
�

1
gm

+
1
s2

�
x

gm
� 1

�
x

g2
m

� 2

qm+
�

1
g2

m
+

1
s2

�
x

gm
� 1

�
� 2x
g3

m
�

1
s2

x2

g4
m

�
qm:

By thede�nition of~y the�rst derivative is zerosothat

�
1

gm
+

1
s2

�
x

gm
� 1

�
x

g2
m

= 0 (21)
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which is equivalentto requiringthatthefollowing holds:

g(a1u1[m]; : : : ;akuk[m];~y[m] : q) = x[m]
� 1+

p
1+ 4s2

2s2 : (22)

Note that the negative solution is discardeddue to the constraintg > 0. Also note that the link
functionin thiscaseis in fact,ascanbeexpected,ascaledversionof x[m]. Wecannow extracty[m]
asbeforeby simply invertinggm.

Thetermsof thesecondderivativecannow alsobesimpli�ed:

¶2q
¶g2 =

�
1
g2 �

1
s2

�
x
g

� 1
�

2x
g3 �

1
s2

x2

g4

�
q

= �
1
g2

�
1+

1
s2

x2

g2

�
q

= �
1
g2ks q

wherethe secondandthird equalitiesresultfrom substitutingEq. (21) andEq. (22), respectively,
andks is apositiveconstantfunctionof s. Wecannow expressK in adotproductcompactform

K(~a;~b) = ks

�
~a�

g0(y)
g(y)

�
�
�

~b�
g0(y)
g(y)

�

where g0(y)
g(y) is the vectorwhosemth componentis g0

m
gm

. Note that this instancespeci�c weight is
similar to theonewe usedfor thenon-linearadditive Gaussiancaseof Theorem7.1. In this more
generalsetting,eachinstancem is additionallyscaledby gm. This hasan intuitive explanationin
thecaseof themultiplicativeconditionaldensity:thenoiselevel is expectedto goupwith g andso
all samplesarerescaledto thesamenoiselevel.

For completeness,wewrite theadditionallogP termsin theexpressionof Eq.(19) for C1 in the
caseof themultiplicativeconditionaldensity:

logP(~x j u;~y) � logP(~x j u) = � å log(s0g(u[m];y[m])) + å log(sg(u[m])) �

1
2s02 å (

x[m]
g(u[m];y[m])

� 1)2 +
1

2s2 å (
x[m]

g(u[m])
� 1)2

= � M log
� 1+

p
1+ 4s02

2s0 � å logx[m]+ å logsg(u[m]) �

M
2s02

�
2s02

� 1+
p

1+ 4s02
� 1

� 2

+
1

2s2 å (
x[m]

g(u[m])
� 1)2

wheres0denotesthenew varianceparameter.

9. Experiments

We now examinetheimpactof the idealparentmethodin two settings.In the�rst setting,we use
this methodfor pruningthenumberof potentialmovesthatareevaluatedby greedyhill climbing
structuresearch.Weusethis learningprocedureto learnthestructureover theobservedor partially
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observed variables. In the secondsetting,we usethe ideal parentmethodasa way of introduc-
ing new hiddenvariables,andalsoasa guideto reducethe numberof evaluationswhenlearning
structurethatinvolveshiddenvariablesandobservedones,usingaStructuralEM searchprocedure.

9.1 Structur e learning with Known Variables

In the�rst setting,weappliedstandardgreedyhill climbingsearch(Greedy) andgreedyhill climb-
ing supplementedby the idealparentmethodasdiscussedin Section4 (Ideal). In usingthe ideal
parentmethod,we usedtheC2 similarity measuredescribedin Section3 to rank candidateedge
additionsandreplacements,andthenappliedfull scoringonly to thetop K rankingcandidatesper
variable.

We �rst wantto evaluatetheimpactof theapproximationwe make on thequality of themodel
learned.To doso,westartwith asyntheticexperimentwhereweknow thetrueunderlyingnetwork
structure.In this settingwe canevaluatethemagnitudeof theperformancecostthatis theresultof
theapproximationweuse.(Weexaminethespeedupgainof ourmethodonmoreinterestingreal-life
examplesbelow.) To makethesyntheticexperimentrealistic,for thegeneratingdistributionweused
anetwork learnedfrom realdata(seebelow) with 44variables.Fromthisnetwork wecangenerate
datasetsof differentsizesandapply our methodwith differentvaluesof K. Figure5 compares
theidealparentmethodandthestandardgreedyprocedurefor linearGaussianCPDs(left column)
andsigmoidCPDs(right column). UsingK = 5 is, aswe expect,closerto theperformanceof the
standardgreedymethodbothin termsof trainingset[(a),(e)]andtestset[(b),(f)] performancethan
K = 2. For linearGaussianCPDstestperformanceis essentiallythesamefor bothmethods.Using
sigmoidCPDswecanseeaslightadvantagefor thestandardgreedymethod.Whenconsideringthe
percentof trueedgesrecovered[(c),(g)], asbefore,thestandardmethodshowssomeadvantageover
the idealmethodwith K = 5. However, by looking at the total numberof edgeslearned[(d),(h)],
we canseethat thestandardgreedymethodachievesthis by usingcloseto 50%moreedgesthan
theoriginal structurefor sigmoidCPDs.Thus,a relatively smalladvantagein performancecomes
atahighcomplexity price(andaswedemonstratebelow, atasigni�cant speedcost).

Wenow examinetheeffectof themethodon learningfrom real-lifedatasets.Webaseourdata
setson a studythatmeasurestheexpressionof thebaker's yeastgenesin 173experiments(Gasch
et al., 2000).In this study, researchersmeasuredtheexpressionof 6152yeastgenesin its response
to changesin theenvironmentalconditions,resultingin a matrix of 173� 6152measurements.In
the following, for practicalreasons,we usetwo setsof genes.The �rst setconsistsof 639 genes
that participatein generalmetabolicprocesses(Met), andthe secondis a subsetof the �rst with
354 geneswhich arespeci�c to aminoacid metabolism(AA). We choosethesesetssincepart of
theresponseof theyeastto changesin its environmentis in alteringtheactivity levelsof different
partsof its metabolism.For someof the experimentsbelow, we focusedon subsetsof genesfor
which thereareno missingvalues,consistingof 89 and44 genes,respectively. On thesedatasets
wecanconsidertwo tasks.In the�rst, wetreatgenesasvariablesandexperimentsasinstances.The
learnednetworks indicatepossibleregulatoryor functionalconnectionsbetweengenes(Friedman
etal.,2000).A complementarytaskis to treatthe173experimentsasvariables(Cond). In thiscase
thenetwork encodesrelationshipsbetweendifferentconditions.

In Table1 wesummarizedifferencesbetweentheGreedy searchandtheIdeal searchwith K set
to 2 and5, for thelinearGaussianCPDsaswell assigmoidCPDs.SincetheC2 similarity is only a
lowerboundof theBIC scoredifference,weexpectthecandidaterankingof thetwo to bedifferent.
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Figure5: Evaluationof Ideal searchon syntheticdatageneratedfrom a real-life like network with
44 variables.We compareIdeal searchwith K = 2 (dashed)andK = 5 (solid), against
the standardGreedy procedure(dotted). The �gures show, asa functionof the number
of instances(x-axis), for linear GaussianCPDs: (a) averagetraining log-likelihoodper
instanceper variable; (b) samefor test; (c) fraction of true edgesobtainedin learned
structure;(d) total numberof edgeslearnedasfractionof truenumberof edges;(e)-(h)
samefor sigmoidCPDs.
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Greedy IdealK = 2 vsGreedy IdealK = 5 vsGreedy
Dataset vars inst train test Dtrain Dtest edge move ev sp Dtrain Dtest edge move ev sp

LinearGaussianwith completedata
AA 44 173 -0.90 -1.07 -0.024 0.006 87.1 96.5 3.6 2 -0.008 0.007 94.9 96.5 9.3 2
AA Cond 173 44 -0.59 -1.56 -0.038 0.082 92.2 92.6 1.2 2 -0.009 0.029 96.9 98.2 2.9 2
Met 89 173 -0.79 -1.00 -0.033 -0.024 88.7 91.5 1.6 3 -0.013 -0.016 94.5 96.9 4.4 2
Met Cond 173 89 -0.59 -1.06 -0.035 -0.015 91.3 98.0 1.0 2 -0.007 -0.023 98.9 98.5 2.4 2

LinearGaussianwith missingvalues
AA 354 173 -0.13 -0.50 -0.101 -0.034 81.3 95.2 0.4 5 -0.048 -0.022 90.7 96.0 0.9 5
AA Cond 173 354 -0.20 -0.38 -0.066 -0.037 74.7 87.5 0.4 14 -0.033 -0.021 86.3 101.1 1.6 11

Sigmoidwith completedata
AA 44 173 0.03 -0.12 -0.132 -0.065 49.7 59.4 2.0 38 -0.103 -0.046 60.4 77.6 6.1 18
AA Cond 173 44 -0.12 -0.81 -0.218 0.122 62.3 76.7 1.0 36 -0.150 0.103 73.7 79.4 2.3 21
Met 89 173 0.12 -0.08 -0.192 -0.084 47.9 58.3 0.9 65 -0.158 -0.059 56.6 69.8 2.6 29
Met Cond 173 89 0.22 -0.17 -0.207 -0.030 60.5 69.5 0.8 53 -0.156 -0.042 69.8 77.7 2.2 29

Table1: Performancecomparisonof the Ideal parentsearchwith K = 2, K = 5 andGreedy on real
datasets.vars - numberof variablesin thedataset;inst - thenumberof instancesin the
dataset;train - averagetrainingsetlog-likelihoodperinstancepervariable;test- samefor
testset;Dtrain - averagedifferencein trainingsetlog-likelihoodperinstancepervariable;
Dtest- samefor testset;edges- percentof edgeslearnedby Ideal with respectto those
learnedby Greedy;moves- percentof structuremodi�cations takenduringthesearch;ev
- percentof movesevaluated;sp- speedupof Idealover greedymethod.All numbersare
averagesover5 fold crossvalidationsets.

As mostof thedifferencecomesfrom freezingsomeof theparameters,a possibleoutcomeis that
theIdealsearchis lessproneto over-�tting. Indeed,aswesee,thoughthetrainingsetlog-likelihood
in mostcasesis lower for Ideal search,the testsetperformanceis only marginally differentthan
thatof thestandardgreedymethod,andoftensurpassesit.

Of particularinterestis the tradeoff betweenaccuracy andspeedwhenusingthe ideal parent
method.In Figure6 we examinethis tradeoff in four of thedatasetsdescribedabove usinglinear
GaussianandsigmoidCPDs.For bothtypesof CPDs,theperformanceof theidealparentmethod
approachesthatof GreedyasK is increased.As wecanexpect,in bothtypesof CPDstheidealpar-
entmethodis fasterevenfor K = 5. However, theeffectontotal runtimeis muchmorepronounced
whenlearningnetworks with non-linearCPDs. In this case,mostof the computationis spentin
optimizing the parametersfor scoringcandidates.Indeed,carefulexaminationof the numberof
structuralmoves taken and the numberof moves evaluatedin Table 1, shows that the dramatic
speedupis mostly a result of the reductionin the numberof candidatesevaluated. Importantly,
thisspeedupin non-linearnetworksmakespreviously“intractable”real-life learningproblems(like
generegulationnetwork inference)moreaccessible.

9.2 Learning Hidden Variables

In thesecondexperimentalsetting,we examinetheability of our algorithmto learnstructuresthat
involve hiddenvariablesand introducenew onesduring the search. In this setting,we focuson
two layerednetworkswherethe�rst layerconsistsof hiddenvariables,all of which areassumedto
be roots,andthe secondlayer consistsof observed variables.Eachof the observed variablesis a
leafandcandependononeor morehiddenvariables.Learningsuchnetworksinvolvesintroducing
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Figure6: Evaluationof Ideal searchon real-life datausing 5-fold crossvalidation. (a) average
differencein log-likelihoodperinstanceon testdatawhenlearningwith linearGaussian
CPDsrelative to theGreedy baseline(y-axis)vs. thenumberof idealcandidatesfor each
family K (x-axis). (b) Relative speedupover Greedy (y-axis)againstK (x-axis). (c),(d)
samefor sigmoidCPDs.
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Figure7: Evaluationof performancein two-layernetwork experiments.(a)Gold structurewith 141
whichwascuratedby abiologicalexpertandusedto generatesyntheticdata;(b) average
log-likelihoodperinstanceon trainingdata(y-axis)for Greedy , Ideal searchwith K = 2
andIdeal searchwith K = 5,whenlearningwith linearGaussianCPDsagainstthenumber
of trainingsamples(x-axis);(c) Samefor testset.

differenthiddenvariables,anddeterminingfor eachobserved variablewhich hiddenvariablesit
dependson.

As in thecaseof standardstructurelearning,we �rst wantto evaluatetheimpactof ourapprox-
imationon learning.To testthis,weusedanetwork topologythatis curated(Nachmanetal.,2004)
from biological literaturefor the regulationof cell-cycle genesin yeast. This network involves7
hiddenvariablesand141observedvariables.Welearnedtheparametersfor thenetwork from acell
cycle geneexpressiondataset(Spellmanet al., 1998).Fromthelearnednetwork we thensampled
datasetsof varyingsizes,andtried to recreatetheregulationstructureusingeithergreedysearchor
idealparentsearch.In bothsearchprocedureswe introducehiddenvariablesin a gradualmanner.
We startwith a network wherea singlehiddenvariableis connectedasthe only parentto all ob-
servedvariables.After parameteroptimization,we introduceanotherhiddenvariable- eitherasa
parentof all observedvariables(in greedysearch),or to membersof thehighestscoringcluster(in
idealparentsearch,asexplainedin Section5). We thenlet thestructuresearchmodify edges(sub-
ject to the two-layerconstraints)until no bene�cial movesarefound,at which point we introduce
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Figure8: Structurelearningof bipartitenetworkswheretheparentsarenew hiddenvariablesand
the childrenarethe observed variables.The differentdatasetsof the baker's Yeastin-
clude: AA with 44 variablesfor both GaussianandsigmoidGaussianCPDs;AA Cond
with 173 variablesandGaussianCPDs. For eachdataseta structurewith up to 2 or 5
parentswasconsidered.Shown is thetestlog-likelihoodperinstancepervariablerelative
to thebaselineof thestandardgreedystructurelearningalgorithm.

anotherhiddenvariable,andsoon. Thesearchterminateswhenit is no longerbene�cial to adda
new variable.

Figure7 shows the performanceof the ideal parentsearchandthe standardgreedyprocedure
as a function of the numberof instances,for linear GaussianCPDs. As can be seen,although
therearesomedifferencesin trainingsetlikelihood,theperformanceon testdatais essentiallythe
same.Thus,asin thecaseof theyeastexperimentsconsideredabove, therewasno degradationof
performancedueto theapproximationmadeby ourmethod.

We thenconsideredtheapplicationof thealgorithmsto real-life datasets.Figure8 shows the
testsetresultsfor severalof thedatasetsof thebaker's yeast(Gaschet al., 2000)describedabove,
for bothGaussianandsigmoidGaussianCPDs.Thefull idealparentmethod(red 'x') with K = 2
andtheidealmethodfor addingnew hiddenvariablesis consistentlybetterthanthebaselinegreedy
procedure.To demonstratethattheimprovementis in largepartdueto theguidedmethodfor adding
hiddenvariableswe alsoran thebaselinegreedyprocedurefor structurechangesaugmentedwith
the ideal methodfor addingnew hiddenvariables(blue '+'). As canbe seen,the performanceof
this methodis typically slightly betterthanthefull idealmethod,sinceit doesnot approximatethe
structuraladaptationstage.In this setup,the only differencefrom the greedybaselineis the way
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thatnew hiddenvariablesareintroduced.Thus,theseresultssupportour hypothesisthat the ideal
methodis ableto introduceeffectivenew hiddenvariables,thatarepreferableto a hiddenvariables
thatarenaively introducedinto thenetwork structure.

The superiorityof the sigmoidGaussianover the Gaussianmodel for the AA dataset (in the
orderof 1 bit per instancepervariable)motivatesus to pursuelearningof modelswith non-linear
CPDs. We couldnot comparethedifferentmethodsfor the largerdatasetsasthegreedymethod
wasseveral ordersof magnitudesslower thanour ideal parentmethodanddid not completeruns
givenseveraldaysof CPUtime (in thelinearGaussiancasetheidealparentmethodwasroughly5
timesfasterthanthestandardgreedyapproach).We believe that theability of the idealmethodto
avoid over-�tting will only increaseits strengthin thesemorechallengingcases.

We alsoconsideredtheapplicationof our algorithmto the real-life cell-cycle geneexpression
datadescribedin theprevioussectionwith linearGaussianCPDs.Althoughthis datasetcontains
only 17samples,it is of highinterestfrom abiologicalperspectiveto try andinfer from it asmuchas
possibleon thestructureof regulation.We performedleave-one-outcrossvalidationandcompared
theidealparentmethodwith K = 2 andK = 5 to thestandardgreedymethod.To helpavoid over-
�tting, welimited thenumberof hiddenparentsfor eachobservedvariableto 2. In termsof training
log-likelihoodper instancepervariable,thegreedymethodis betterthanthe idealmethodby 0:4
and 0:42 bits per instance,for K = 5 and K = 2, respectively. However, its test log-likelihood
performanceis signi�cantly worseasa resultof high over-�tting of two particularinstances,and
is worseby 0:72 bits per instancethanthe idealmethodwith K = 5 andby 0:88 bits per instance
thanthe idealmethodwith K = 2. As we have demonstratedin the syntheticexampleabove, the
ability of the idealmethodto avoid over-�tting via a guidedsearch,doesnot comeat thepriceof
diminishedperformancewhendatais moreplentiful. Whentheobservedvariableswereallowedto
haveup to 5 parents,all methodsdemonstratedover-�tting, which for Greedy wasfarmoresevere.

10. Discussionand Futur eWork

In this work we setout to learnthestructureof Bayesiannetworkswith continuousvariables.Our
contribution is twofold: First, we showed how to speedup structuresearch,particularlyfor non-
linearconditionalprobabilitydistributions.This speedupis essentialasit makesstructurelearning
feasiblein many interestingreallife problems.Second,we presenteda principledway of introduc-
ing new hiddenvariablesinto thenetwork structure.Weusedtheconceptof anidealparentfor both
of thesetasksanddemonstratedits bene�ts on bothsyntheticandreal-life biologicaldomains.In
particular, we showed that our methodis ableto effectively learnnetworks with hiddenvariables
thatimprovegeneralizationperformance.In addition,it allowedusto copewith domainswherethe
greedymethodprovedtoo timeconsuming.

Severalworksin recentyearshave tried to addressthecomplexities involvedin structurelearn-
ing usingdifferentapproaches.To nameafew examples,Chickering(1996b)suggestssearchingthe
smallerspaceof Bayesiannetwork equivalenceclasses.MooreandWong(2003)suggestinnovative
globalsearchoperatorsthatcompletelyseverandreinsertavariableinto thenetwork structure.They
take advantageof thefactthatthesetof childrencanbecomputedef�ciently andusea branchand
boundtechniquefor computingtheparentset.KoivistoandSood(2004)werethe�rst to show how
theproblemof exactstructurelearningcanbemadelessthansuper-exponentialby conditioningon
theorderingof variablesandtheuseof dynamicprogramming.SinghandMoore(2005)proposea
differentdynamicprogrammingapproachfor learningtheexactstructureof Bayesiannetworksby
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consideringan alternative recursive formulation. They comparethe complexity of their approach
to thatof Koivisto andSood(2004)underdifferentsettings.SilanderandMyllym (2006)build on
the sameorderbasedideaandproposea somewhat simpleralgorithmthat recursively builds the
network structurefrom the “sinks” of the optimal structuretoward the roots. TeyssierandKoller
(2005)performanintelligentorder-basedsearchthatis notguaranteedto �nd theoptimalstructure
but signi�cantly reducestherunningtimeof thesearchprocedure,and�nds highscoringstructures
in practice.

In contrastto theseapproachesthat focuson the searchstrategy, our “Ideal Parent” approach
leverageson the parametricstructureof the conditionaldistributions. This allows us to get a fast
approximationof thecontributionof asearchoperator. In here,weappliedthisapproachin conjunc-
tion with a greedysearchalgorithm. However, it canalsobe supplementedto many othersearch
proceduresas a way of dramaticallyreducingthe numberof candidatemoves that are carefully
evaluated.

Two works areof particularinterestandrelevanceto ours. Della Pietraet al. (1997)suggest
anef�cient methodfor incrementallyinducingfeaturesof Markov random�elds. To ef�ciently ap-
proximatethemeritof candidatefeature,they evaluatetheimprovementin likelihoodwhentheonly
parameterthatcanchangeis theoneassociatedwith thenew feature.Thus,all otherparametersof
themodelareheld�x edduringtheevaluation.For binaryfeatures,they �nd aclosed-formsolution
for the improvement. For moregeneralfeatures,they usenon-linearoptimizationto performthe
evaluation. The ideaof freezingsomeparametersin order to facilitateapproximatebut ef�cient
computationsis alsothebasisfor ourdevelopmentof theapproximatescore.Thecontext of contin-
uousBayesiannetworks,aswell asthedetailsof thelikelihoodfunctionsinvolvedin computations,
however, arequitedifferent.

Anotherconnectionis to the “SparseCandidate”procedureof Friedmanet al. (1999),which
limits the numberof candidateparentsconsideredby the searchprocedure. While sharingthe
motivationof our work, their pre-pruningof candidatesdoesnot take advantageof theform of the
conditionaldistribution nor doesit try to approximatethebene�t of a candidatedirectly. Instead,
they usedstatisticalsignalsasasurrogatefor thebene�t of acandidateparent.Thus,thesemethods
arein fact orthogonalandit would be intriguing to seeif the “Ideal Parent” methodcanhelp the
“SparseCandidate”methodduringthepruningstage.

The parametricform of CPDswe examinedherearespeci�c instancesof generalized linear
models(GLMs) (McCullaghandNelder,1989).Thisclassof CPDsusesafunctiong thatis applied
to thesumof its arguments,calledthe link functionin theGLM literature. However, we canalso
considermorecomplex functions,aslongasthey arewell de�nedfor any desirednumberof parents.
For example,in Nachmanet al. (2004)modelsbasedon chemicalreactionmodelsareconsidered,
wherethefunctiong doesnothaveaGLM form. An exampleof a two variablefunctionof this type
is:

g(y1;y2 : q) = q
y1y2

(1+ y1)(1+ y2)
:

We alsonotethatGLM literaturedealsextensively with differentformsof noise.While we mainly
focushereon the caseof additive Gaussiannoise,andbrie�y addressedothernoisemodels,the
ideasweproposeherecanbeextendedto many of thesenoisedistributions.

Few works touchedon the issueof when and how to add a hiddenvariablein the network
structure(e.g.,Elidanet al., 2001;ElidanandFriedman,2003;Martin andVanLehn,1995;Zhang,
2004).Only someof thesemethodsarepotentiallyapplicableto continuousvariablenetworks,and
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nonehave beenadaptedto this context. To our knowledge,this is the �rst methodto addressthis
issuein ageneralcontext of continuousvariablenetworks.

Many challengesremain.First, insteadof scoringthetop K candidateparentsof eachvariable,
we couldevaluateonly theK mostpromisingcandidatesover all possiblestructuremodi�cations.
In doing so we could make useof the superiorityof the C2 measureover the C1 measure,and
further improve the speedof our method,possiblyby anotherorder of magnitude. Second,the
“Ideal Parent”methodcanbecombinedasa plug-in for candidateselectionwith otherinnovative
searchprocedures.Third,wewantto adaptourmethodfor additionalandmorecomplex conditional
probability distributions(e.g.,Nachmanet al., 2004),andextend it to multi-modaldistributions.
Fourth, we want to improve the approximationfor addingnew hiddenvariablesin the non-linear
case.Finally, it might bepossibleto leverageon theconnectionto GeneralizedLinearModelsfor
handlingmoreelaboratenoisemodels.
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