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Abstract

Bayesiametworksin generalandcontinuoussariablenetworksin particular have becomencreas-
ingly popularin recentyears Jargely dueto advancesn methodghatfacilitateautomatidearning
from data. Yet, despitetheseadvances the key taskof learningthe structureof suchmodelsre-
mainsa computationallyintensve procedurewhichlimits mostapplicationgo parametetearning.
This problemis evenmoreacutewhenlearningnetworksin the presenc®f missingvaluesor hid-
denvariablesa scenariahatis partof mary real-life problems.In this work we present general
methodfor speedingstructuresearchfor continuousvariablenetworks with commonparametric
distributions. We ef ciently evaluatethe approximatemerit of candidatestructuremodi cations
andapplytime consumingexact) computation®nly to the mostpromisingones,therebyachies/-
ing signi cantimprovementin therunningtime of thesearchalgorithm.Our methodalsonaturally
andefciently facilitatesthe additionof usefulnew hiddenvariablesinto the network structure a
taskthatis typically consideredoth conceptuallydif cult and computationallyprohibitive. We
demonstrateur methodon syntheticandreal-life datasets bothfor learningstructureon fully and
partially obserabledata,andfor introducingnew hiddenvariablesduring structuresearch.
Keywords: Bayesiametworks, structurdearning,continuousvariableshiddenvariables

1. Intr oduction

Probabilisticgraphicalmodelshave gainedwide-spreagopularityin recentyearswith theadwance
of techniquedor learningthesemodelsdirectly from data. The ability to learnallows usto over

comelackof expertknowledgeaboutdomainsandadaptmodelsto achangingervironment,andcan
alsoleadto scienti c discoveries. Indeed,Bayesiametworks in general,and continuousvariable

A preliminary versionof this paperappearedn the Proceeding®f the Twentieth Conferenceon Uncertaintyin
Arti cial, 2004(UAI '04).

€ 2007Gal Elidan, Iftach NachmarandNir Friedman.



ELIDAN, NACHMAN AND FRIEDMAN

networksin particular arenow beingusedin awide rangeof applicationsjncludingfaultdetection
(e.g.,U. LernerandKoller, 2000),modelingof biologicalsystemge.g.,Friedmanretal., 2000)and
medicaldiagnosige.g.,Shweetal., 1991).

A key taskin learningthesemodelsfrom datais adaptinghe structureof the network basecdon
obsenations.ThisNP-completgoroblem(Chickering,1996a)is typically treatedasa combinatorial
optimizationproblemthatis addressetly heuristicsearctproceduressuchasgreedyhill climbing.
This procedureexamineslocal modi cations to single edgesat eachstep, evaluatesthem using
somescore,and proceeddo apply the onethat leadsto the largestimprovementin score,until a
local maximumis reached.Even with this simple approactstructurelearningis computationally
challengindor all but smallnetworksdueto thelarge numberof possiblemodi cationsthatcanbe
evaluated andthe costof evaluatingeachone. To make thingsworse the problemis evenharderin
the(realistic)presencef missingvaluesasnon-linearoptimizationis requiredto evaluatedifferent
structuremodi cation candidatesluringthe search.Learningis particularlyproblematicwhenwe
alsowantto allow for hiddenvariablesandwantto effectively addthemduringthelearningprocess.
Thus,in practice mostapplicationsarestill limited to parameteestimation.

Of particularinteresto usis learningcontinuoussariablenetworks,which arecrucialfor awide
rangeof real-life applications. One casethat receved scrutiry in the literatureis learninglinear
Gaussiannetworks (Geigerand Heckerman,1994; Lauritzenand Wermuth,1989). In this case,
we canusesufcient statisticsto summarizehe data,anda closedform equationto evaluatethe
scoreof candidatestructuremodi cations. In generalhowever, we arealsointerestedn non-linear
interactions. Thesedo not have sufcient statistics,andrequireapplying parameteoptimization
to evaluatethe scoreof candidatestructures.Thesedif culties severely limit the applicability of
standardheuristicstructuresearchprocedureso rich non-lineamaodels.

In this work, we presenta generaimethodfor speedingstructuresearchior continuousvariable
networks. In contrasto innovative structurdearningmethodgshatmodify the spacesxploredby the
searchalgorithm(e.g.,Chickering,1996b;MooreandWong,2003; TeyssierandKoller, 2005),our
methodleverageson the parametricstructureof the conditionaldistributionsin orderto ef ciently
approximatehe bene t of anindividual structurecandidate.As such,our methodcanbe usedto
speedup mary existing structurdearningalgorithmsandheuristics.

Thebasicideais straightforvardandis inspiredfrom the notion of residuesn regressionMc-
CullaghandNelder,1989). For eachvariable,we constructanideal parentpro le of a new hypo-
theticalparenthatwouldleadto thebestpossiblepredictionof thatvariable.Intuitively, acandidate
parentof avariableis usefulif it is similar to theideal parent.Using basicprinciples,we derive a
similarity measuréor ef ciently comparingacandidatgarento theidealpro le. We shaw thatthis
measureapproximateshe improvementin scorethatwould resultfrom the additionof that parent
to the network structure.This providesuswith a fastmethodfor scanningmary potentialparents
andfocuseamorecarefulevaluation(exactscoring)on a smallernumberof promisingcandidates.

Theideal parentpro les we constructduring searchalsoprovide new leverageon the problem
of introducingnew hiddenvariablesduringstructurdearning.Basically if theidealparentpro les
of several variablesaresufciently similar, andarenot similar to oneof their currentparentswe
canconsideraddinga new hiddenvariablethat senesasa parentof all thesevariables.Theideal
pro le allows usto estimatethe impactthis new variablewill have on the score,and suggesthe
valuesit takesin eachinstance. The methodthereforeprovides a guidedapproachfor introduc-
ing new variablesduring searchandallows for contrastinghemwith alternatve searchstepsin a
computationallyef cient manner
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We applyour methodusinglinear Gaussiarandnon-linearSigmoidGaussiartonditionalprob-
ability distributionsto severaltasks:learningstructurewith completedata;learningstructurewith
missingdata;andlearningstructurewhile allowing for the automaticintroductionof nev hidden
variables We evaluateall taskson bothrealisticsyntheticexperimentsandreal-life problemsn the
eld of computationabiology.

Therestof the paperis structuredasfollows: In Section2 we provide a brief summaryof con-
tinuousvariablenetworks. In Section3 we presenthe “Ideal Parent” conceptasit appliesto the
simple caseof linear Gaussiarmodels. In Section4 we discusshow our methodis usedwithin a
structurelearningalgorithm. In Section5 we shav how our methodcanbe leveragedn orderto
introducenew usefulhiddenvariablesduring learning,andin Section6 we discussthe computa-
tional modi cations neededo addres$oththe presencef missingvaluesandhiddenvariables.n
Section7 we shawv how our entireframeavork canbe generalizedo the challengingcaseof more
generalnon-lineardistributions. In Section8 we presenta further extensionto conditionalproba-
bility distributionsthat usenon-additve noisemodels. In Section9 we presentour experimental
resultsfor both syntheticandreal-life data. We concludewith a discussiorof relatedworks and
futuredirectionsin Section10.

2. Continuous Variable Networks

notateddirectedagyclic graphG thatrepresents joint probability distribution over X. The nodes
of the graphcorrespondo the randomvariablesand are annotatedvith a conditionalprobability
density(CPD) of the randomvariablegivenits parentdJ; in the graphG. Thejoint distribution is

the productover families(variableandits parents)

i=1

ThegraphG representindependenceropertiesghat areassumedo hold in the underlyingdistri-
bution: EachX; is independenof its non-descendantvenits parentdJ;.

Unlike the caseof discretevariables,whenthe variable X and someor all of its parentsare
realvalued,thereis no representatiothatcancaptureall conditionaldensities.A commonchoice
is the useof linear Gaussianconditionaldensities(Geigerand Heckerman,1994; Lauritzenand
Wermuth,1989),whereeachvariableis alinearfunctionof its parentswith Gaussiamoise.When
all the variablesin a network have linear Gaussiarconditionaldensities the joint densityover X
is a multivariate Gaussiar(Lauritzenand Wermuth,1989). In mary realworld domains,suchas
in neuralor generegulation network models,the dependencieare known to be non-linear(for
example, a saturationeffect is expected). In thesecaseswe canstill use Gaussiarconditional
densitiesbut now the meanof the densityis expressedisa non-linearfunction of the parentfor
example,asigmoid).

variablesn X, theproblemof learninga Bayesiametwork isto nd astructureandparameterghat

maximizethelikelihoodof D giventhegraph,typically alongwith someregularizationconstraints.
GivenadatasetD andanetwork structureG, we de ne

(D:G;q) = logP(D :G;q) = é logP(x[m] : G;q)
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Algorithm 1. GreedyHill-Climbing StructureSearchor BayesiarNetworks

Input :D //trainingset
G //initial structure

Output : A nal structureG

Ges &
repeat
G Goes

foreachOperator Add,DeleteReverseReplaceedgein G do
if Operator doesnotcreatea directedcyclethen
G°  ApplyOperator(  G)
if ScordG: D) > ScordGueg : D) then
\ Ges G°
end
end
endforeach
until (Soeg =G
return Gyeg

to be the log-likelihood function, whereq arethe modelparametersin estimatingthe maximum
likelihoodparametersf thenetwork, we aimto nd theparameteré thatmaximizethislikelihood
function. Whenthe datais completgall variablesareobseredin eachinstance)thelog-likelihood
canberewritten asa sumof local likelihoodfunctions,

"(D:G;a)= & i(D:Ui;q)

where'{(D : Uj; gi) is afunctionof thechoiceof U; andtheparameters; of thecorrespondin@€PD:
it is thelog-likelihoodof regressingX; on U; in the datasetwith the particularchoiceof CPD.Due
to thisdecompositionywe can nd themaximumlikelihoodparametersf eachCPDindependently
by maximizingthe local log-likelihood function. For someCPDs,suchaslinear Gaussiarones,
thereis a closedform expressionfor the maximumlik elihood parametersin othercases,nding
theseparameterss a continuousoptimizationproblemthatis typically addressedy gradientbased
methods.

Learningthe structureof a network is a signi cantly hardertask. The commonapproachs to
introducea scoringfunctionthatbalanceghe lik elihood of the modelandits compleity andthen
attemptto maximizethis scoreusinga heuristicsearchprocedurdhatconsiderdocal changege.g.,
addingandremorving edges) A commonlyusedscoreis the BayesiarinformationCriterion (BIC)
score(Schwarz,1978)

logM _.

BIC(D;G) = max (D : G;q) 092 Dim[G] 1
q

whereM is the numberof instancesn D, andDim[G] is the numberof parameterin G. TheBIC

scoreis actuallyanapproximatiorto themoreprincipledfull Bayesiarscore thatintegratesoverall

possibleparameterizationsf the CPDs.While aclosedform for the Bayesiarscore with asuitable

prior, is known for Gaussiametworks (GeigerandHeckerman,1994),numericalcomputationof
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this scoreis extremelydemandingor the non-linearcase. Thus,we adoptthe commonapproach
andfocusontheBIC approximatiorfrom hereon.

A commonsearchprocedurefor optimizing the scoreis the greedyhill-climbing procedure
outlinedin Algorithm 1. This procedurecan be augmentedvith mechanismdor escapingocal
maxima,suchasrandomwalk perturbationsiponreachingalocal maxima(alsoknowvn asrandom
restarts)andusinga TABU list (GloverandLaguna,1993).

3. The “Ideal parent” Concept

Ourgoalis to speedup agenericstructuresearchalgorithmfor a Bayesiametwork with continuous
variables. The complity of any suchalgorithmis rootedin the needto scoreeachcandidate
structurechangewhich in turn may requirenon-linearparameteoptimization. Thus,we wantto
somehwv ef ciently approximatehebene t of eachcandidatendscoreonly themostpromisingof
thesecandidatesThe mannetlin which this helpsusto discorer new hiddenvariableswill become
evidentin Section5.

3.1 BasicFramework

ConsideaddingZ asanew pareniof X whosecurrentparentsn thenetwork areU. Givenatraining
dataD of M instancesto evaluatethe changein score,whenusingthe BIC scoreof Eq. (1), we
needto computethe changdn thelog-likelihood

Dyju(2) = max' x(D : U[ fZg;axjuz) “x(D : U;Bxiu) )

Oxju;z

whereaxju arethe maximumlik elihoodparametersf X givenU andqy;y,z arethe parametersor
the family whereZ is an additionalparentof X. The changein the BIC scoreis this difference
combinedwith the changan themodelcomplity penaltyterms.Thus,to evaluatethis difference,
we needto computethemaximumlik elihoodparametersf X giventhenew choiceof parents Our
goalis to speedup this computation.

The basicideaof our methodis straightforvard. For a given variable,we wantto constructa
hypotheticalidealparenty thatwould bestpredictthevariable.We will thencomparesachexisting
candidateparentZ to this imaginaryone using a similarity measureC(y;2) (which we describe
below). Finally, we will fully scoreonly themostpromisingcandidatesthosethataremostsimilar
to the ideal parent. Figure 1 illustratesthis process.In orderfor this approachto be bene cial,
we want the similarity scoreto approximatethe actualchangein likelihood de ned in Eg. (2).
Furthermorewe wantto beableto computethe similarity measuren afractionof thetime it takes
to fully scorea candidateparent.

3.1.1 CONDITIONAL PROBABILITY DISTRIBUTION

To malke our discussiorconcretewe focuson networks wherewe represenX asa function of its

generaform:

X=g(aus;::;akux: Q)+ e 3)
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(b)

(€)

(d)

Figurel: The “Ideal Parent” Concept lllustration of the“ldeal Parent” approacHor a variable
with a singleparentU anda linear Gaussiarconditionaldistribution. The top panelof
(a) shawvs thepro le (assignmenin all instancespf the parent.The panelbelov shavs
the pro le of the child nodealongwith the pro le predictedfor the child basedon its
parent(dottedred). (b) shavs thepro le of theidealhypotheticalparentthatwould lead
to zeroerrorin predictionof thechild variableif addedo the currentmodel.In thelinear
Gaussiartasethispro le is simplytheresidualof thetwo curvesshavnin (a). (c) shavs
thepro les of two candidateparentscomparedo the pro le of theideal parent(dotted
black). (d) shawvs the child pro le alongwith its predictionbasedon the original parent
and the new chosenparentfrom the candidaten (c) thatwas mostsimilar to the ideal
pro le of (b). Notethatthe predictionis not perfectasthe pro le of the parentchosen
doesnot,in generalmatchthepro le of theideal parentexactly.
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whereg is alink functionthatintegratesthe contritutionsof the parentswith additionalparameters
g, a; thatarescaleparametersppliedto eachof the parentsande thatis a noiserandomvariable
with zeromean.In thefollowing discussionye assumehate is Gaussiawith variances 2.

Whenthefunctiong is thesumof its agumentsthis CPDis the standardinear GaussiarCPD.
However, we canalsoconsidemon-linearchoicesof g. For example,

g(aius;:i;akug:q) g1 + Qo (4)

1+ e &iaiu

is a sigmoidfunctionwheretheresponsef X to its parents'valuesis saturatedvhenthesumis far
from zero.

3.1.2 LIKELIHOOD FUNCTION

Giventheabove form of CPDs,we cannow write a concreteform of thelog-likelihoodfunction

M
XD:Uig) = & log2p) + log(s?)+ (il g(ulm)?
m=1
2 Miog(2p) + Miog(s)+ & & (4]~ o(ulm))? ©

where for simplicity, we absorbedaachscalingfactora j into eachvalueof uj[m]. Similarly, when
thenew parentZ is addedwith coefcient a,, thenew likelihoodis

x(D:U[ fZgazq) = Mlog(2p) + Mlog(s?) + éé(x[m] g(u[m; a,Zm]))*

Zm

NI =

wheres? is usedto denotethe varianceparametenfter Z is added.Consequentlythe differencein
likelihoodof Eq. (2) takestheform of

Dqu(z) = ' logs logs®
2 LA guimadm)? LA guim)? : ()

3.1.3 THE “IDEAL PARENT”

We now de ne theidealparentfor X

De nition 3.1 GivenadatasetD, anda CPDfor X givenits parentdJ, with alink functiong and
parameters anda, theideal parentY of X is suchthatfor eachinstancem,

Undermild conditions theideal parentpro le (i.e.,valueof Y in eachinstance)anbe computed
for almostary uni-modalparametricconditionaldistribution. Theonly requiremenfrom g is thatit
shouldbeinvertiblew.r.t. eachoneof the parentsNotethatin this de nition, weimplicitly assume
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thatx[m] liesin theimageof g. If thisis notthe casewe cansubstitutexim] with xg[m], the pointin
g'simageclosestto x[m]. This guaranteeghatthe predictions modefor the currentsetof parents
andparameterss ascloseaspossibleto X.

The resultingpro le for the hypotheticalideal parentY is the optimal set of valuesfor the
(k+ 1)th parent,in the sensdhatit would maximizethelikelihoodof the child variableX. Thisis
truesinceby de nition, X is equalto themodeof thefunctionof its parentsle ned by g. Intuitively,
if wecanefciently nd acandidatgarentZ thatis similarto thehhypotheticallyoptimalparentwe
canimprove themodelby addinganedgefrom this parento X. We arenow readyto instantiatehe
similarity measur€C(y;2). Below, we demonstrattow thisis donefor the caseof alinearGaussian
CPD.We extendthe framework for non-linearCPDsin Section?.

3.2 Linear Gaussian

Let X be a variablein the network with a set of parentsU, and a linear Gaussianconditional
distribution. In this caseg in Eq. (3) takestheform

To choosegpromisingcandidatgparentsor X, we startby computingtheideal parenty for X given
its currentsetof parents. This is doneby inverting the linear link function g with respecto this
additionalparentY (notethatwe canassumewithoutlossof generalitythatthe scaleparametenf
this additionalparentis 1). Thisresultsin

yiml = xml & ajuj[ml  go:
J

y=x Ua qo

whereU is the matrix of parentvalueson all instancesanda is thevectorof scaleparameters.
Having computedtheideal parentpro le, we now wantto ef ciently evaluateits similarity to

thepro le of candidateparentsIntuitively, we wantthe similarity measureo re ect thelik elihood
gain by addingZ asa parentof X. Ideally, we wantto evaluateDy;y(Z) for eachcandidateparent
Z. However, insteadof re-estimatingall the parametersf the CPD afteraddingZ asa parent,we
approximatethis differenceby only tting the scalingfactorassociatedvith the new parentand
freezingall otherparametersf the CPD (the scalingparametersf the currentparentsU andthe
varianceparametes ?).

Theorem 3.2 Supposehat X hasparentsU with a seta of scalingfactors. LetY be the ideal
parentasdescribedabove andZ be somecandidateparent. Thenthe change in thelog-likelihood
of X in thedata,whenaddingZ asa parentof X, while freezingall scalingandvarianceparametes
exceptthescalingfactorof Z, is

Ciyz)  maxx(D:U[ fZg Bl fazg) x(D:UiBxu)

1 (y92
2s2 77

(7)
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Proof: In the linear Gaussiancasey[m| = xim|] g(u[m]) by de nition and g(u[m];a z[m]) =
g(u[m]) + a Zm| sothatEq. (6) canbewrittenas

D@ = logs? logs® 3 SAGM adm)® A&y
= % logs2 logs? % 31§ ¥y 2azy+aXz S—lzy ¥ o (8)
Sinces; = s thisreducedso
Du(Z:a)  “x(D:U[ fZgBul fazg) “x(D:UiBu)
= 5 azyt azz 2 : 9)
To optimizeour only freeparameten ;, we use
Du(Z:a) _ 1 zy

@( 2Zy+2az2=0 ) a,= —:

Ta; z7

Pluggingthisinto Eq. (9), we get
Cily2) maxDxjy(Z : az)

!
2

1 7y zy
= — P + <
2s2 2~z~z~z’y 77 zz
1 @y?
2s2 77

Theform of the similarity measureanbe evenfurthersimpli ed

Proposition 3.3 Let C1(¥;2) beasde ned aboveandlet s be the maximumiikelihoodparameter
beforeZ is addedasa new parentof X. Then

M 22 _ M
2G2S
whee f.; is the angle betweerthe ideal parent pro le vectory and the candidateparent pro le
vectorz.

Ci(yd =

Proof: To recover the maximumlikelihoodvalueof s we differentiatethe log-likelihoodfunction
aswrittenin Eq. (5)

“x(D:U; 2
%%Q“Dz §%+$aNNQMmVﬂJ

) s?= CA oWim)?= oy y

wherethelastequalityfollows from thede nition ofy. Theresultfollowsimmediatelyby plugging

. 2%
thisinto Theorem3.2 andfrom thefactthatcos’-fy;i ZICT)
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Figure2: Demonstratiorof the (a) C; and(b) C, boundsfor linear GaussiarCPDs. The x-axisis
thetruechangen scoreasaresultof anedgemodi cation. They-axisis thelowerbound
of this score.Pointsshavn correspondo severalthousandedgemodi cationsin arun of
theideal parentmethodon real-life Yeast geneexpressionslata.

Thus,thereis anintuitive geometridnterpretatiorto themeasureC, (y;2): we preferapro le zthat
is similarto theideal parentpro le y, regardlessof its norm. It caneasilybe shavn thatz = cy (for
ary constantc) maximizesthis similarity measure We retainthe lessintuitive form of C;(¥;2) in
Theorem3.2for compatibilitywith laterdevelopments.

Note that, by de nition, Cy(y;2) is a lower boundon Dy;y(Z), the improvementon the log-
likelihoodby addingZ asa parentof X: Whenwe addthe parentwe optimizeall the parameters,
andsowe expectto attaina likelihoodashigh, or higherthan,the onewe attainby freezingsome
of the parametersThis s illustratedin Figure2(a) that plotsthe true likelihoodimprovementvs.
C; for several thousandedgemodi cations taken from an experimentusingreal life Yeastgene
expressiordata(seeSection9).

We cangetabetterlower boundby optimizingadditionalparametersin particular afteradding
anew parenttheerrorsin predictionschangeandsowe canreadjusthevarianceterm. As it turns
out, we canperformthis readjustmenin closedform.

Theorem 3.4 Supposdhat X hasparentsU with a seta of scalingfactors. LetY be theideal
parentasdescribedabove andZ be somecandidateparent. Thenthe change in thelog-likelihood
of X in the data, whenaddingZ as a parentof X, while freezingall other parametes exceptthe
scalingfactor of Z andthevarianceof X, is
Coly:z)  max'x(D:U[ fZg:Bul faziszg) x(D:U:Byy)
M ,
= log SIPf .,

wheef . is theanglebetweery andz
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Proof: To optimizes ; we again considerEg. (8) andset

Dxu(2) _ M

1
—+ = 2 +akxzz =0
7s, s, 53 Yy 2agzZy+azzz =0

Solvingfor s, andpluggingthemaximumlik elihoodparametea, from thedevelopmenf Cy(y;2)
(whichdoesnotdependns ), we get

(Z ¥)?
ZZ

2_1 2 _l
sz=yq ¥y @zytazz =¥y

As in the caseof Proposition3.3 wheres = ﬁy ¥, the varianceterm s2 “absorbs”the sum of
squarecerrorswhenoptimized.Thus,thesecondermin Eq. (8) becomegzeroandwe canwrite

M
Coly:) = 5 log(s3) log(s?) . .
!
Yy M 1 M 1
= Slog — = = 5log@—T A= Tlog o —
= —logsirtfy,

It is importantto notethatbothC,; andC, aremonotonicfunctionsof %, andsothey consistently
rank candidateparentsof the samevariable. However, when we comparechangeghat involve
differentideal parentssuchasaddinga parentto X; comparedo addinga parentto X, theranking
by thesetwo measuresnight differ. Due to the choiceof parametersve freezein eachof these
measuresye have

Gy Cyd Dxu(2)

andsoC; canprovide betterguidanceao somesearchalgorithms.Indeed Figure2(b) clearlyshowvs
thatC; is atighterboundthanC;, particularlyfor promisingcandidates.

4. |deal Parentsin Search

The technicaldevelopmentsof the previous sectionshav that we can approximatethe scoreof
candidategparentsfor X by comparingthemto the ideal parentY usingthe similarity measure.ls
this approximatesvaluationuseful?

When performinga local heuristicsearchsuchasthe oneillustratedin Algorithm 1, at each
iterationwe have a currentcandidatestructureandwe considersomeoperationon that structure.
Theseoperationamight include edgeaddition,edgereplacementedgereversalandedgedeletion.
We canreadily usetheideal pro les andsimilarity measureslevelopedto speedup two of these:
edgeadditionand edgereplacementin a network with N nodes therearein the orderof O(N?)
possibleedgeadditions,O(E N) edgereplacementvhereE is the numberof edgesn the model,
andonly O(E) edgedeletionsandreversals.Thusour methodcanbe usedto speedup the bulk of
edgemodi cations consideredy atypical searchalgorithm.

WhenconsideringaddinganedgeZ ! X, we usethe ideal parentpro le for X andcompute
its similarity to Z. We repeatthis for every candidateparentfor X. We thencomputethefull score
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only for the K mostsimilar candidatesandinsertthem(andthe associatedhangen score)into a
gueueof potentialoperations.In a similar way, we canusetheideal parentpro le for considering
edgereplacementor X. SupposdahatU; 2 U is a parentof X. We cande ne theidealpro le for
replacingU while freezingall otherparametersf the CPD of X.

De nition 4.1 GivenadatasetD, anda CPDfor X givenits parentsU, with alink function g,
parameters anda, thereplaceideal parentY of X andU; 2 U is suchthatfor eachinstancem,

Therestof thedevelopmentf the previoussectionremainthe same.For eachcurrentparentof X
we computea separatedeal pro le thatcorrespondso the replacemenof that parentwith a new
one.Wethenusethesamepolicy asabove for examiningthereplacemenof eachoneof theparents.
In particular we freezethe scaleparametergomputedwith U asthe parentsetof X, take out the
parametecorrespondingo U;, andusethe C; or theC, measureso rank candidatereplacements
for U;.

For both operationsye cantradeoff betweernthe accurag of our evaluationsandthe speedof
thesearchpy changingK, thenumberof candidatehangeperfamily for whichwe computea full
score.UsingK = 1, we only scorethe bestcandidateaccordingto theideal parentmethodranking,
thusachiezing the largestspeedupHowever, sinceour rankingonly approximateshe true score
difference,this stratgy might miss good candidates.Using highervaluesof K brings us closer
to the standardsearchalgorithmbothin termsof candidateselectionquality but alsoin termsof
computatiortime.

In the experimentsin Section9, we integratedthe changesiescribedabove into a greedyhill
climbing heuristicsearchprocedure. This procedurealso examinescandidatestructurechanges
that remove an edgeand reversean edge,which we evaluatein the standardway. The greedy
hill climbing procedureappliesthe bestavailable move at eachiteration (amongthosethat were
choservor full evaluation)asin Algorithm 1. Importantly theideal parentmethodis independent
of the speci cs of the searchprocedureandsimply pre-selectpromisingcandidategor the search
algorithmto consider Algorithm 2 outlinesa generalizatiorof the basicgreedystructuresearch
algorithm of Algorithm 1 to include a candidateranking/selectioralgorithm suchas our “Ideal
Parent”method.

5. Adding New Hidden Variables

Somevhat unexpectedly the “Ideal Parent” methodalso offers a naturalsolutionto the dif cult
challengeof detectingnew hiddenvariables.Speci cally, theidealparentpro les provide astraight-
forwardwayto nd whenandwhereto addhiddenvariablesto the domainin continuousvariable
networks. Theintuition is fairly simple:if theideal parentsof severalvariablesaresimilar to each
other thenwe know thata similar input is predictive of all of them. Moreover, if we do not nd
a variablein the network thatis closeto theseideal parentsthenwe canconsideraddinga nev
hiddenvariablethat will sene astheir combinedinput, and,in addition, have aninformedinitial
estimateof its pro le. Figure3illustratesthisidea.

To introducea new hiddenvariable,we would like to requirethatit be bene cial for several
childrenat once. The differencein log-likelihooddueto addinga new parentwith pro le zis the
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Algorithm 2: GreedyHill-Climbing StructureSearchwith CandidateRanking/Selection

Input :D //trainingset
G //initial structure
CE /I candidatesvaluationmethodsuchasour “ldeal Parent”

K /I numberof candidateso evaluate
Output : A nal structureG

Ges &
repeat
G G

L @ [/l initialize list of modi cationsto evaluate
I for eachfamily, choosehetop 'add' and'replace'candidategor evaluation
foreach X; nodein G do
Q o [linitialize family speci c queue
foreach Add,Replaceparentof X; in G do
score CE.ScoreQperator )
Q (Operator ,score)
endforeach
foreach topK Operator sinQ do
L  (Operator )
endforeach
endforeach
// addall deleteandreverseoperations
foreach DeleteReverseedgein G do
‘ L  (Operator )
endforeach
/I processall candidateoperationshoserfor evaluation
foreach Operator inL do
if Operator doesnotcreatea directedcyclethen
G®  ApplyOperator(  G)
if ScordG° : D) > ScordGyeq : D) then
\ Goes G°
end
end
endforeach
until Goeg =G
return Goeg

sumof differencedetweerthelog-likelihoodsof familiesit is involvedin:
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Figure3: lllustrationof how theideal parentpro les canbe usedto suggeshew hiddenvariables.
Shawn ontheleft arethe ideal parentpro les Y; :::Y, of the variablesXy ::: X4, respec-
tively. Thesecorrespondo the residualinformation of thesevariablesthat is not ex-
plainedby the currentmodel. As canbe seenthe rst, secondandfourth variableshave
similar ideal pro les. Thesepro les areaveragedyresultingin a candidatehiddenpar
entpro le of thesethreevariables(top right). Assumingthatthereis no variablein the
network with a similar pro le, our methodwill proposeaddingthis hiddenvariableto
the network asshowvn on the bottomright. Note thatthe averageideal pro le of these
variablesprovidesaninformedstartingpoint for the EM algorithm.

\/

alsoneedto dealwith the differencein the compleity penaltyterm, andthe likelihoodof Z asa
rootvariable. Theseterms,however, canbereadilyevaluated.Thedif culty isin nding thepro le
z thatmaximizesDx; .--x (Z). UsingtheC; ideal parentapproximationwe canlower boundthis

improvementoy
L L
acad a
|

Dxl;:::;xL(Z) (10)

2s? z2

andsowewantto nd z thatmaximizesthis bound.We will thenusethis optimizedboundasour
approximateclusterscore.Thatis we wantto nd

1 @y)? a maXiTYYTi
2s? 7% Sl

Z = agmaxg (11)
Z

|
whereY is thematrixwhosecolumnsarey;=s;. Notethatthevectorz mustlie in thecolumnspan
of Y sinceary componenbrthogonato this spanincreaseshe denominatoof theright handterm
but leavesthe numeratounchangedandthereforedoesnot obtaina maximum. We cantherefore
expresghesolutionas:

Zzévil'.=Yv (12)

i Si
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wherev is avectorof coefcients. Furthermorethe objectve in Eq. (11) is known asthe Rayleigh
quotientof the matrix YY T andthe vectorz. The optimum of this quotientis achiered whenz
equalsthe eigervectorof YY T correspondingpo its largesteigervalue (Wilkinson, 1965). Thus,to
solve for z we wantto solve thefollowing eigervectorproblem

YYDz =1z: (13)

Notethatthe dimensionof YY T is M (the numberof instances)sothat,in practicethis problem
cannotbe solveddirectly. However, by pluggingEq. (12) into Eq. (13), multiplying on theright by
Y,andde ning A Y TY, wegetareducedyeneralizeaigervectorproblem?*

Alv = | Av.

Althoughthis problemcannow be solved directly, it canbe further simpli ed by notingthatA is
only singularif the residueof obserationsof two or morevariablesarelinearly dependenalong
all of thetraininginstancesin practice for continuousvariables A is indeednon-singularandwe
canmultiply bothsidesA ! andendup with a simpleeigervalueproblem:

Av= I~

which is numericallysimplerandeasyto solve asthe dimensionof A is L, the numberof variables
in the cluster which is typically relatvely small. Oncewe nd the L dimensionakigervectory
with thelargesteigervaluel , we canexpresswith it thedesiredparentpro le z .

We cangeta betterboundof Dj....x (Z) if we useC; similarity ratherthanC;. Unfortunately
optimizing the pro le -z with respecto this similarity measurds a harderproblemthatwe do not
have a closedsolutionfor. Sincethe goal of the clusteridenti cation is to provide a goodstarting
point for the following iterationsthat will eventually adaptthe structure we usethe closedform
solutionfor Eq. (11). Notethatoncewe optimizethe pro le z usingthe abore derivation, we can

still usetheC; similarity scoreto provide abetterboundonthequality of thispro le asanew parent

Now thatwe canapproximatehebene t of addinga new hiddenparento a clusterof variables,
we still needto considedifferentclusterso nd themostbene cial one.As thenumberof clusters
is exponential we adapta heuristicagglomeative clusteringapproache.g.,DudaandHart, 1973)
to explore different clusters. We startwith eachvariableas an individual clusterand repeatedly
merge the two clustersthat leadto the bestexpectedimpravement(or the leastdecreasejn the
BIC score. This procedurepotentiallyinvolvesO(N2) meiges,whereN is the numberof possible
variables We savze muchof thecomputation®y pre-computinghematrixY TY only once andthen
usingtherelevantsub-matrixin eachmemge. In practice thetime spentin this stepis insigni cant
in the overall searchprocedure.

6. Learning with Missing Values

In real-life domainsit is oftenthe casethatthe datais incompleteandsomeof the obsenationsare
missing.Furthermorepncewe addahiddenvariableto the network structure we have to copy with
missingvaluesin subsequendtructuresearchevenif theoriginal trainingdatawascomplete.

1in the GenenrlizedEigenvectorProblem we wantto nd eigenpairg! ;v) sothatBv = | Av holds.
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To dealwith this problem,we use an ExpectationMaximization approach(Dempsteret al.,
1977)andits applicationto network structurdearning(Friedman,1997). At eachstepin thesearch
we have a currentnetwork thatprovidesan estimateof the distribution thatgeneratedhe data,and
useit to computea distribution over possiblecompletionsof the data. Insteadof maximizingthe
BIC scorewe attemptto maximizetheexpectgoBlC score

EqQBIC(D:;G)j Dol = Q(Dnj Do)BIC(D; G)dDn

whereD, is the obsereddata,Dy, is the unobsered data,andQ is the distribution representethy

thecurrentnetwork. As theBIC scoreis asumoverlocalterms,we canuselinearity of expectations
to rewrite this objectve asa sumof expectationseachoverthescopeof asingleCPD.Thisimplies

thatwhenlearningwith missingvalues we needto usethecurrentnetwork to computetheposterior
distribution overthevaluesof variablesn eachCPDwe consider Usingtheseposteriodistributions

we canestimataheexpectatiorof eachlocal score andusethemin standardstructuresearchOnce
the searchalgorithmcorverges,we usethe new network for computingexpectationsandreiterate
until corvergence(seeFriedman,1997).

How canwe combinethe ideal parentmethodinto this structuralEM search?Sincewe do not
necessarilyobsere X andall of its parents,the de nition of the ideal parentcannotbe applied
directly. Insteadwe de ne theideal parentto bethe pro le thatwill matchthe expectationgiven
Q. Thatis, we choosey[m] sothat

In the caseof linear CPDs,thisimpliesthat
y= EqlxjDo] Eg[U jDofa:

Oncewe de ne the ideal parent,we canuseit to approximatechangesn the expectedBIC
score(given Q). For the caseof a linear Gaussianye gettermsthat are similar to C; andC, of
TheorenB.2andTheorenB.4,respectrely. Theonly changes thatwe applythesimilarity measure
on the expectedvalue of z for eachcandidateparentZ. This is in contrastto exact evaluationof
Eq Dxju(Z) j Do , whichrequiresthe computatiorof the expectedsufcient statisticsof U, X, and
Z. To facilitate ef cient computationwe adoptan approximatevariationalmean- eldform (e.g.,
Jordanet al., 1998; Murphy andWeiss,1999)for the posterior This approximationis usedboth
for the ideal parentmethodandthe standardgreedyapproachusedin Section9. This resultsin
computationghatrequireonly the rst andsecondnomentdor eachinstancezm|, andthuscanbe
easilyobtainedrom Q.

Finally, we note that the structuralEM iterationsare still guaranteedo corverge to a local
maximum. In fact, this doesnot dependon the factthat C; andC, arelower boundsof the true
changeto the score,sincethesemeasuresre only usedto pre-selecpromisingcandidatesvhich
arescoredbeforeactuallybeingconsideredby thesearctalgorithm.Indeedtheidealparentmethod
is a modularstructurecandidateselectionalgorithmandcanbe usedasa black-boxby ary search
algorithm.

7. Non-linear CPDs

We now addresghe importantchallengeof non-linearCPDs. In the classof CPDswe areconsid-
ering, this non-linearityis mediatedby thelink functiong, which we assumeénereto beinvertible.
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Examplesof suchfunctionsincludethe sigmoidfunctionshavn in Eq. (4) andhyperbolicfunctions
that are suitablefor modelinggenetranscriptionregulation(Nachmaret al., 2004), amongmary
others.Whenwe learnwith non-linearCPDs,parameteestimationis harder To evaluatea poten-
tial parentP for X we have to performnon-linearoptimization(e.g.,conjugate gradient)of all of
thea coefcients of all parentsaswell asotherparametersf g. In this caseafastapproximation
canboostthe computationatostof the searctsigni cantly.

As in thecaseof linear CPDs,we computeheideal parentpro le y by invertingg. (We assume
thattheinversionof g canbe performedin time thatis proportionatlto the calculationof g itself as
is the casefor the CPDsconsideredbore.) Supposeve areconsideringhe additionof a parentto
X in additionto its currentparentdJ, andthatwe have computedhe valueof theideal parenty[m]
for eachsamplem by inversionof g. Now considera particularcandidateparentZ whosevalueat
themth instancds Z[m]. How will thedifferencebetweertheidealvalueandthevalueof Z re ect
in thepredictionof X for thisinstance?

As we have seerfor thelinearcasen Section3, thedifferencezlm] y[m] translatedhroughg
to apredictionerror. In thenon-linearcasethe effect of the differenceon predictingX depend®n
otherfactors suchasthevaluesof theotherparents.To seethis, consideagainthesigmoidfunction
g of Eq. (4). If the sumof the agumentsto g is closeto 0, theng locally behaeslike a sum of
its aguments.On the otherhand,if the sumis far from 0, the functionis in one of the saturated
regions,andbig differencesn theinput almostdo not changethe prediction. This complicatesour
computationsand doesnot allow the developmentof similarity measuressin Theorem3.2 and
Theorem3.4directly.

We circum\entthis problemby approximatingg with a linearfunctionaroundthe valueof the
idealparentpro le. We usea rst-order Taylor expansionof g aroundthe valueof y andwrite

flo(u;2)
faz

g2  gly)+ (azZ )

azz=y

As aresult,the“penalty” for adistancebetweerz andy depend®nthegradientof g attheparticular
value of y, giventhe value of the other parents.In instancesvherethe derivative is small, larger
deviationsbetweery[m] andzm] have little impactonthelikelihoodof x[m], andin instancesvhere
thederivative is large,the samedeviationsmay leadto worselik elihood.

To understandheeffectof thisapproximatiorin moredetailwe considera simpleexamplewith
asigmoidGaussiarCPD asde nedin Eq. (4), whereX hasno parentsn the currentnetwork and
Z is a candidatenew parent.Figure4(a) shawvs the sigmoidfunction (dotted)andits linearapprox-
imationatY = 0 (solid) for aninstancewhereX = 0:5. The computationof Y = log 715 1 =0
by inversionof g is illustratedby the dashedines. (b) is the samefor a differentsamplewhere
X = 0:85. In (c),(d) we canseethe effect of the approximatiorfor thesetwo differentsampleson
our evaluationof the likelihoodfunction. For a given probability value,the likelihoodfunctionis
moresensitve to changesn thevalueof Z aroundY whenX = 0:5 whencomparedo theinstance
X = 0:85. Thiscanbeseemmoreclearlyin (e) whereequi-potentiatontoursareplottedfor thesum
of theapproximatdog-likelihoodof thesetwo instancesTo recover the setupwhereour sensitvity
to Z doesnot dependon the speci ¢ instanceasin thelinearcasewe considera skewed versionof
Z Yo=Yy ratherthanZ directly. Theresultis shavn in Figure4(f). We cangeneralizeéhe example
above to developa similarity measurdor the generahon-linearcase:
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Figure4: A simpleexampleof the effect of the linear approximatiorfor a sigmoid CPD whereX
hasno parentsn the currentnetwork andZ is considere@sa nen candidatgarent.Two

whereX = 0:5 andX = 0:85, respectiely, alongwith their linear approximationat the

idealparentvalueY of X. (c) and(d) shav the correspondindik elihoodfunctionandits

approximation.(e) shawvs the equi-potentiaktontoursof the sumof thelog-likelihoodof

thetwo instancessa functionof thevalueof Z in eachof theseinstances(f) is thesame
as(e) whenthe axesareskewedusingthe gradientof g with respecto thevalueof Y.

1816



THE “IDEAL PARENT” ALGORITHM

Theorem 7.1 Supposehat X hasparentsU with a seta of scalingfactors. LetY be the ideal
parentasdescribedabove andZ be somecandidateparent. Thenthe change in log-likelihoodof X
in thedata,whenaddingZ asa parentof X, while freezingall otherparametes, is approximately

Gl g0z o) ol k) (14

whee g%y) is thevectorwhosemthcomponents flotau; )=y jum:yim» @nd  denotesomponent-
wise product. Similarly, if we also optimizethe variance thenthe change in log-likelihoodis ap-
proximately

kg

Coly o)z d%)) '\z/llogkz:

In bothcases,
k=@ o) & g) ko= (x o) (x o))
donotdepenconz.

Thus,we canuseexactly the samemeasuregasbefore,exceptthatwe “distort” the geometrywith
the weight vectorg{y) thatdetermineghe importanceof differentinstances.To approximatethe
likelihooddifference we alsoaddthe correctiontermwhich is a function of k; andk,. This cor
rectionis not necessaryvhen comparingtwo candidategor the samefamily, but is requiredfor
comparingcandidatesrom differentfamilies,or whenaddinghiddenvariable.Notethatunlike the
linearcase andasa resultof thelinearapproximatiorof g, our theoremnow involvesan approxi-
mationof thedifferencein likelihood.

Proof: Usingthe generalform of the Taylor linearapproximatiorfor a non-linearlink functiong,
Eq. (6) canbewrittenas

Dxju(2)

M s2 1 1 1

S0 5 5% gmy) @z v @ Skogw)’

z

_ M sz 1 2 2 1 2
= Slog3 252 aZz %% 2a,2 O v P+ O? + )

M s2 1 1
= §|09;§ 252 azz, 7 282 Yo+ ¥ Yo +@[7< g(u)? (15)

wherewe usethefactthatx g(t;y) = 0 by constructiorofy, andwe denotefor clarityy, ¥y g°
andz < ¢° Tooptimizea, we use

D@ 1 =22
~ fa, E[Zafz? 7> 275 ¥ ) 8z~ 7o Zp

Pluggingthisinto Eq. (15) we get

1 (@ y)? 1 1
—_—— — +
2s2 Zo 2y 2s Z‘Y’? ¥

Dxu(2) B o))’

2s
1
= Gbz) 5otk k)
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which provesEq. (14). Whenwe alsooptimizethatvariance asnotedbefore,the varianceterms
absorbghe sumof squarecerrors,sothat

_1 (2 ¥2)?
Sz= M Y2 ¥? 77
Pluggingthisinto Eq. (15) resultsin
M  s?
Dxju(2) Elogs—g
_ M g M b gw)®
2 log @¥)? 2 log T @y)?
Y2 ¥ S5 Y2 ¥ 1 550y
M M » M
= 3 |091(W+ §|09[7( g(u)] §|09(’Y? ¥-)
Z2Z7Y2 Y2

= Gyz) % |0925

Asin thelinearcasetheabovetheorenallowsusto ef ciently evaluatepromisingcandidatesor the
add edge stepin the structuresearch.Thereplaceedge stepcanalsobe approximatedvith minor
modi cations. As before,the signi cant gain in speedis that we only performa few parameter
optimizations(that are expectedto be costly asthe numberof parentsgrows), ratherthan O(N)
suchoptimizationsfor eachvariable.

Adding anew hiddenvariablewith non-linearCPDsintroducedurthercomplications We want
to use,similar to the caseof a linear model, the structurescoreof Eqg. (10) with the distortedC,
measure.Optimizing this measuréhasno closedform solutionin this caseandwe needto resort
to an iterative procedureor an alternatve approximation. We use an approximationwherethe
correctiontermsof Eq. (14) areomittedsothata form thatis similar to the linear Gaussiarcaseis
used,with the “distorted” geometryof y. Having madethis approximationthe restof the details
arethesameasin thelinear Gaussiarcase.

8. Other NoiseModels

Sofar, we only consideredconditionalprobability distributions of the form of Eq. (3) wherethe
uncertaintyis modeledusingan additve Gaussiamoiseterm. In somecasessuchaswhenmod-
eling biological processeselatedto regulation, using a multiplicative noisemodel may be more
appropriateas mostnoisesourcesn thesedomainsare of multiplicative nature(Nachmaret al.,
2004).We canmodelsuchanoiseprocessisingCPDsof theform

X=g(azug;::;akuk: g)(1+ € (16)

where,asin Eg. (3), e is a noiserandomvariablewith zero mean. Another popularchoicefor
modelingmultiplicative noiseis thelog-normalform:
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wherethelog of therandomvariableis distributednormally, In thissectionwe presenaformulation
thatgeneralizeshe conceptsntroducedsofarto thesemoregenerakcenariosWe presenexplicit
derwvationsfor the multiplicative noiseCPDof Eg. (16) in Section8.3.

8.1 General Framework

To copewith CPDsthatusea multiplicative noisemodel,we rst formalizethe generalform of a
CPDwe consider We thengeneralizahe conceptof theideal parentto accommodaté¢his general
form of distributions and statethe approximationto the likelihood we malke basedon this new
de nition. We will thenshaw that our generalizeddeal parentde nition leads,as before,to a
naturalsimilarity measurehatincludesour previousresultsasa specialcase.

Concretelywe considerconditionaldensitydistributionsof the following generaform

whereg is the link function with parameterg asbefore,andq is the “noise” distribution with
parameter$ (e.g.,varianceparameters)in the additive caseof Eq. (3) we have = N (X;g;s?).
In themultiplicative caseof Eq. (16)we have g= N (X;g;(gs)?).

We now revisit ourideaof theideal parent.Recallthatour de nition of theideal parentpro le
¥ wasmotivatedby the goal of maximizingthelik elihoodof the child variablepro le x. However,
unlike the caseof additive noise,in generalandin the caseof the multiplicative noisemodel,g is
notnecessarilghemodeof g. To accommodatthis, we generalizeourde nition of anidealparent:

De nition 8.1 Let D beadatasetandlet P(X jU) = q(X :g(U : g);f) beaCPDfor X givenits
parentdJ with parametersg, a andf , wherebothq andg aretwice differentiableandg is invertible
with respecto eachoneof the parentd). Theideal parentY of X is suchthatfor eachinstancem,

Ta(x[m; g;f)

0 Egaummaudmyin > )
|
Thatis, ¥ is the vectorthat makes g(u;y) maximizethe likelihood of the child variableat each
instance.Sinceld = 1919 = ¢ this de nition alsomeanshatthe ideal parentmaximizesthe

Tz~ T9%z -

likelihoodw.r.t. the valuesofya new parent. The above de nition is quite generalandallows for
a wide rangeof link functionsanduni-modalnoisemodels. We notethatin the casewherethe
distribution is a simple Gaussiarwith any choiceof g, thisde nition coincideswith De nition 3.1.
As an exampleof a conditionalform thatdoesnot fall into our framework, g = sin(4;a;ju;) is not
only not invertible but also allows for in nitely mary “ideal” parents. As we shav below, this
morecomplex de nition is usefulasit will allow usto ef ciently evaluatecandidatgarentsor the
generalCPDswe considerin this section.

Theabove new de nition of theideal parentmotivatesusto usea differentapproximatiorthan
the one usedin the caseof non-linearCPDswith additive noise. Speci cally, insteadof simply
approximatingg, we now approximatethe likelihooddirectly aroundy, usinga secondorderap-
proximation:

: , - . 1
logP(xj uia;2) logP(xjuy)+ (azz y) NagzlogP(xjud) ...+ S(az ¥)'H@z ¥)
(18)
whereH is theHessiammatrix of logP(xj u;2) atthepointaz=v.
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8.2 Evaluating the bene t of a Candidate Parent

With the generalizedle nition of anidealparentof Eq. (17) andthe approximatiorchoserfor the
likelihoodfunctionin Eg. (18) we canapproximatelyevaluatethe bene t of a candidatearent:

Theorem 8.2 Supposdhat X hasparentsU with a seta of scalingfactors. LetY betheideal
parentasde nedin Eqg. (17), and Z be somecandidateparent. Thenthe change in log-likelihood
of X in the data, whenaddingZ as a parent of X, while freezingall other parametes exceptthe
scalingfactor of Z, is approximately

Ci(¥2 logP(xj u;¥) rr;ax%K(afz y,az ¥) logP(xju)
o\ 2
= logP(xjuiy) SKG) 5 ) TogPlxi U (19

where K(:;:) is aninner productof two vectos de nedas:

o 1ﬂZQm 0 2
K@) = b[m— —=
(&) %a[m] [m] o Y02 Om
and

Om = g(u[ml;y[m]:q)

Om = q({m]: gm:f)
@ = Touyia,

m Ty umpyim] -

Beforeproving thisresult,we rst considelits elementsandhow they relateto our previousresults
of Theorem3.2 and Theorem7.1. Theinner productK captureghe deformationfor the general
case: The factor (g%,)? weighseachvector by the gradientof g, asexplainedin Section7. The

new factorq—n}% measureshe sensitvity of g, to changesn gy, for eachinstance. This factor
is alwayspositve asa maximumpoint of gn, is involved. Note thatin the Gaussiamoisemodels
we consideredn the previous sections this termis constant: siz In non-Gaussiamodels,this
sensitvity canvary betweerinstances.

It is easyto seethatthe generalizedde nition of C; coincideswith our previous results. As
in the linear Gaussiarcase,the (approximate)ifferencein likelihood C1(¥;2) is expressedasa
function of somedistancebetweenthe new parenta ;z andthe ideal parenty. This distances then
deformedby a sampledependentveightsimilarly to the non-linearcasediscussedn Section?. In
the caseof a linear GaussiarCPD,we have ¢, = 1, andsoK(a;b) = S—lza D. All termswhichdo
notdependonz canceloutin this caseyresultingin our original de nition for Cy in Eq. (7). For the
non-linearGaussiarwith additive noise,we have K(a;b) = S—lz(a gqy)) (d o¥y)), andtheform
of Eq. (14)is recorered.

Importantly we notethat our new formulationis applicableto a wide rangeof link functions
anduni-modalnoisemodels(with theminimal restrictionsdetailedabove). Thedifferencebetween
differentchoicessimply manifestasdifferencan theform of thederiativesthatappeain thekernel
functionK, andin the additionallogP termsin Eq. (19). Finally, we notethatwe cannotderive a
similarly generalexpressiorfor C,, sinceit requiresoptimizingboths anda,, andthe solutionto
this problemdepend®n theform of the distribution g.
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For completenessye now prove theresultof Theorem3.2.
Proof: The rst termin thesecondrderapproximatiorof Eq.(18)vanishesince by ourde nition,
%jaﬁ:y = 0, which impliesalso “'O%q)jasz = 0. Usingthe chainrule, we derive the expression
for the Hessian:

TPlogP(x]j u;2)
ﬂazz[m]ﬂazz[n] azz=y

i fam figm
g2, Tom Tylml

Hm;n

)
ﬂzﬂ T9m 2+ Tm ﬂzgm

Tom? TN Tgm Ty[mi

2

The Hessianmatrix is always diagonal,sinceeachterm in the log-likelihood involves ym] that
correspondso a singlesamplem. After eliminatingtermsinvolving % the diagonalelementsf
the Hessiarsimplify to:

1 ﬂZQm

oy — —— —————— gO 2
" O g2 T
whereg®,, ﬂ’;?g]. With this simpli cation of the Hessianthe approximatiorof the log-likelihood
canbewritten as
2 q2
logP(xj u;az) logPexj usy) + + § 2AM YM)7T om0, 2 (20)
2 Om 19m

The differencein the log-likelihoodwith andwithout a new parentz cannow beimmediatelyre-
trievedandequalgto thesecondermof theright handsideof Eq. (20). Denotingthis differenceby

Ci(¥:2) andreplacinga, with its maximumlikeIihoodestimatorEg;Z; , we getthedesiredresult.
|

8.3 Multiplicati ve NoiseCPD

We now completethe detailedderivation of the generalframevork we presentedn the previous
sectionfor the caseof the multiplicative noiseconditionaldensityof Eq. (16). Written explicitly,

the CPD hasthefollowing form:
|
!

q(X'g'sz)—pliexp * 1
e 2Ps jgj 252

QlXx

To avoid singularity we will restrictthevaluesof g to be positive. The partialderivativesof gn, are:

Tam 1 1 X X
7 = 4+ 1 _
T19m On S Om g fim
70 1 1 X x 2 1 1 x X 1x
— = —+ = = 1 = + —+ = = — == O
Tgm? On S%2 Om g3 fim g% S? Om o3 s?dh fim
By thede nition of y the rst derivative is zerosothat
1,1 X Xy (1)

gn 2 om &
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whichis equivalentto requiringthatthefollowing holds:

1+ P 1+ 4s2
2s2 ’

Note that the negative solutionis discardeddueto the constraintg > 0. Also note that the link
functionin this casds in fact,ascanbeexpectedascaledversionof xim]. We cannow extracty[m]
asbeforeby simply inverting gm.

Thetermsof the secondderivative cannow alsobe simpli ed:

(22)

Pg 11 ox g o 1
192 @ s?2 g ¢ s2gh d
1 1 x?

T ¢ e
1
= éiksq

wherethe secondandthird equalitiesresultfrom substitutingeq. (21) and Eq. (22), respectiely,
andks is apositive constanfunctionof s. We cannow expressK in adot productcompacform

) = eiV) eiV)
@D=k 2 @ ° q

where%i(—yy)) is the vectorwhosemth components %inr: Note that this instancespeci ¢ weightis
similar to the onewe usedfor the non-linearadditive Gaussiarcaseof Theorem?.1. In this more
generalsetting,eachinstancem is additionallyscaledby g, This hasanintuitive explanationin
the caseof the multiplicative conditionaldensity:the noiselevel is expectedo go up with g andso
all samplesarerescaledo the samenoiselevel.

For completenesaye write theadditionallog P termsin theexpressiorof Eq. (19) for C; in the
caseof the multiplicative conditionaldensity:

logP(xj u;y) logP(x] u) & log(s G(ulml;yimi)) + & log(s g(ulm)

1 o X[m] 2 io X[m]| 2
25® (g(u[rB];y[m]) "+ szl Y
1+ 1+4s® o
= Mg 2% 8 togu+ & logsg(ulm)
M 252 21, Xl )
25 1+ Pmrae T 222 (g Y

wheresdenoteghe new varianceparameter

9. Experiments

We now examinetheimpactof theideal parentmethodin two settings.In the rst setting,we use
this methodfor pruningthe numberof potentialmovesthatare evaluatedby greedyhill climbing
structuresearchWe usethis learningprocedurdo learnthe structureoverthe obseredor partially

1822



THE “IDEAL PARENT” ALGORITHM

obsened variables. In the secondsetting, we usethe ideal parentmethodas a way of introduc-
ing new hiddenvariables,andalsoasa guideto reducethe numberof evaluationswhenlearning
structurethatinvolveshiddenvariablesandobseredones usinga StructuralEM searctprocedure.

9.1 Structurelearning with Known Variables

In the rst setting,we appliedstandardyreedyhill climbing search(Greedy) andgreedyhill climb-
ing supplementedby the ideal parentmethodasdiscussedn Section4 (Ideal). In usingtheideal
parentmethod,we usedthe C, similarity measuredescribedn Section3 to rank candidateedge
additionsandreplacementsandthenappliedfull scoringonly to thetop K rankingcandidateper
variable.

We rst wantto evaluatetheimpactof the approximatiorwe malke on the quality of the model
learned.To do so,we startwith a syntheticexperimentwherewe know thetrueunderlyingnetwork
structure.In this settingwe canevaluatethe magnitudeof the performanceostthatis the resultof
theapproximatiorwe use.(We examinethespeedugain of ourmethodon moreinterestingeal-life
examplesbelon.) To make thesyntheticexperimentrealistic,for thegeneratinglistributionwe used
anetwork learnedfrom real data(seebelow) with 44 variables.Fromthis network we cangenerate
datasetsof differentsizesand apply our methodwith differentvaluesof K. Figure5 compares
theideal parentmethodandthe standardyreedyprocedurdor linear GaussiarCPDs(left column)
andsigmoid CPDs(right column). UsingK = 5 is, aswe expect,closerto the performanceof the
standardyreedymethodbothin termsof trainingset[(a),(e)]andtestset[(b),(f)] performanceahan
K = 2. For linear GaussiarCPDstestperformances essentialljthe samefor bothmethods.Using
sigmoidCPDswe canseea slight advantagefor the standardyreedymethod.Whenconsideringhe
percenpf trueedgesecovered[(c),(g)], asbefore thestandaranethodshavs someadvantageover
theideal methodwith K = 5. However, by looking at the total numberof edgedearned[(d),(h)],
we canseethatthe standardgreedymethodachievesthis by usingcloseto 50% more edgesthan
the original structurefor sigmoidCPDs. Thus,a relatively smalladwantagen performanceeomes
atahigh compleity price (andaswe demonstratéelow, atasigni cant speedcost).

We now examinethe effect of themethodon learningfrom real-life datasets.We baseour data
setson a studythatmeasureshe expressiorof the baker's yeastgenesn 173 experimentgGasch
etal., 2000).In this study researchermeasuredhe expressiorof 6152yeastgenesn its response
to changesn the ervironmentalconditions,resultingin a matrix of 173 6152measurementdn
the following, for practicalreasonsye usetwo setsof genes.The rst setconsistsof 639 genes
that participatein generalmetabolicprocessegMet), andthe secondis a subsetof the rst with
354 geneswhich are speci ¢ to aminoacid metabolism(AA). We choosethesesetssincepart of
theresponsef the yeastto changesn its ervironmentis in alteringthe activity levels of different
partsof its metabolism.For someof the experimentsbelow, we focusedon subsetof genesfor
which thereareno missingvalues,consistingof 89 and44 genesyespectrely. On thesedatasets
we canconsidertwo tasks.In the rst, wetreatgenesasvariablesandexperimentsasinstancesThe
learnednetworks indicatepossibleregulatoryor functionalconnectiondbetweengenes(Friedman
etal.,2000).A complementaryaskis to treatthe 173 experimentsasvariablegCond). In thiscase
thenetwork encodeselationshipsbetweerdifferentconditions.

In Tablel we summarizaifferencedbetweerthe Greedy searchandtheldeal searchwith K set
to 2 and5, for thelinear GaussiarCPDsaswell assigmoidCPDs.SincetheC, similarity is only a
lower boundof the BIC scoredifferencewe expectthe candidateankingof thetwo to bedifferent.
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Figure5: Evaluationof Ideal searchon syntheticdatageneratedrom areal-life like network with
44 variables.We compareldeal searchwith K = 2 (dashedandK = 5 (solid), against
the standardGreedy procedurg(dotted). The gures shaw, asa function of the number
of instancegx-axis), for linear GaussiarCPDs: (a) averagetraining log-likelihood per
instanceper variable; (b) samefor test; (c) fraction of true edgesobtainedin learned
structure;(d) total numberof edgedearnedasfraction of true numberof edgesi(e)-(h)
samefor sigmoidCPDs.
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Greedy IdealK = 2 vs Greedy IdealK = 5vs Greedy
Dataset | vars| inst | train test| Dtrain Dtest edge move e sp| Dirain Dtest edge move e sp
LinearGaussiamwith completedata

AA 44 173| -0.90 -1.07| -0.024 0.006 87.1 96,5 3.6 2|-0.008 0.007 949 965 93 2

AA Cond | 173 | 44 | -0.59 -1.56|-0.038 0.082 922 926 12 2|-0.009 0.029 969 982 29 2

Met 89 |173|-0.79 -1.00|-0.033 -0.024 88.7 915 16 3|-0.013 -0.016 945 969 44 2

MetCond | 173 | 89 | -0.59 -1.06| -0.035 -0.015 91.3 98.0 1.0 2|-0.007 -0.023 989 985 24 2
LinearGaussiamwith missingvalues

AA 354 | 173 | -0.13 -0.50| -0.101 -0.034 81.3 952 04 5-0.048 -0.022 90.7 960 09 5

AA Cond | 173 | 354 | -0.20 -0.38| -0.066 -0.037 74.7 875 04 14|-0.033 -0.021 86.3 101.1 16 11

Sigmoidwith completedata

AA 44 | 173| 0.08 -0.12|-0.132 -0.065 49.7 594 2.0 38|-0.103 -0.046 604 776 6.1 18
AA Cond | 173 | 44 | -0.12 -0.81|-0.218 0.122 623 76.7 1.0 36|-0.150 0.103 73.7 794 23 21
Met 89 | 173| 0.12 -0.08|-0.192 -0.084 479 583 0.9 65|-0.158 -0.059 56.6 69.8 2.6 29

MetCond | 173 | 89 0.22 -0.17|-0.207 -0.030 60.5 695 0.8 53|-0.156 -0.042 698 77.7 22 29

Tablel: Performanceomparisorof theldeal parentsearctwith K = 2, K = 5andGreedy onreal
datasets.vars - numberof variablesin the dataset;inst - the numberof instancesn the
dataset;train - averagerainingsetlog-likelihoodperinstancepervariable;test- samefor
testset;Dtrain - averagedifferencen trainingsetlog-likelihoodperinstancepervariable;
Dtest- samefor testset; edges- percentof edgedearnedby Ideal with respecto those
learnedby Greedy;moves- percentof structuremodi cationstakenduringthe searchev
- percentof movesevaluated;sp- speedumf Ideal over greedymethod.All numbersare
averagesver 5 fold crossvalidationsets.

As mostof the differencecomesfrom freezingsomeof the parametersa possibleoutcomeis that
theldealsearchs lessproneto over- tting. Indeedaswe see thoughthetrainingsetlog-likelihood
in mostcasesds lower for Ideal searchthetestsetperformanceds only mamginally differentthan
thatof the standardyreedymethod,andoften surpasses.

Of particularinterestis the tradeof betweenaccurag and speedwhenusingthe ideal parent
method.In Figure6 we examinethis tradeof in four of the datasetsdescribedabove usinglinear
Gaussiarandsigmoid CPDs. For bothtypesof CPDs,the performancef theideal parentmethod
approachethatof GreedyaskK is increasedAs we canexpect,in bothtypesof CPDstheideal par
entmethodis fasterevenfor K = 5. However, theeffectontotal runtimeis muchmorepronounced
whenlearningnetworks with non-linearCPDs. In this case, mostof the computationis spentin
optimizing the parameterdgor scoringcandidates.Indeed,careful examinationof the numberof
structuralmoves taken and the numberof moves evaluatedin Table 1, shavs that the dramatic
speedups mostly a resultof the reductionin the numberof candidatesvaluated. Importantly
thisspeedujn non-lineametworks makespreviously “intractable”real-life learningproblemglike
generegulationnetwork inference)moreaccessible.

9.2 Learning Hidden Variables

In the secondexperimentalsetting,we examinethe ability of our algorithmto learnstructureghat
involve hiddenvariablesandintroducenew onesduring the search. In this setting,we focuson
two layered networkswherethe rst layerconsistof hiddenvariablesall of which areassumedo
beroots,andthe secondayer consistsof obsened variables. Eachof the obsered variablesis a
leafandcandependon oneor morehiddenvariables Learningsuchnetworksinvolvesintroducing
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Figure6: Evaluationof Ideal searchon real-life datausing 5-fold crossvalidation. (a) average
differencein log-likelihoodperinstanceon testdatawhenlearningwith linear Gaussian
CPDsrelative to the Greedy baselingy-axis)vs. thenumberof idealcandidate$or each
family K (x-axis). (b) Relatve speedupmver Greedy (y-axis) aginstK (x-axis). (c),(d)
samefor sigmoidCPDs.
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Figure7: Evaluationof performancén two-layernetwork experiments(a) Gold structurewith 141
whichwascuratedby abiologicalexpertandusedto generatesyntheticdata;(b) average
log-likelihoodperinstanceon training data(y-axis) for Greedy , Ideal searctwith K = 2
andideal searchwith K = 5, whenlearningwith linearGaussiarfCPDsagainstthenumber
of trainingsamplegx-axis); (c) Samefor testset.

differenthiddenvariables,and determiningfor eachobsered variablewhich hiddenvariablesit
depend®n.

As in thecaseof standardstructurdearning,we rst wantto evaluatetheimpactof ourapprox-
imationon learning.To testthis, we useda network topologythatis curated Nachmaretal., 2004)
from biological literaturefor the regulationof cell-cycle genesin yeast. This network involves7
hiddenvariablesand141obsenredvariables We learnedthe parameter$or the network from a cell
cycle geneexpressiordataset(Spellmanetal., 1998). Fromthe learnednetwork we thensampled
datasetsof varyingsizes,andtried to recreateheregulationstructureusingeithergreedysearchor
ideal parentsearch.In both searchproceduresve introducehiddenvariablesin a gradualmanner
We startwith a network wherea single hiddenvariableis connectedasthe only parentto all ob-
sened variables.After parametepptimization,we introduceanotherhiddenvariable- eitherasa
parentof all obsenedvariables(in greedysearch)pr to membersf the highestscoringcluster(in
ideal parentsearchasexplainedin Section5). We thenlet the structuresearchmodify edgegqsub-
jectto thetwo-layerconstraintsuntil no bene cial movesarefound, at which point we introduce
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Figure8: Structurelearningof bipartite networks wherethe parentsarenew hiddenvariablesand
the childrenarethe obsered variables. The differentdatasetsof the baker's Yeastin-
clude: AA with 44 variablesfor both Gaussiarand sigmoid GaussiarCPDs; AA Cond
with 173 variablesand GaussiarCPDs. For eachdataseta structurewith upto 2 or 5
parentsvasconsideredShavn is thetestlog-likelihoodperinstancepervariablerelative
to the baselineof the standardyreedystructurdearningalgorithm.

anotherhiddenvariable,andsoon. The searchterminatesvhenit is no longerbene cial to adda
new variable.

Figure 7 shaws the performanceof the ideal parentsearchandthe standardgreedyprocedure
as a function of the numberof instancesfor linear GaussianCPDs. As can be seen,although
therearesomedifferencesn training setlikelihood,the performancen testdatais essentiallythe
same.Thus,asin the caseof the yeastexperimentsconsideredbore, therewasno degradationof
performancelueto theapproximatiormadeby our method.

We thenconsideredhe applicationof the algorithmsto real-life datasets. Figure8 shavs the
testsetresultsfor several of the datasetsof the baker's yeast(Gaschet al., 2000)describecabore,
for both Gaussiarandsigmoid GaussiarCPDs. The full ideal parentmethod(red'x’) with K = 2
andtheidealmethodfor addingnew hiddenvariableds consistentlybetterthanthe baselinegreedy
procedureTo demonstratéhattheimprovements in largepartdueto theguidedmethodfor adding
hiddenvariableswe alsoranthe baselinegreedyprocedurefor structurechangesaugmentedvith
the ideal methodfor addingnew hiddenvariables(blue '+). As canbe seenthe performanceof
this methodis typically slightly betterthanthefull idealmethod sinceit doesnot approximatehe
structuraladaptatiorstage. In this setup,the only differencefrom the greedybaselineis the way
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thatnew hiddenvariablesareintroduced.Thus,theseresultssupportour hypothesighattheideal
methodis ableto introduceeffective new hiddenvariablesthatarepreferableto a hiddenvariables
thatarenaively introducednto the network structure.

The superiorityof the sigmoid Gaussiarover the Gaussiammodelfor the AA dataset(in the
orderof 1 bit perinstanceper variable)motivatesusto pursuelearningof modelswith non-linear
CPDs. We could not comparethe differentmethodsfor the larger datasetsasthe greedymethod
was several ordersof magnitudesslower thanour ideal parentmethodanddid not completeruns
givenseveraldaysof CPUtime (in thelinear Gaussiarcasetheideal parentmethodwasroughly 5
timesfasterthanthe standardyreedyapproach) We believe thatthe ability of the ideal methodto
avoid over- tting will only increasats strengthin thesemorechallengingcases.

We alsoconsideredhe applicationof our algorithmto the real-life cell-cycle geneexpression
datadescribedn the previous sectionwith linear GaussiarCPDs. Although this datasetcontains
only 17samplesit is of highinterestfrom abiologicalperspectieto try andinfer fromit asmuchas
possibleon the structureof regulation. We performedeave-one-outcrossvalidationandcompared
theideal parentmethodwith K = 2 andK = 5 to the standardyreedymethod.To help avoid over
tting, we limited thenumberof hiddenparentdor eachobsenedvariableto 2. In termsof training
log-likelihood perinstanceper variable,the greedymethodis betterthanthe ideal methodby 0:4
and 0:42 bits perinstancefor K = 5 andK = 2, respectiely. However, its testlog-likelihood
performancas signi cantly worseasa resultof high over tting of two particularinstancesand
is worseby 0:72 bits perinstancethanthe ideal methodwith K = 5 andby 0:88 bits perinstance
thanthe ideal methodwith K = 2. As we have demonstrateéh the syntheticexampleabove, the
ability of the ideal methodto avoid over- tting via a guidedsearchdoesnot comeat the price of
diminishedperformancevhendatais moreplentiful. Whenthe obseredvariablesvereallowedto
have upto 5 parentsall methodsdlemonstratedver- tting, whichfor Greedy wasfar moresevere.

10. Discussionand Futur e Work

In this work we setout to learnthe structureof Bayesiametworks with continuousvariables.Our
contrikution is twofold: First, we shaved how to speedup structuresearch particularly for non-
linear conditionalprobability distributions. This speedups essentiahsit makesstructurelearning
feasiblein mary interestingreallife problems.Secondwe presented principledway of introduc-
ing new hiddenvariablesnto the network structure We usedthe concepif anideal parentfor both
of thesetasksanddemonstratedts bene ts on both syntheticandreal-life biological domains.In
particular we shaved that our methodis ableto effectively learnnetworks with hiddenvariables
thatimprove generalizatiorperformanceln addition,it allowedusto copewith domainswherethe
greedymethodprovedtoo time consuming.

Severalworksin recentyearshave tried to addresshe compl«ities involvedin structureearn-
ing usingdifferentapproachesto nameafew examplesChickering(1996b)suggestsearchinghe
smallerspaceof Bayesiametwork equivalenceclassesMooreandWong(2003)suggesinnovative
globalsearcloperatorgshatcompletelyseverandreinsertavariableinto thenetwork structure They
take advantageof thefactthatthe setof childrencanbe computedef ciently anduseabranchand
boundtechniqudor computingthe parentset. Koivisto andSood(2004)werethe rst to shav how
the problemof exactstructurdearningcanbe madelessthansuperexponentialby conditioningon
theorderingof variablesandthe useof dynamicprogramming SinghandMoore (2005)proposea
differentdynamicprogrammingapproactfor learningthe exact structureof Bayesiametworks by
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consideringan alternatve recursve formulation. They comparethe compleity of their approach
to thatof Koivisto andSood(2004)underdifferentsettings.SilanderandMyllym (2006)build on
the sameorder basedideaand proposea somavhat simpleralgorithmthat recursvely builds the
network structurefrom the “sinks” of the optimal structuretoward the roots. Teyssierand Koller
(2005)performanintelligentorderbasedsearchthatis notguaranteedo nd theoptimalstructure
but signi cantly reducegherunningtime of the searchprocedureand nds high scoringstructures
in practice.

In contrastto theseapproacheshatfocuson the searchstratgy, our “Ideal Parent” approach
leverageson the parametricstructureof the conditionaldistributions. This allows usto geta fast
approximatiorof thecontritution of asearctoperatorIn here we appliedthisapproachn conjunc-
tion with a greedysearchalgorithm. However, it canalsobe supplementedo mary othersearch
proceduresas a way of dramaticallyreducingthe numberof candidatemovesthat are carefully
evaluated.

Two works are of particularinterestandrelevanceto ours. Della Pietraet al. (1997) suggest
anefcient methodfor incrementallyinducingfeaturesof Markov random elds. To ef ciently ap-
proximatethemeritof candidatdeature they evaluatetheimprovementn likelihoodwhentheonly
parametethatcanchanges the oneassociatedavith the new feature.Thus,all otherparametersf
themodelareheld x edduringthe evaluation.For binaryfeaturesthey nd aclosed-formsolution
for the improvement. For more generalfeaturesthey usenon-linearoptimizationto performthe
evaluation. The ideaof freezingsomeparametersn orderto facilitate approximatebut ef cient
computationss alsothebasisfor our developmenif theapproximatescore.Thecontet of contin-
uousBayesiametworks,aswell asthedetailsof thelik elihoodfunctionsinvolvedin computations,
however, arequite different.

Anotherconnectionis to the “SparseCandidate”procedureof Friedmanet al. (1999), which
limits the numberof candidateparentsconsideredby the searchprocedure. While sharingthe
motivation of our work, their pre-pruningof candidatesloesnot take advantageof the form of the
conditionaldistribution nor doesit try to approximatehe bene t of a candidatedirectly. Instead,
they usedstatisticalsignalsasa surrogtefor thebene t of a candidatearent. Thus,thesemethods
arein factorthogonalandit would be intriguing to seeif the “Ildeal Parent” methodcanhelp the
“SparseCandidate’methodduringthe pruningstage.

The parametricform of CPDswe examinedhereare speci ¢ instancesof genealized linear
modelg GLMs) (McCullaghandNelder,1989). This classof CPDsusesafunctiong thatis applied
to the sumof its agumentscalledthe link functionin the GLM literature. However, we canalso
considemorecomple functions,aslongasthey arewell de nedfor ary desirechumberof parents.
For example,in Nachmaret al. (2004)modelsbasedon chemicalreactionmodelsareconsidered,
wherethefunctiong doesnothavea GLM form. An exampleof atwo variablefunctionof thistype

is:
Y1Y2

(1+y)(1+y2)

We alsonotethat GLM literaturedealsextensvely with differentforms of noise.While we mainly
focus hereon the caseof additve Gaussiamoise,andbrie y addresseathernoisemodels,the
ideaswe proposeherecanbe extendedo mary of thesenoisedistributions.

Few works touchedon the issueof whenand how to add a hiddenvariablein the network
structure(e.g.,Elidanetal., 2001;ElidanandFriedman 2003; Martin andVanLehn,1995;Zhang,
2004).0nly someof thesemethodsarepotentiallyapplicableto continuousvariablenetworks,and

alyny2:9)=q
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nonehave beenadaptedo this contet. To our knowledge,thisis the rst methodto addresghis
issuein agenerakontet of continuousvariablenetworks.

Many challengesemain.First, insteadof scoringthetop K candidateparentf eachvariable,
we could evaluateonly the K mostpromisingcandidatesver all possiblestructuremodi cations.
In doing so we could make use of the superiority of the C2 measureover the C1 measureand
further improve the speedof our method,possiblyby anotherorder of magnitude. Second,the
“Ildeal Parent” methodcanbe combinedasa plug-in for candidateselectionwith otherinnovative
searctproceduresThird, we wantto adaptour methodfor additionalandmorecomplec conditional
probability distributions (e.g., Nachmanet al., 2004), and extend it to multi-modal distributions.
Fourth, we wantto improve the approximationfor addingnew hiddenvariablesin the non-linear
case.Finally, it might be possibleto leverageon the connectiorto Generalized.inear Modelsfor
handlingmoreelaboratenoisemodels.
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