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Abstract

Weintroduce a method for learning Bayesian net-
works that handles the discretization of contin-
uous variables as an integral part of the learn-
ing process. The main ingredient in this method
is a new metric based on the Minimal Descrip-
tion Length principle for choosing the threshold
values for the discretization while learning the
Bayesian network structure. This score balances
the complexity of the learned discretization and
the learned network structure against how well
they model the training data. This ensures that
the discretization of each variable introducesjust
enough intervals to capture its interaction with
adjacent variables in the network. We formally
derive the new metric, study its main properties,
and propose an iterative algorithm for learning
a discretization policy. Finaly, we illustrate its
behavior in applications to supervised learning.

1 INTRODUCTION

Bayesian networks provide efficient and effective repre-
sentation of the joint probability distribution over a set of
random variables. They have been successfully applied as
expert systems, diagnostic engines, optimal decision mak-
ing systems, and classifiers. Building Bayesian networks
can be a laborious and expensive process in large appli-
cations. Thus, learning Bayesian networks from data has
become a rapidly growing field of research that has seen
a great deal of activity in recent years [1, 2, 4, 10, 14].
The objective is to induce a network (or a set of networks)
that “best describes’ the probability distribution over the
training data. This optimization process isimplemented in
practice using heuristic search techniques to find the best
candidate over the space of possible networks. The search
process relies on a scoring metric that asses the merits of
each candidate network.

In severa domains of interest, such as medicine and in-
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dustrial control, variables in the training data often have
continuous values. We have two basic approaches to deal
with continuous variables: we can restrict ourselvesto spe-
cific families of parametric distributionsand use the meth-
ods described in [11, 16, 12, 3], or we can discretize these
variables and learn a network over the discretized domain.
There is tradeoff between the two options. The first can
model the conditional density of each variable in the net-
work (under some assumptions regarding the family of dis-
tributions). However, at the current stage, we do not have
efficient reasoning machinery for such models. The second
only captures rough characteristics of the distribution of the
continuous variables. However, it induces models that can
be efficiently used for probabilistic inference and optimal
decision making. Also, it is interesting to note that many
of the current applications of Bayesian networks for med-
ical diagnostic involve discretization supplied by human
experts.

In this paper we present a principled approach to the second
option. The problem of variable discretization is essen-
tially that of finding for each continuous variable X, a set
of threshold values that partition the real line into a finite
number of intervals. These intervals are the values of the
discretized counterpart of X. Our approach to this prob-
lem is based on the Minimal Description Length (MDL)
principle.

The MDL score of a network B is composed of two parts.
The first part measures the “complexity” of the network,
while the second part measures how good the network isas
amodel for thedata[14, 1]. The"optimal” network B given
adataset D isthe network that minimizesthe MDL score.
Thisminimizationinvolvesatradeoff between thetwo parts
of the score. In practice, the MDL score regulates the
number of parameters learned and helps avoid overfitting.

We derive an augmented version of MDL to take into ac-
count the discretization of continuous variablesin the data.
This approach embodies a new tradeoff between the com-
plexity of the learned discretization and the learned net-
work, with the how well they model the training data. This
tradeoff guarantees that the discretization of each variable



introduces just enough intervals to capture the interaction
with adjacent variables in the network. This new metric
provides a principled approach for selecting the threshold
valuesin the discretization process.

Our proposa can be regarded as a generalization of the
method proposed by Fayyad and Irani [7]. Roughly speak-
ing, their approach, which applies to supervised learning
only, discretizes variables to increase the mutual infor-
mation with respect to the class variable. In fact, as we
show experimentally below, the two approaches are almost
identical when we restrict our attention to suitable network
structures where variables are restricted to interact solely
through the class variable. In general, and in particular
in unsupervised learning, we would like the discretization
of each variable to maximize its mutual information with
respect to all directly related variables. These relation-
ships are explicitly represented by the Bayesian network
structure—an arc denotes direct dependence between two
variables. Thus, thelocal neighborhood of eachvariable (in
the network structure) containsall the variablesthat directly
interact with it. By having the discretization be an integral
part of the learning of the Bayesian network, we are able to
maximize the mutual information among related variables.

This paper is organized as follows: in Section 2 we review
the MDL metric and the process of learning a Bayesian
network. In Section 3 we augment this metric to account
for discretizations. In Section 4 we examine computational
issues and identify several properties of our scoring met-
ric that can be exploited in this regard. In Section 5 we
present experimental results that evaluate this method in
classification tasks and compare it to the method proposed
by Fayyad and Irani [7]. Finally, Section 6 summarizes our
contributions and discusses future work.

2 LEARNING BAYESIAN NETWORKS

Consider afiniteset U = {X3, ..., X, } of discreterandom
variables where each variable X; may take on values from
a finite domain. We use capital letters, such as X,Y, Z,
for variable names and lowercase letters z, y, z to denote
specific values taken by those variables. The set of values
X can attain is denoted as Val(X), the cardinality of this
set is denoted as || X || = [Val(X)|. Sets of variables are
denoted by boldface capital letters X, Y, Z, and assignments
of values to the variables in these sets will be denoted by
boldfacelowercaselettersx, y, z (weuse Val (X) and || X|| in
the obvious way). Let P be ajoint probability distribution
over the variables in U, and let X, Y, Z be subsets of U.
X and Y are conditionally independent given Z if for al
x € Val(X),y e Val(Y),z € Val(Z),

P(x|z,y) = P(x| z) whenever P(y,z) > 0.
A Bayesian network is an annotated directed acyclic graph

that encodes a joint probability distribution of a domain
composed of a set of random variables. Formally, a

Bayesian network for U isthe pair B = (G, 0). G isadi-
rected acyclic graph whose nodes correspond to the random
variables X1, . . ., X,,, and whose edgesrepresent direct de-
pendencies between the variables. The graph structure ¢¢
encodes the following set of independence assumptions:
each node X; is independent of its non-descendants given
its parents in G [17].1 The second component of the pair,
namely ©, represents the set of parameters that quantifies
the network. It contains a parameter 0,1, = P(z;[Ils,)
for each possible value z; of X;, and 11, of Il x, (the set
of parentsof X; in ). B definesauniquejoint probability
distribution over U given by:

n
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The problem of learning a Bayesian network can be stated
as follows. Given atraining set D = {uy,...,ux} of
instances of U (i.e., each u; is a value assignment to all
variablesin U), find anetwork B that best matches D. To
formalize the notion of goodness of fit of anetwork with re-
spect to the data, we normally introduce a scoring function,
and to solve the optimization problem we usually rely on
heuristic search techniques over the space of possible net-
works [9]. Severa different scoring functions have been
proposed in the literature[4, 10, 14]. Inthis paper we focus
our attention on the MDL score [14]. This score is sSim-
ple, very intuitive, and has proven to be quite effective in
practice.

Theidea behind the MDL principle is as follows. Suppose
that we are given a set D of instances which we would
like to store and keep in our records. Naturally, we would
like to conserve space and save acompressed version of D.
To this end we need to find a suitable model for D such
that an encoder can take this model and produce a compact
image of D. Moreover, as we want to be able to recover
D, we must also store a version of the model used by the
encoder to compress 1. The description length of the data
based on amodel, and using aparticular encoder, isthenthe
length of the compressed data plus the representation size
of the model itself. In our case the length is measured by
the number of bits needed for storage. The MDL principle
dictatesthat the optimal model isthe one (from a particular
classof interest) that minimizesthetotal description length.

The MDL principle is applied to learning Bayesian net-
works by taking a network to be the model for the data used
by an encoder to produced a compressed version of D. The
idea is as follows: a network B assigns a probability to
each instance of U. Using these probabilities we can con-
struct an efficient code. In particular, we use the Huffman
code [5], which assigns shorter codes to frequent instances.
The benefit of using the MDL as a scoring metric is that
the best network for D optimally balances the complexity

'Formally there is a notion of minimality associated with this
definition, but we will ignore it in this paper. See[17] for details.



of the network with the degree of accuracy with which the
network represents the frequenciesin D.

We now describein detail the representation length required
for the storage of both the network and the coded data. The
MDL score of a candidate network is defined as the total
description length. To store a network B = (G, ©), we
need to describe U, GG, and ©:

To describe U, we store the the number of variables, n, and
the cardinality of each variable X;. Thisinformation can
be storedinlogn + 3, log||X;|| bits.?

To describe the DAG G it is sufficient to store for each
variable X; a description of 1lx, (namely, its parents in
(7). This description consists of the number of parents
followed by alist of the parents. Since we can encode each
of these using log . bits, the graph structure can be encoded
iny (14 |lIx,|)logn bits.

To describe the parameters in ©, we must consider the pa-
rametersin each conditional probability table. For thetable
iated with X, (] - 1)
parameters. The representation length of these parame-
ters depends on the number of bits we use for each nu-
meric parameter. The usua choice in the literature is
1/2logN [1, 9]. Thus, the encoding length of © is
X = 1)

Weremark that the description length of Bisonly afunction
of U and of (7, and it does not depend on the actual values
of parameters in ©. Combining all three components we
have:

DLoa(U,G) =

2 (logllill+ ¢

IogN

)+

1

We turn our attention to the description length of the data.
Using the probability measure defined by B, we construct
a Huffman code for the instances in D. In this code, the
exact length of each codeword depends on the probability
assigned to that particular instance. Thereisno closed form
description of this length. However, it is known [5] that
when we choose longer coding blocks we can approximate
the optimal encoding length in which the encoding of each
uis —log Pg(u) bits. Thus, the description length of the

dataissimply: — vazl log Pp(u;)

We can rewrite this expression in a more convenient form.
Let P, be the probability measure that corresponds to the
frequency of instances in the data. Using (1) and some
algebraic manipulations we can rewrite the representation

2This number is slightly imprecise since we do not know in
advance the length of the encoding [5].

length of the data as:

N
=Y logP(u;) = =N > Pp(a;, 1
i=1

oz, Iy,

) logf, A,

Using standard arguments, we can show that this term is
minimized if we set 0,1, = Pp(z;|11,,). From now on,
we assume that we will always choose the values of © in
this manner. Thus, we can write the description length of
the data, given anetwork structure G, as:

=N H(Xlx,)

Where H(X|Y) = =3y y Po(X,y)log Pp(xly) is the
conditional entropy of X given Y (if Y = § then
H(X|Y) = H(X), theunconditional entropy of X) [5]. Us-
ing this information-theoretic interpretation we can rewrite

DLgata( D, G) dightly. The mutual information between
two sets of variables X and Y is defined as I(X;Y) =

Po(X.Y) —
ExyPD(X y)log 5 X Py’ (Wh.en Y = 0 we de
fine I(X;Y) = 0.) Itis easy to verify that H(X|Y) =
H(X) — I(X;Y). Thus, we can rewrite:

— N (X Ty,)

DLdata(Da G)

DLgata( D, G) NZH

Since H(X;) does not depend on the structure G, the first
term is constant in the description length of al possible
structures. Thus, we ignore it when we compare candidate
network structures. This information-theoretic interpreta-
tion shows that to minimize the description length of D we
need to find a structure that maximizes the mutual informa-
tion between each variable and its parents.

Finally, the MDL score (of a candidate network structure
(7) is defined as the total description length

DL(U,G, D) = DLyat(U, G) 4+ DLgata( D, G)  (2)

According to the MDL principle, we should strive to find
the network structure that minimizesthe description length.
In practice, thisis usually done by searching over the space
of possible networks. Since this space islarge, this search
is anon-trivial problem. Details about the search process
canbefoundin|1, 9].

3 MDL SCORE FOR DISCRETIZATION

Until now we have assumed that all the variables X; inthe
universe U are discrete (or nominal). We now consider the
case where some of the variables take numerical values.
We assumethat Uy C U isthe set of continuous variables
inU.

A discretization sequence A = (4, ...
sequence of real values (i.e, 1 <t < ...

,t) isanincreasing
< tg). Such



a sequence defines a function f, : R — {0,...,k} as
follows:
0 ifz<ty
f)\(al):{l ifti§m<ti+1f0r1§i<k
A discretization policy is a collection A = {}; : X; €

Ucont }- Such a policy defines a new collection of variables
Uy = {X : X; € U}, where X} = £, (X;) If X; €
Ueont and X = X; otherwise. Thus, X/ is the discrete
random variable associated with X by the discretization
policy A. From now on we will omit the subscript A when
it is understood from the context.

Our target isto (jointly) learn a discretization policy and a
Bayesian network over the discretized data. To do so, we
augment the MDL score to include the description length
needed for storing enough information to be able to recover
the original datafrom the discretized data.

Lets assume (for now) that both G and A are fixed.
Let D be a collection of instances over U. We de-
fine D* to be the discretization of D using A. Namely,

D = {ul,.. uN},Whereif u; = (x(lj>,...,z£3)), then

(fm( ), Fau(@$)). The output of our en-
coder consi sts of the followi ng parts:

1. Thedescription of D* (using a network based on ).
2. Thedescription of A.

3. The description of D based on D*, e.g., an encoding
of the information necessary to recover each u; from
u;.
Since D* isadiscrete dataset, the description length of the
first partistheonederivedin Section 2, and DL(U*, G, D*)
bitslong (Eq. 2).

We introduce some useful notation. Let Val p (X;) to bethe
set of values of X; in that appear in the dataset D, and let
N; = |Valp(X;)] to be the number of these values (clearly
N; < N). Since we need to recover D we have to record
the set of values Valp (X;) for each continuous random
variable X; € Uene. Therepresentation of this set depends
on the exact precision in which we choose to encode real
numbers. However, since this encoding depends only on D
and not on A nor G, it has the same length for all possible
instances of GG and A. Thus, we will ignore this factor in
the total score.

We now turn to the description of the discretization policy
A. The description of U* (which is stored as part of the
description of D*), already records the number of values
of X;. Thuswe aready recorded the number of threshold
points, and only need to encode the threshold values in
A;. Since we only need to distinguish among values in
Valp (X;), we can limit our attention to threshold values
that are mid-points between successive values in this set.
Thus, the thresholds¢;’ sare chosen from among the V; — 1
mid-point values in VaID( ;). All we need to store isthe

index of the discretization policy in some enumeration of
the (7¥'=7) different discretization policies of cardinality
k; = ||X7||. Thisindex can be described using log (}'~;)
bits. Using Sterling’s approximation (see [5, p. 151]), we
get that log (371) < (Ni — 1)H(£=%), where H(p) =

—plogp — (1 — p)log(1 — p).3 Thus the description of A

is of length:
> - nHED)

X :€Ucont

DLA(A) =

Finally, we need to describe how to reconstruct each u;
from u?. For each continuous X;, the value of X in the
discretized instance u* specifies an interval. We need only
to encode what value in this interval actually appears in
u;. Note that there is a limited number of such values in
Valp(X;). Thus, we can use a Huffman code to encode
which one of those appears in the specific instance u;. The
optimal Huffman code is the one constructed according to
the frequencies of values in Valp (X;). Thus, we need to
store these frequencies as well. Since these frequencies
depend only on the data D, and not on the particular dis-
cretization policy or network structure, we can ignore them
in the description length.

Given that we have recorded these frequencies, we can
reconstruct the codefor each valueof X ;. Theencoding for
aparticular valueof X; isapproximately — log Pp (X;| X )
bits long. Summing the length of the encoding for all
instancesin D and for all variablesin Ugyy, we get:

—ZZIogP

i j=1

N D HXG]XT). 3

DLD*ﬁD(D,A) — (J)|)\( (])))

Combining al these parts together, we conclude that the
representation length of D, using A and G, is:

DL(U*, G, D*) 4+ DLA(A) + DLp+_p(D, A).

We now rewrite this term to a more convenient expression.
Using basic properties of the entropy and mutual informa-
tion measures (see [5]), we easily prove the following:

Proposition 3.1 H (X} |IT%,) + H(X;|X]) = H(X;) —

(X7 %,)
Note that 77 (X;) is afunction of the data D and does not

depend on A and G. Thus, we can ignore it. With this
simplification we take the score to be:

DL*(G,A,D) = DLna(U",G)+ DLa(A)
—NZI (X7 10%,) (4)

3This bound is tight in the following sense:
1) H(5=7) — log(N:) < log (3177)

(Ni —




The only difference with the previous version of the score
represented by Eq. 2 is the middle term which encodes
the discretization policy. Thus, as in the previous case,
the score weights the addition of a new arc (an increase
in the complexity of the network) against the increase in
mutual information between the nodes in the extremes of
thisedge. The additional term, DL, (A), takesinto account
another tradeoff involving the number of intervals in the
discretization against the mutual information score.

4 LEARNING DISCRETIZATIONS

We now dispense with the assumption in the previous sec-
tion that both A and G are set, and examine how to learn a
discretization policy and network structure in practice. We
will start by assuming that we have a fixed network struc-
ture G, and examine how to find the discretization policy
A that minimizes the score DL*(G, A, D). We consider
first the simplest case where thereis exactly one continuous
variablein U, and examine a number of properties that can
be exploited in the computation of DL*(G, A, D). For the
general case, where more than one variable is discretized,
we will describe an iterative approach that takes advantage
of these results. Finally, in Section 4.3 we discuss how to
learn the network structure as well as a the discretization

policy.
4.1 DISCRETIZING ONE VARIABLE

Let X; be the continuous variable to be discretized. We
examine how DL*(G, A, D) changes aswe change A. As
we will show most of the terms in this score do not change
when we change the discretization of X;. Thisfact can be
exploited to reduce the computations during the discretiza-
tion process.

We define the local score of X; to consist of the terms in
DL*(G, A, D) that involve X;'s discretization:

DL|0ca|(XZ';G,A,D) =
2 log N - [ [1(11X7 | - 1)
+ 3100N 355 xen I (G = 1)
+ logk; + (Nz — 1)H(J’i;,_—]i)
— NI + 5 ey, IOX 0]

Immediately we get:

Proposition 4.1: Let A and A’ be two discretization poli-
cies that differ only on the discretization of X;. Then
DL*(G,A, D) —-DL*(G,A’, D) = DLjgca(X;; G, A, D) —
DLiocal(X3; G, A', D).

Thus, when we are only changing the discretization of X,
it sufficesto minimize DL ocal (X;; G, A, D). Theimportant
aspect of this result, is that DLjoca (X;; G, A, D) involves
only variables that are in the Markov blanket of X; [17],

i.e, X;'s parents, X;'s children, and parents of X;’s chil-
drenin G. The term we attempt to minimize weights the
cost of describing & partitions for X; against the mutual
information gained about the parents and children of X;
from having this number of partitions.

The problem now is how to search for a discretization that
minimizesthis DL oy ASWe noted above, the only points
that we should consider for thresholds arethe N; — 1 mid-
points between successive values of X;. The space of
possible discretizations consists then of all subsets of these
N; — 1 points. In practice, we search this space by starting
with thetrivial discretization (i.e., thediscretization with the
empty threshold list), and search over the possible refine-
ments. This approach, which is usually called top-down, is
common in the supervised learning literature [18, 7]. The
search strategy can be any of the well known ones, greedy
search (or hill climb search), beam search, etc.

Carrying out this search can be very expensive. Even for
asimple greedy search strategy we need to perform Nk —
$k(k + 1) threshold evaluationsto find adiscretization with
k thresholds. However, aswe show below, because of some
propertiesof DLocy it iSnot always necessary to recompute
the change of DL oy for al possible splits at each step.

Let A = (t1,...,1t;). Define X - ¢ to be the refinement of A,
e.g., thediscretization sequencethat containsty, . . ., ¢ and
t. Suppose our current candidate for discretizing X; is A.
The possible successors are of theform A - ¢, wheret isone
of the midpoints of Val p (X;). We evaluate each successor
t by examining the change in the term DLy described
above. We notice, however, that the only term in DLjocy
that depends on the particular threshold we chooseto add is
the one that measures the mutual information between X;
and its Markov blanket. Thus, to find the best successor
of adiscretization sequence, we need only to compute the
information gain of each possible successor:

Gain(t; A, X, G, D) =
X500 0%) + 2y xeny, LY 1T )
- (X 1x)— ZY,XEHY Iy 105,)

This term has the following property that we can use to
speed up the search:

Proposition 4.2: If fi(t) # f(t'), then Gain(t'; ) -
t,X,G,D)=Gain(t'; A\, X,G, D).

Using this proposition we concludethat if we chooseto add
thethreshold ¢ to A, we only need to recompute the gain for
those thresholds that split the same interval that ¢ splits.

Our implementation uses a greedy search routine. This
routine maintainsalist of possible splitsandtheir associated
gain. At each iteration the best split is added to the current
candidate. If thechangein description lengthisnegativethe
routine terminates. Otherwise, it recomputes the gain only
for the relevant thresholds (according to Proposition 4.2)
and reiterates.



4.2 DISCRETIZING SEVERAL VARIABLES

We now turn to the more general problem where there are
severa continuous variables in U. Computationally, this
seems to be a hard problem. We need to search over al
possible discretizations for all variables in Ugyy. How-
ever, we can take advantage of the structure of G and the
independencesit encodesto find non-interacting discretiza-
tions. Roughly speaking, X and Y are non-interacting if
we can discretize each one of them separately. Let A be
some discretization policy, let X C Ucon, and let Ay to
be a discretization policy over X. We define A[Ay] to be
the discretization policy that results by replacing the dis-
cretization of each X € X in A by the discretization of X
in Ax.

Definition 4.3: Let X,Y be two digoint subsets of Ucon.
X and Y are non-interacting (with respect to a DAG G)
if for al set of instances D, discretization policies A
and discretization policies Ay and Ay for X and Y, we
havethat DL*(G, A[Ay, Ay], D) = DL*(G, A[Ax], D)+
DL*(G,A[Ay], D) — DL*(G, A, D). 1

Thus, X and Y are non-interacting if the difference in the
total scorewhen we changethe discretization of both X and
Y isthe sum of differences in the score when we change
each oneindividually. In particular, thisimpliesthat we can
optimize the discretization for X and for Y independently
of each other. On the other hand, when X and Y are
interacting, it might be the case that after discretizing one
set, we might have to reconsider the discretization of the
other set.

We can read many non-interaction relationships from the
structure of G. The moral-graph of G = (U, E) is an
undirected graph M (G), such that X is adjacent to Y in
M (G) if one of the following cases hold: (X,Y) € E,
(Y, X) € E,orthereissome Z suchthat (X, Z),(Y, Z) €
E. Itis easy to verify that the Markov blanket of X is
exactly the set of adjacent nodes of X in M (G'). Sincethe
discretization of X dependsonly onits Markov blanket we
can show:

Theorem 4.4: Let X, Y betwo digoint subsets of Ugon. If
X is not adjacent to Y in M(G) then X and Y are non-
interacting with respect to G.

Example4.5: LetU = {4;,..., A,, C}, where the vari-
ables A,, ..., A, aretheattributesand C' isthe class vari-
able. A naive Bayes model is Bayesian network with the
following structure: Tl = 0, i.e,, the class variable is the
root; and T4, = {C} foradl 1 < i < n, i.e, the only
parent for each attribute is the class variable. Then, each
attribute’ s Markov blanket consists only of the class vari-
able, and the attributes are non-interacting. Conseguently
we can discretize each oneinisolation, using thetechniques
introduced in the previous section, taking into account only
the classvariable. I

From now on we assume that if X and Y are adjacent
in M(G), then they actually interact. We say that a set
X C Ucont is an interacting component (of ), if for all
Y C X,Y and X — Y areinteracting. Intuitively, an inter-
acting component cannot be subdivided into non-interacting
subsets. Finding the interacting components in G can be
done very efficiently (formally thisis equivalent to finding
connected components in a graph).

Our definition of non-interaction guarantees that we can
discretize the variables in each interacting component in-
dependently of the discretization of other interacting com-
ponents. If all interacting components are singletons, then
the problem reduces to discretizing single variables as dis-
cussed in the previous section.

The question is how deal with non-trivial interacting com-
ponents. Suppose X and Y interact. Then, changing the
discretization of X changes the local environment of Y.
This might lead us to reconsider the discretization of Y.
After doing so, we might need to reconsider the discretiza-
tion of X, and so forth. There are two main approaches to
deal with this problem. The first is to search the space of
possible discretizationsof al thevariablesin theinteracting
component at once. Thisapproach ensuresthat we consider
all theinteractionsin the component whilewe discretize the
variables in it. The problem is that for large components
this procedure is impractical.

The second approach is to discretize one variable at a
time, treating all other variables as being discrete and fixed.
Roughly speaking this procedure goes at follows: we find
some initial discretization for each variable. Then at each
step we select a variable X; and search for a discretization
of X; whiletreating all other variablesas discrete(i.e., their
discretization policy is held fixed). This can be done using
the method described in the previous section. We repeat
this step until we cannot improve the discretization of any
of the variables in the component. It is easy to see that this
approach must converge. At each step we are improving
the overall score of the current discretization policy. And,
since the score function is bounded from below, we must
stop at some stage. We remark that this procedure is essen-
tially a hill-climbing procedure and only guaranteesto find
alocal minima of the score and not necessarily the optimal
discretization. A remaining question is the order in which
variables are discretized. In our experiments we used the
algorithm outlined in Figure 1, which seemed to perform
reasonably well. This algorithm has the desirable prop-
erty that between any two discretization passes on X;, the
discretizations of all the variablesin X;’'s Markov blanket
are reconsidered. This guarantees that we do not discretize
X; before we propagate the changes made in the previous
discretization of X; to all of its neighbors.

This procedure has to be initialized with some discretiza-
tion. Inour current implementation, we usetheleast square
guantization [5] method. This method attempts to find
the best k-partitioning of arandom variable, essentially by



Input: Aninitial discretization A of U.

Output: A (locally) optimal discretization of U.
Push all continuous variables onto a queue Q.
While @ is not empty

Remove the first element X from Q.

Compute X'y, anew discretization of X.

If DL*(G, A[\%], D) < DL*(G, A, D) then
Replace Ax by Xy inA.

For al Y interactingwith X, if Y ¢ @, push Y onto Q.

return A.

Figure 1: Algorithmfor discretizing several variablesin an
iterative fashion.

matching & Gaussians to the distribution of the values. In
our experiments we initialized the discretization with the
minimum between k = log N; and an upper bound of 5.
This choice, however, however is quite arbitrary. We sus-
pect that the finding a good initial discretization can greatly
improve the quality of the discretization found. We are
currently exploring thisissue in more detail.

4.3 LEARNING THE NETWORK STRUCTURE

In many situations we need to learn the structure of the
network GG. This is once more an optimization problem;
we want to find a network structure G and a discretization
policy A to maximize DL*(G, A, D).

There are two possible ways of going about this. The first
is very similar to current approaches to learning Bayesian
networks. In this approach we search over the space of
possible candidates for G. To evauate each candidate, we
search for adiscretization A that maximizesthe score given
that candidate. This search procedure is computationally
costly, even though we can use the local properties of the
discretization to avoid rediscretizing all the variables in
each candidate network.

The second approach aternates between learning the dis-
cretization policy and learning the network structure in an
iterative fashion. The idea is as follows. we start with
some discretization, and learn a network structure given
this (fixed) discretization. Then, we rediscretize based on
the learned network. This cycle is repeated until no im-
provement is made. Again, since the procedure improves
the score on each iteration, it is easy to see that this pro-
cedure must terminate. (In our experiments this process
almost always terminated in less than 3 iterations.) This
procedure, however, only guarantees to find a alocal min-
ima, which is not necessarily an optimal solution. Aswe
will show below, the choice of the initial discretization can
affect the outcome of the procedure. We are currently ex-
ploring these issues in more detail.

Table 1: Experimental results comparing naive Bayes mod-
elsto the method of Fayyad and Irani.

Dataset Prediction Accuracy
naive Fl-naive

australian 86.38+-1.38 86.23+-1.10
breast 97.36+-0.55 97.36+-0.55
cleve 82.76+-1.66 82.76+-1.27
crx 86.84+-1.10 86.22+-1.14
diabetes 74.48+-0.76  74.48+-0.89
glass 62.64+-1.86 67.78+-2.17
glass2 76.10+-1.68 79.77+-1.50
iris 94.00+-1.25 94.00+-1.25
lymphography | 81.72+-2.62 81.72+-2.62
pima 75.65+-1.23 75.51+-1.63
shuttle-small 98.50+-0.28 98.76+-0.25
vehicle 58.75+-1.43 58.99+-1.57
waveform-21 78.17+-0.60 78.68+-0.60

5 PRELIMINARY EXPERIMENTAL
RESULTS

This section describes preliminary experiments designed to
test the soundness of the method proposed. The experi-
ments were run on 13 datasets from the Irvine repository
[15]. We estimated the accuracy of the learned classifiers
using 5-fold cross-validation, except for the “ shuttle-small”
and “waveform-21" datasets where we used the hold-out
method. We report the mean of the prediction accuracies
over al cross-validation folds. We also report the standard
deviation of the accuracies found in each fold. These com-
putationswere doneusingthe MLC++ library. (See[8, 13]
for more details.)

Our first experiment is concerned with an application to
supervised learning and a comparison to the discretization
method of Fayyad and Irani [7] (FI from now on). This
method is considered state of the art in supervised learning
[6]. Intheir approach, FI attempt to maximize the mutual-
information between each variable and the class variable.
Although their method was not developed in the context
of Bayesian networks, it is applicable for one particular
network structure, namely that of a naive Bayes classifier.
As Example 4.5 shows, in the naive Bayes classifier, the
Markov blanket of each attribute consists of the class node
only. Inthisnetwork, our approach will also discretize each
variable to maximize the mutual information with the class
variable. Therefore, in this case, under this particular fixed
structure for the network, it is reasonable to compare our
method to theirs.

Table 1 showsthe results of thiscomparison: naivedenotes
a naive Bayes classifier that was learned from the original
data discretized with our approach; in Fl-naive the data set
was prediscretized by the method of FI using only thetrain-
ing data, inthe manner described in[6], then, anaive Bayes
classifier was learned over the discretized data. As these



Table 2: Experimental results comparing unsupervised
learning of network structure.

Dataset Prediction Accuracy
unsup(LS)  unsup(naive) Fl-unsup

australian 86.52+-1.42 86.81+-0.62 86.09+-1.58
breast 97.51+-0.50 96.78+-0.68 96.92+-0.49
cleve 82.44+-1.65 82.08+-1.51 80.73+-1.31
Crx 86.84+-1.42 85.91+-0.92 84.38+-0.90
diabetes 74.74+-0.60 76.30+-0.41 75.91+-0.29
glass 52.41+-511 60.80+-5.51 55.57+-5.39
glass2 70.55+-3.28  75.49+-3.13 75.49+-2.47
iris 94.67+-1.33  94.00+-1.25 94.00+-1.25
lymphography | 77.70+-2.74  77.72+-1.65 75.01+-2.69
pima 76.30+-1.17 75.39+-1.59 74.74+-1.24
shuttle-small 99.17+-0.21 96.07+-0.44 99.17+-0.21
vehicle 58.75+-1.56  63.60+-2.24 60.99+-1.94
waveform-21 75.47+-0.63 68.45+-0.68 69.85+-0.67

results show, FI’smethod performed slightly better—which
isnot surprising given the that it was specially designed for
classification problems. Yet, our method iscomparable and
the discretizations found often coincided.

In thefirst experiment we used afixed network structure. In
the second, we learn both the discretization and the struc-
ture of the network to examine the effects of the interac-
tion. We learned structure by searching in agreedy fashion
over the space Bayesian networks. This procedure is un-
supervised, it does not distinguish the class variable from
other variablesin the domain.* Table 2 contains the results
of this experiment: unsup(LS) denotes the unsupervised
learning method described in Section 4.3, where the initial
discretization was performed by least square quantization
as described in Section 4.2; unsup(naive) denotes an unsu-
pervised learning method where the initial discretization is
the one found by the naive procedure above; in Fl-unsup
the unsupervised learning was performed on training data
prediscretized using FI's method. These results are incon-
clusive. We might have expected that unsup(naive) would
be better sinceit isbiased toward better classification. Yet,
somewhat surprisingly thereisno clear dominance between
unsup(L S) and unsup(naive). It is evident, though, that
FI’smethod, which isinformed about the classification task,
is not the optimal discretization for the networks learned.
Thisisdueto the fact that it does not take into account the
interactions between the other variablesin the discretization
process.

Finally in order to compare the discretization policies com-
puted in each of these experiments, we used the discretiza-
tions learned by naive, unsup(L S), unsup(naive) and FI's
method asa prediscretized input for the C4.5 classifier [18].

“We note that unsupervised Bayesian network classifiers are
often better than the naive Bayes classifier. However, in datasets
with multipleattributestheir performance can be poor. We explain
this phenomenais detail in [8].

Table 3 liststhe prediction accuracies aswell as C4.5's per-
formance when given the data without prediscretization.
As these results show that our procedures, even the unsu-
pervised ones, are comparative with FI's method and with
CA.5'sinterna discretization.

We emphasize that these results compare a supervised ap-
proach, i.e., one that is informed about the goal of the
discretization process, with an unsupervised approach that
does not give the class variable any special status. Yet, the
results show that our unsupervised method is competitive
with a state-of-the-art supervised method. The task we ex-
amined here is a very narrow one. It measures in a very
limited fashion the quality of the learned model. We are
currently devising experimental setup to compare our ap-
proach with parametric method for dealing with continuous
variables.

6 DISCUSSION

Thispaper presentsaninnovative approachto thediscretiza-
tion of continuous variable in supervised and unsupervised
learning based on the MDL principle. Discretization is
handled as an integral part of the learning of a Bayesian
network. This hasanumber of advantages. Thefirst isthat
the discretization of each variable introduces just enough
intervalsto capture the interactions with adjacent variables
in the network. The second is that non-interacting vari-
ables can be discretized in isolation. We have validated
our approach against a state-of-the-art discretization proce-
durein the context of supervised learning, and are currently
performing experimentsto validate the approachin applica-
tionsinvolving unsupervised learning. One problem weare
facing isthat since thisisthe the first approach to discretiz-
ing while learning Bayesian networks, we lack a method-
ological reference and established validation standards. We
are currently in the process of defining these.

In addition, thisresearch opened anumber of issuesthat we
are currently investigating. The first one is understanding
how our iterative procedures depend on the initial con-
ditions and what are good choices for these initial con-
ditions. The second one is how to scale up the process
for large databases. Currently our discretization procedure
tests each mid-point among the continuous values. When
the data contains a large number of values for a continuous
variable this procedure becomes extremely expensive. We
are considering several approaches including subsampling
techniques and simple quantization methods for finding a
reasonably sized candidate pool for threshold values.

Finally, an open question is the development of a similar
scoring metric for discretization based on Bayesian con-
cepts as opposed to the MDL principle. A natural path
would be to augment the Bayesian scoring metric intro-
duced in [11, 10]. The main obstacle is to specify in a
compact way a prior for the parameters O, for each possi-
ble discretization of the data. Thisisanon trivial problem,



Table 3: Using learned discretizations for C4.5.

Dataset Prediction Accuracy
naive unsup(LS) unsup(naive) Fl C45
australian 85.94+-1.66 68.70+-17.21 85.65+-1.51 85.65+-1.82 85.36+-0.74
breast 95.17+-0.59  95.02+-0.59 95.02+-0.43 94.73+-0.59  95.32+-0.44
cleve 72.97+-0.54 78.71+-0.46 77.36+-1.19 73.31+-0.63  74.29+-2.75
Crx 85.91+-0.94 85.00+-1.08 86.22+-1.36 86.22+-0.58 84.53+-0.93
diabetes 75.00+-1.36  73.18+-1.27  75.13+-1.17 76.04+-0.85 70.84+-1.67
glass 66.36+-1.56 65.45+-3.94  69.19+-2.62 69.62+-1.95 67.75+-2.50
glass2 75.44+-1.10 74.26+-4.24  74.28+-3.60 76.67+-1.63 73.60+-4.06
iris 94.00+-1.25 95.33+-0.82 94.00+-1.25 94.00+-1.25 94.67+-1.33
lymphography | 77.03+-1.21 77.70+-0.82 74.97+-1.84 77.03+-1.21 77.01+-0.77
pima 75.65+-1.29 74.99+-1.14 75.39+-1.12 75.13+-1.52 72.65+-1.78
shuttle-small 99.22+-0.20 99.38+-0.18 99.33+-0.19 99.17+-0.21 99.53+-0.15
vehicle 69.16+-2.30 66.31+-1.57 70.80+-1.02 69.74+-1.52 69.86+-1.84
waveform-21 | 72.47+-0.65 69.98+-0.67 72.64+-0.65 74.70+-0.63  70.36+-0.67
for which the methods of [10] do not immediately apply. [10] D. Heckerman, D. Geiger, and D. M. Chickering.
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