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Abstract

In the contt of learning Bayesiannetworks
from data,very little work hasbeenpublishedon
methodsfor assessinghe quality of aninduced
model. Thisissue however, hasreceved a great
dealof attentionin the statisticditerature.In this
paperwe takea well-known methodfrom statis-
tics, Efron’s Bootstrap,andexamineits applica-
bility for assessing confidenceneasuren fea-
turesof the learnednetwork structure. We also
comparethis methodto assessmentsasedon a
practicalrealizationof the Bayesianmethodol-

ogy.

1 Intr oduction

In the last decadetherehasbeena greatdeal of research
focusedon the issueof learningBayesiannetworksfrom
data.With few exceptionstheseresultshave concentrated
on issuesof computationallyefficient induction methods
and, more recently on the issueof hiddenvariablesand
missingdata. Very little work (but seebelow) hasbeen
publishedon methodsor on a methodologyfor assessing
thequality of aninducedmodel.

In this paper we areinterestedn thefollowing questions:
With what confidencecan we establishthat a given fea-
ture of the inducednetworkis part of the goldenmodel
thatgeneratedhe data(if suchmodelexists)? Is the exis-
tenceof adirectedarcin ourinducedmodelthe productof
chance/noisegr is it a statisticallyvalid conclusionfrom
thedata?

Therehave beenfew attemptgo answersuchquestionsn
theliterature: Cowell et al. [4] presenta methodbasedn
thelog-lossscoringfunctionto monitoreachvariablein a
given network. Thesemonitorscheckthe deviation of the
predictionsby thesevariablesfrom the obsenrationsin the
data. Heckermaret al. [7] presentan approachpasedon
Bayesiarconsiderationdp establistthebeliefthatacausal
edgeis partof theunderlyinggeneratingnodel.

The problemwe studyin this papey is similar in spirit to
theoneinvestigatedy Heckermaretal. Weareconcerned
with beingableto assess confidenceaneasurdo featues
of aninducednetworkstructure.To this end,we examine
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an approachbasedon the Bootstrapmethodof Efron [5].
The Bootstrapis a computetbasedmethodfor assigning
measuresf accurayg to statisticsestimatesindperforming
statisticalinference. Although the Bootstrapis conceptu-
ally easyto implementandapply, thereareissuesaboutthe
convergenceof the (confidencelkestimatescomputedwith
it in the the domainof Bayesiannetworks. Corvergence
requirefirst asymptoticconsisteng of the (Bayesiannet-
work) inductionalgorithm,andseconda continuity condi-
tion on the featurebeing examined. This paperprovides
empirical evidencethat, in practice,high confidenceesti-
mateson structurafeaturesareindicative of the existence
of thesefeaturesn the generatingnodel.

Theremary possiblefeatureswe might examinesuchas
whetherthereis an edgefrom X to Y, or whetherX is
in Y's Markov blanket. In general,however, we mustbe
careful aboutthe featureswe select, since obserational
dataalonecannotistinguishbetweerequivalennetworks,
namely networksencodingthe sameindependencstate-
ments.In particular we arebetteroff if we limit ouratten-
tion to distinguishingfeaturesamongstequivalentclasses
of networksthanto featuresof the particularinducednet-
work (which canbe an arbitrary choicefrom the equiva-
lenceclass).

Thefeaturesve examinein this paperareedgesn the par-
tially directedgraph(PDAG) thatdescribesheequivalence
classof the learnednetwork. Theseedgescan be either
directed,denotingthat the edgedirection is the samein
all equialentnetworksor undirecteddenotingthateither
directionis possiblein someequivalentnetwork. Results
of [2, 8] describethe relationshipbetweensuch PDAGs
andequialenceclasseof Bayesiametworks.In particu-
lar, every equivalenceclasscanberepresentedly a unique
PDAG.

Therestof thepaperis organizedasfollows: In Section2,
we briefly review the definition of Bayesiametworksand
the methodsfor learningthem. In Section3, we suggest
two methods,basedon the Bootstrap,for assessingur
confidencean a partially directededgesn a Bayesiamet-
work. In Section4 we suggest variantof the methodof
Heckermaret al. for Bayesianestimationof our beliefs
aboutsuchedges.In Section5, we presentresultson ex-
perimentswith thethreemethodsandcompareheirbeha-
ior. In this section,we alsosuggestereral waysof visu-



alizing our confidenceestimation Finally, futurework and
thefurtherapplicationof thesetechniquesrediscussedn
Section6.

2 Learning BayesianNetworks

Considera finite setX = {X;,..., X,,} of discreteran-
domvariablesvhereeachvariable X; maytakeonvalues
from afinite set. We usecapitalletters,suchas X, Y, 7,

for variablenamesand lowercasdettersz, y, z to denote
specificvaluestakenby thosevariables. Setsof variables
aredenotedy boldfacecapitallettersX, Y, Z, andassign-
mentsof valuesto thevariablesn thesesetsaredenotedy

boldfacelowercasdettersx, y, z

A Bayesiametworkis anannotatedlirectedagyclic graph
thatencodes joint probabilitydistribution of a setof ran-
domvariablesX. Formally, a Bayesiametworkfor X is a
pair B = (G, ©). ThefirstcomponentnamelyG, is a di-

rectedagyclic graphwhoseverticescorrespondo theran-
domvariablesXy, ..., X,, andwhoseedgesepresentli-

rectdependenciesetweerthe variables.The graphG en-
codesthe following setof independencstatementseach
variableX; is independentf its non-descendantgvenits

parentsn G. Theseconccomponenbf thepair, namely©,

representthesetof parameterthatquantifieghe network.
It containsa parameter,, pa-;) = Pp(z: | pa(z;)) for

eachpossiblevaluex; of X;, andpa(z;) of pa(X;), where
pa(X;) denoteghe setof parentsof X; in G. A Bayesian
network B definesa uniquejoint probability distribution

over X givenby:

Pp(X1,...,Xn) = HPB(XZ» | pa(X;)).

The problem of learning a Bayesiannetwork structure
can be statedas follows. Given a training set D =
{x[1], ..., x[N]} of instanceof X, find a network B that
bestmathes D. The commonapproachto this problem
is to introducea scoringfunction (or a scoe) that evalu-
atesthe “fitness” of networkswith respecto the training
data,andthento searchfor the bestnetwork (according
to this score). In this paperwe usethe scoreproposedn
[6] whichis basedon Bayesianconsiderationsandwhich
scoresa networkstructureaccordingto the posteriorprob-
ability of the graphstructuregiventhetraining data(up to
aconstant) Wewill takeadwantageof thisfactin Sectior4
for computinga Bayesianestimationof the belief of the
existenceof anedgein amodel.

Findingthe structurethatmaximizeghescoreis usuallyan
intractableproblem[3]. Thus,we needto resortto heuris-
tic searclto find ahigh-scoringstructure Standargropos-
alsfor suchsearchncludegreedyhill-climbing, stochastic
hill-climbing, andsimulatedannealingseeg[6]. In this pa-
perwe will focuson a greedyhill-climbing strateyy.

In our experimentswe will not assesslirectly the confi-
denceontheexistenceof anarcin theinducednetwork,but
rather on the existenceof anarcin the equivalentclassof
networks. As discussedn the introduction two Bayesian
networkstructures5 andG’ areequivalentif they imply

exactly the samesetof independencstatementsThe re-
sultsin [2, 8] establisithattwo equivalentnetworksstruc-
turesmustagreeon theconnectiity betweenvariablesput
might disagreeon the directionof the arcs. Theseresults
alsoshav thateachequialentclassof networkstructures
canberepresentetby a partially directedgraph (PDAG),
whereadirectedX — Y denoteghatall membersof the
equivalenceclasscontainthearc X — Y'; and,anundi-
rectededgeX—Y denoteshatsomemember®of theclass
containthearcX — Y, andsomecontainthearcy — X.
The scorein [6] is structureequialentin the sensethat
equialent networksreceve equalscores. In our experi-
mentswe learnnetworkstructuresandthenusethe proce-
duredescribedn [2] to corvertthemto to PDAGs.

3 UsingBootstrap for Confidence
Estimation

Suppose we are given N
obserationsD = {x[1],...,x[N]}, eachanassignment
of valuesto X. Moreover, assumeahat theseassignments
wheresampledndependentlyrom a probabilisticnetwork
B. Let G bethe PDAG graphcorrespondingo B andlet
E bethesetof edgesn G. (Notethatedgescanbeeither
directededgesX — Y or undirectededgesX—Y'.) Let
B(D) betheinducednetworkreturnecby someinduction
algorithminvokedwith dataD asinput, andlet G(D) be
the correspondind®DAG structure. For ary edgee con-
siderthefollowing quantity

pn(e) =Pr{e € G(D) [ |D| = N}.
This is the probability of inducinga networkthat contains
e amongall possibledatasetsf size N thatcanbesampled
from B.! If ourinductionprocedurds consistentthenwe
expectthatas N grows larger, py(e) will converge to 1
if e € G,andto 0 if e ¢ G. The quantitypy(e) is a
naturalmeasureof the power of ary inductionalgorithm.
Our goalis to find estimatef py (¢) givenonly a single
setof obserations D of size N. This would mimic the
usualinduction situationwhenwe wantto learna model
from data.
We describetwo possiblealgorithms: the non-parametric
bootstrapand the parametricbootstrap. Application of
the non-parametrichootstrapbegins by re-sampling N
times, with replacementfrom the datasetD. This re-
sultsin a sequenceof instanceswhich we label D} =
{x3[1],...,x7[N]}. We then repeatthis procedurem
times,labelingthe i*” replicateD; . For eachreplicatewe
inducea PDAG G/(Dj). Wethendefine

1 m
=— € G(D})}
m e
The parametrichootstrapis a similar process. Insteadof
re-samplingthe datawith replacemenfrom the training
LOf course,thereare nontrivial relationshipsbetweencon-

fidenceestimatesfor different edges. For examplepy (X —
Y)+pn(Y = X)+pn(X—Y) <1



data,we samplenew datasetdrom the inducednetwork
B(D). We definepy” (¢) asabove with respecto the m
induceddatasets. The parametricbootstrapestimatesof
pn (e) will corvege under more generalconditionsthan
the non-parametribootstrapprovided, of coursethatthe
parameterizationonvergesto thetrueunderlyingmodelat
leastasymptotically On the otherhand,if this last con-
dition is not satisfiedthen no consisteng claim can be
made. The non-parametribootstrapestimatesequireno
suchmodelconsisteng

The consisteng of the non-parametribootstraphowever,
requiresuniform corvergencein distribution of the boot-
strapstatisticaswell asa continuity condition (in the pa-
rameters). Cornvergenceof the parametricbootstrapwill
hinge on a continuity condition,and mostimportantlyon
theasymptoticconsisteng of theinductionalgorithm.Un-
dertheseconditions,we claim thatasm andn tendto oo
then|pn(e) — px"(e)] tendsto 0 for all edgese. We are
currentlyworkingonproviding athoroughtheoreticabnal-
ysisof theseconditionsin the context of Bayesiametwork
induction. One of the purposef the preliminaryexperi-
mentsin the sectionbelow is to provide empiricalsupport
for thisclaim.

4 BayesianConfidenceEstimation

TheBayesiarperspectie on confidenceestimationis quite
different than the “frequentist” measureswe discussed
above. A Bayesianwould compute(or estimate}he poste-
rior probability of eachfeature.Via reasonindy caseghis
is simply:

Pr(e | D) =Y Pr(G | D)l{e € G}. (1)
G

ThetermPr(G | D) is theposteriorof astructuregiventhe

trainingdata,andfor certainclasse®f priors,canbe com-

putedup to a multiplicative constan{wherethe constants

thesamefor all graphsy) [6].

A seriousobstaclen computingthis posterioris thatit re-

guiressummingover alarge (potentiallyexponential)num-

ber of equivalenceclasses.Heckermaret al. [7] suggest
to approximate1) by finding asetg of high scoringstruc-

tures,andthenestimatingherelative masf thestructures
in G thatcontainse.

Ve PG| D)l{e € G)
Prie | D)~ S PG D)

This raisesthe questionof haw we construct;. Onesim-
ple approacHor finding sucha setis to recordall thestruc-
turesexaminedduringthe searchandreturnthehigh scor
ing ones. The setof structuredound in this way is quite
sensitie to the searchprocedurewe use. For example, if
we usegreedyhill-climbing, thenthe setof structureswe
will collectwill all bequitesimilar. Sucharestrictedsetof
candidateslsoshov upwhenwe considemultiplerestarts
of greedyhill-climbing andbeam-searchThisis a serious
problemsincewe runtherisk of gettingestimate®f confi-
dencethatarebasecdn abiasedsampleof structures.

Edges All ee G ee G

edges pn(e) > 0.75

Method u o’ u o’ 7 o’
1K P G| .062 .007| .067 .008]| .051 .009
1IK N G| .076 .005| .064 .004 | .052 .004
1K P B | .069 .007| .067 .007| .046 .007
1K N B | .093 .006| .091 .006| .068 .006
10K P G| .042 .004| .036 .003| .021 .001
10K N G| .070 .006| .062 .006 | .048 .005
10K P B | .075 .008| .073 .007 | .047 .004
10K N B | .084 .005| .081 .005| .065 .003

Tablel: Expectediifferencepy (¢) — pi (¢)| andvariance
of thesadifferencedor thevariousexperimentonducted.
Experimentsare designatedby P or N for parametricor
non-parametridootstrap,and by G or B for greedyhill
climbing or beamsearchrespectiely.

Oneway of avoiding this problemis to run a fairly exten-

sive MCMC simulationof the posteriorof G. Thenwe

might expectto get a more representatie group of struc-
tures. This, procedurehowever, canbe quite expensve in

termsof computationtime. The bootstrapapproachsug-
gestsa relatively cheapalternatve—wecanusethe struc-
turesG(D?), ..., G(Dz,) from the non-parametridoot-

strapasour representate setof structuresn the Bayesian
approximation.In this proposale usethe re-samplingn

the Bootstrapprocesseasway of wideningthe setcandi-
dateswe examine. The confidenceestimateis now quite
similar to the non-parametridootstrapof Section3, ex-

ceptthatstructuredn the bootstrapsamplesareweighted
in proportionto their posteriomprobability.

5 Experimental Results

We usedthe “alarm” network[1] which has 37 random
variablesand46 edgegonly 4 of whicharenotcompelled)
asthe datageneratingdistribution B. We performedex-
perimentsvith N (thenumberof instancesn our dataset)
being1, 000 and10, 000. We choosel, 000, sinceit is too
smallto recover the true network, but large enoughto re-
cover someof the more pronouncedelations. Thus, we
can examine how well the confidenceestimatesseparate
the partsof the networkthat are accuratefrom thosethat
arenot. On the otherhand, 10, 000 is usually enoughto
recoser a good approximationto the generatingnetwork.
In this casewe expectto be moreconfidentaboutthetrue
structure.

We usedwo searctprocedurem ourtests.Thefirst search
procedureis greedy hill-climbing with randomrestarts.
This procedureattemptsto apply the bestscoringchange
to the currentnetworkuntil no further improvementcan
be made. Oncethe hill-climbing procedurewas stuck at
a local maxima,it applied20 randomarc changeqaddi-
tion/deletionfeversal)and restartedthe search. The pro-
cedurewas terminatedafter a fixed numberof restarts.
The secondsearchprocedureis beamsearch. This pro-
cedurekeepsa queueof k£ candidategin our experiments
we choosek = 90). At eachiterationthe procedurese-
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Figurel: Scattemplotscomparingthe confidencaeportedby the bootstrapagainsthe confidencdrom the goldenmodel.
The z-axis is the bootstrapconfidence and the y-axis is the estimateof the golden model confidence. Eachedgeis
representetdly a markwith theappropriater andy coordinatesEdgesthatappeain thegenerating®DAG aremarkedas

abox,while otheredgesaremarkedasa plussign.

lectsthe bestcandidateon thequeue generatall it neigh-
bors,andinsertsonesthat were not expandedbeforeinto
the queue(keepingthe bestk amongthesenewn candidates
andthe previous oneson the queue). The procedurewas
terminatedafter 300 iterationswithout improvement. The
main differencebetweentheseproceduresesideshenon
the stratgjiesusedto escapdocal minima.

To estimatepy (e) we sampled200 datasetsof size N
from the “alarm” network,induced200 networksB’, and
computedpy (€) = 5o5 > i0q 1{e € G1}. (Thechoiceof
m = 200 is basedon the recommendations [5].) We
generateckstimate®f py (e) for thetwo valuesof N and
for thetwo searchprocedures.

We then comparedthe bootstrapestimateswith (our ap-
proximationof) py(e). We generatedlO datasetsfrom
“alarm”, and appliedboth parametricand non-parametric
bootstrapproceduredo eachdatasetseparately(for each
searchprocedures). Eachof thesebootstrapprocedures
generate@00networks from which we computedour es-
timatep}, (e). Figurel shows plotscomparingpy, (e) (av-
eragedverthelOrepetitionspy (¢). Thecloserthepoints
to the diagonalline the smallerthe differencebetweerthe
estimates. As we can see, edgeswith high confidence
(above 0.75) have agenerakendeny to clusteraroundthe
diagonalline. Thereis biggerdispersionin the region be-
tween0.2 and0.6. Also, the estimate®f p},; (e) appeairto
be slightly pessimisticwhen N = 10%. In general,and
speciallyfor the caseof N = 10k, if pi(e) > 0.75 then
pn(e) > 0.75 whichis reassuring.

To quantitatvely summarizethe errorsin estimationand
thevarianceamongdifferentbootstrapruns,we computed
the expecteddifferencelpn (¢) — pjy(¢)| andthe variance
of this differenceacrosdifferenttraining datasets.We re-
port thesecomputationdn Table 1 for several cases:All
edgesall edgesn G (thegeneratingnodel),andedgesn
G with py (e) > 0.75. Theexpectationis weightedby the
actualconfidencewve needto assignto edges(i.e., p, (¢)),
sinceerrorsin estimatinghe confidencenf low-confidence
edgesis lessimportant. We computethis weightedaver-
Do Ipw(ei)=piv(ei) xpn (e

ageaccordingto &= =
_, pn(ei)

), wherev is

the numberof edgesconsidé?edn the computation.Note
thatfor edgeswith p*(e) > 0.75, the differenceis aslow
as0.021 in the parametriccasewith N = 10k. Moreover,
Figurel indicateshatmostof the p*(¢) > 0.75 estimates
when N = 10k are“pessimistic, guaranteeing better
confidencep(e) in thegeneratingnodel. As canbeseenn
Figure2 evenin thenon-parametricase(wherethediffer-
encels 0.047, all edgesn this class(bold lines)alsoappear
in thegeneratingnodel.

Motivatedby theseobsenations,we decidedo investigate
whetherwe can usethe estimateof confidenceto decide
whetheranedgebelonggo the generatingnodelor not. A
simpledecisionprocedures to rely on athresholdvalueof
the confidence.Thatis, we classifyanedgee as“true” if
P (e) > t for somethresholdvalue.We canthenexamine
the numberof falsepositives(i.e., pi (¢) > t bute ¢ G)
andfalsenegatives(i.e., py(¢) < t bute € G) for dif-



Threshold 0.60 0.75 0.90
Method fp fn fp fn fp fn
IK P G| 11.0 195| 75 235 40 276
1K P B 88 145 59 188| 35 259
1K N G| 88 199| 34 251 15 329
1K N B 84 198| 37 247| 11 33.0
1K B G |221 19.7| 219 19.7| 219 197
1K B B | 13.3 123|131 125]| 12.8 1238
1K B* G| 7.8 224| 31 269| 14 340
1K B* B 81 198| 36 248| 11 33.0
1K G G |19.0 26.0| 11.0 26.0| 6.0 29.0
1K G B 9.0 18.0| 6.0 220| 5.0 26.0
10K P G| 93 170| 79 212| 61 245
10K P B 87 141 74 180| 65 21.1
10K N G| 7.7 166| 49 203| 3.1 270
10K N B 6.4 144| 42 193| 22 273
10K B G| 224 169|224 169|221 16.9
10K B B | 13.0 105| 13.0 10.5| 12.7 10.7
10K B* G| 72 16.7| 4.7 204\ 27 277
10K B* B 51 176| 3.0 215| 2.0 29.0
10K G G| 50 150| 50 20.0| 50 230
10K G B| 40 70| 40 150| 40 230

Table2: An analysisof the averagenumberof misclas-
sificationsasa function of the thresholdvalue. Reported
numbersare“fp” for falsepositive,and“fn” for falsenega-
tive. Methodsaredescribedy: numberof instances;1K”
for N = 1000 and“10K” for N = 10000; type of estima-
tion, “P” for parametric,'N” for non-parametric;B” for
Bayesian,'B*” for Bayesianweightingof non-parametric
bootstrap,and“G” for the estimateof the “golden” con-
fidencepy (e); and searchmethod,“G” for greedyhill-
climbing,and“B” for beamsearch.

ferentbootstrapruns. Table2 reportsthe numberof false
positivesandneggatveswhenwe classifybasedn the esti-
mates. Thesenumbersare averagedover the 10 bootstrap
runs. The table containsthe classificationerrorsfor both
thefrequentisestimategndthetwo Bayesiamrmethodswve
describedhbore. The Bayesianmethodddiffer on the net-
works consideredn their respectie computation:the first
collectsnetworksduringthe searchandthe otherrelieson
thenon-parametribootstragfor the networks.

Thereare several thingsto note. First, theseresultsindi-
catethatsomeof the misclassificatioraredueto problems
with the learningproceduregi.e., eitherthe scoringmet-
ric andprior we usedor the searclproceduresredirectly
responsible). To seethis, note that the classificationer
rorsbasedon py (¢), the estimatebasedon the generating
model,involve atleast4 falsepositivesat all thresholdev-
elsandbothtraining setsizes.This meanghatsuchedges
appearedn mostof the networkslearnedfrom samplesf
the domain.We stresghatmissinga singleedgein thein-
duction can causethis phenomenasinceit cancausethe
arc directionof otheredgesnot to be compelled. We are
currentlyinvestigatingthe sourceof this error Thesere-
sultsalsoindicatethatbeamsearchusuallyperformsbetter
thangreedyhill-climbing.
Secondtheseresultsdemonstratéhe Bayesianapproach
that collects networksduring the searchis not sensitie
to the thresholdvalue usedin the classificationprocess.

A closerinspectionof the estimategjeneratedy this ap-
proachshavedthatit assignextremevalueseitherclose
to 1 or closeto 0 to the edgesaspredictedby our discus-
sionabove.

Third, by having more data, we usually reducethe num-
ber of errors. However, for a fixed thresholdvalue the
numberof falsepositiveincreasesn several casesThisis
mainly dueto thefactthatwith tentimesmoredata,we are
more confidencein edgesthat appearin all the networks.
Although, the increasechumberof false positives seems
counterintuitve, we notethat the relatve numberof mis-
classifiededgesamongthe edgeswith confidencehigher
thanathresholds smallerin mostof thesecases.
Theseesultsindicatethatthereis nontrivial correlationbe-
tweenhigh confidencan an edge,say above 0.75, andit
beingin the generatingmodel. However, we must cau-
tion that countingedgescan be misleading,sincewe are
ignoringthe strengthof the dependencbetweervariables
andotherfeaturef thedistributions.We alsosuspecthat
otherfeatures suchasmembershipn the Markov blanket
of avariable,or neighborhoodelationsin thegraph,might
be morereliably predicatecbasedon the bootstrapmeth-
ods.We arecurrentlyinvestigatinghis issue.

6 Discussion

The purposeof this paperwasto examinethe applicabil-
ity of the Bootstrapto estimateconfidencan learnednet-
works. We focusedon the structuralpropertiesof the net-
works, specificallyon the confidenceof eachedgeon the
relatedPDAG. Our preliminaryresultsareencouragingn
that they indicatethat the bootstrapconfidencesare cor
relatedwith estimate®n the generatingnodel. Moreover,
thegreatmajority of edgeghatwerelabeledwith highcon-
fidence(greaterthan0.75)wereindeedpresenin thegen-
eratingnetwork. Our experimentsalso uncoseredimpor-
tant differencedn performanceetweenthe searchmeth-
ods, whenwe examinethe structuralpropertiesof the in-
ducednetworks.Beamsearchwasconsistenthbetterin the
classificatiorexperimentslepictedn Table2. Yet,thecon-
fidenceestimatedor thecaseof N = 10k wheremoreac-
curatewhena greedyhill-climbing stratgyy wasused(Ta-
ble1.

Thereareseveral directionsfor futurework. We areinter-
estedin atheoreticalanalysisof the Bootstrapin the con-
text of Bayesiannetworkinduction. Also, our resultsare
preliminaryand muchmoreexperimentatioris needecn
differentfeaturesof the structureof the network,andon
the searchmethods An importantdirectionis to find prin-
cipled methoddor incorporatingthe cuesprovided by the
Bootstrapconfidencemeasuresnto the searchprocedure.
For example,in someof our examplesedgeghatwerenot
presentin the learnedmodelreceved high confidencen
thebootstrapgest.

Ourfinal goalis twofold: first, to beableto provideguaran-
teesaboutthe propertieof theinducedmodel,andsecond,
to find betterwaysto guide the processof structuredis-
covery. Although currentinduction methodsfor learning
Bayesianmnetworksare reliablefor densityestimation[6],
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Figure 2: PDAG of networkinducedwith greedyhill-climbing annotatedvith confidencemeasuregsomputedoy non-
parametricbootstrap. The draving style of edges(e.qg., bold, plain, and dashed)correspondo the estimatedevel of
confidenceThecolor of edgesdenotesvhetherthey appeain the“generating’network(black) or not (gray).

takenasa whole, the empiricalresultsin this paperindi-
catethat thereis definiteroom for improvementon their
performancdor structureidentification.

Acknowledgements

Someof thiswork wasdonewhile Nir FriedmarandAbra-
hamWyner wereat the University of Californiaat Berke-
ley. Part of the experimentseportedherewererun on the
NOW clusterat UC Berkelg.. We thankthe NOW group
for allowing usto usetheirresources.

References

[1] I. Beinlich, G. Suermondt,R. Chavez, and G. Cooper
The ALARM monitoring system: A casestudy with two
probabilistic inferencetechniquesfor belief networks. In
Proc.2'nd EuropeanConf on Al andMedicine 1989.

[2] D. M. Chickering. A transformationaktharacterizatiorof
equivalentBayesiannetwork structures. In UAI '95, pages

(3]

[4]

5]

(6]

[7]

(8]

87-98.1995.

D. M. Chickering. Learning Bayesiannetworksis NP-
complete. In D. FisherandH.-J.Lenz, eds.,Learningfrom
Data: Artificial Intelligenceand Statisticsv, 1996.

R. G. Cowell, A. P. Dawid, andD. J. Spiggelhalter Sequen-
tial model criticism in probabilistic expert systems. IEEE
Trans. Pattern Analysisand Machine Intelligence 15:209—
219,1993.

B. Efron andR. J. Tibshirani. An Introductionto the Boot-
strap, 1993.

D. HeckermanD. Geiger andD. M. Chickering. Learning
Bayesiametworks: The combinationof knowledgeandsta-
tistical data.Machine Learning 20:197-2431995.

D. HeckermanC. Meek, and G. Cooper A Bayesianap-
proachto causaldiscovery. TechnicalReportMSR-TR-97-
05, Microsoft Research]997.

C. Meek. Causainferenceandcausakxplanatiorwith back-
groundknowledge.In UAI '95, pages403—-4101995.



