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Part IHighlights of the lectures and TA sessions1 Automatons and formal languages1.1 Automatons and regular languages
• A DFA is a tuple 〈Q,Σ, δ, q0, F 〉 where Q are the states, Σ is the alphabet, δ : Q × Σ → Q , q0 is the startstate, and F ⊆ Q is the end state set.
• An NFA is a tuple 〈Q,Σ, δ, Q0, F 〉 where Q are the states, Σ is the alphabet, δ : Q× (Σ∪{ε}) → 2Q , Q0 ⊆ Qis the start state set, and F ⊆ Q is the end state set.
• Any NFA A has an equivalent NFA A′, with no ε steps. (Tirgul, 24.2).
• The class REG is closed under union, intersection, complement, concatenation and star opera-tions.
• Regular expressions: ∅, σ, ε are all valid, basic, regular expressions. In addition, +, ·, ∗ are de�ned recursivelyas regular expressions.
• Theorem: NFA = DFA = REG.� For proving that REG ⊆ NFA, we built automatons for regular expressions.� To prove the other direction (DFA ⊆ REG), we've used a GNFA, which has one single start statewith no incoming edges, one single accept state with no exiting edges, and in between every two states(including a state and itself), there's an edge with a regular expression on it. We turn a DFA to a GNFA,and then reduce its number of states iteratively until we have a GNFA with 2 states, and the desiredregular expression in written on the edge between them. The exact procedure was shown in the Tirgul,10.3.
• Pumping lemma for regular languages:� Let L be a regular language. Thus, there exists p ≥ 1 such that for all w ∈ L, if |w| ≥ p, there exists apartition w = xyz such that:

∗ |xy| ≤ p

∗ |y| > 0

∗ ∀i ≥ 0, xyiz ∈ L

• Myhill-Nerode theorem:� Given a lanuage L, we de�ne x ∼
L
y ⇔ ∀z ∈ Σ∗ [xz ∈ L ⇔ yz ∈ L].� L is regular i� the number of equivalence classes in ∼

L
is �nite.� Very important result: For a DFA A, if we let | ∼

L
| be the number of equivalence classes in ∼

L
and Qbe the set of states in A, it holds that | ∼

L
| ≤ |Q|.

• It is possible to build a �minimal� automaton A′ from a DFA A, such that the number of states in A′ isequal to the number of equivalence classes in ∼
L(A)

. The procedure for building such a minimized automatonis polynomial (about O(|Q|3 · |Σ|)). As seen in Tirgul on 17.3.
• Decision problems:� Emptiness: Given an NFA A, we ask, L(A) = ∅? The answer can be obtained by running a BFS on theautomaton to check reachability of the accept state. This is polynomial.2



� Universality: Given an NFA A, we ask, L(A) = Σ∗? The answer can be obtained by calculatingA (convertto DFA and switch accept/non accept states. This is exponential), and then checking if L(A) = ∅. Thisis, as we've seen, exponential.� Containment: Given two NFAs A1, A2, we ask, L(A1) ⊆ L(A2)? It's at least as hard as both the emptinessproblem (take L2 = ∅) and the universality problem (take L1 = Σ∗). Since we knowX ⊆ Y ⇔ X∩Y = ∅,we can check if L(A1) ∩ L(A2) = ∅. We do this by getting A2 (exp. time) and calculating the A1 × A2automaton. This is polynomial in |A1| and exponential in |A2|.
• Let A be an NFA, and let w ∈ Σ∗. We wish to know if w ∈ L(A).� Create a DFA B whose language is only w (easy to do).� Calculate the intersection A ∩B (the product automaton).� Check emptiness of the new automaton.� This is all done in poly-time.
• For a language L, de�ne:� Pref(L) = {x | there exists y ∈ Σ∗such that x · y ∈ L}� Suff(L) = {x | there exists y ∈ Σ∗such that y · x ∈ L}� If L is regular, then so are Pref(L) and Suff(L).� Proof: To prove Pref(L) ∈ REG, we can build an automaton that accepts it, reversing all arrowsand running BFS from the accept state, marking all reachable states as accepting states in the newautomaton, which has the edges back in their original direction. To prove Suff(L) ∈ REG, we notethat [Pref(LR)

]R
= Suff(L), and remember that if L ∈ REG then LR ∈ REG.

• A DFA with n states accepts an in�nite language i� it accepts a word w such that n ≤ |w| ≤ 2n.� Proof: Ex3q6. Basically, we have repeating states for a word that's too long, which means we can playwith the run loops like in the pumping lemma proof. Need to show two directions...1.2 Context-free languages
• A CFG (context-free grammar) is a tuple 〈V,Σ, R, S〉, where V is the set of variables, Σ is the alpha-bet/terminals, R are the rules, and S ∈ V is the start variable.
• Theorem: REG ⊆ CFL.� Given a DFA A, we can create a gammar G such that L(G) = L(A). For every state qi we create avariable Vi. If δ(qi, a) = qj , we add a rule Vi → aVj , and if qi ∈ F , we add a rule Vi → ε. The startvariable is V0, representing q0.
• The class of CFL is closed under union, concatenation, and star.
• If C is context-free and R is regular, C ∩R is context-free.
• Linear-right grammar: All rules are of the form A → aB or A → ε.
• Leftmost derivation: A derivation in which on every step we replace the leftmost variable.
• Ambiguity: An ambiguous grammar is de�ned as a grammar that may generate two di�erent derivationtrees for a single word.� Alternative de�nition: A grammar is ambiguous if it contains a word that has two di�erent leftmostderivations.
• Chomski normal form:� The start variable S is never on the right side of any rule.3



� All rules are of the form:
∗ S → ε

∗ A → a

· (For A ∈ V , a ∈ Σ, and remember that ε /∈ Σ and so a 6= ε).
∗ A → BC

· (For A,B,C ∈ V , such that B,C 6= S).
• Theorem: For any CFG G, there exists a CFG G′ in Chomski normal form, such that L(G) = L(G′). This isdone in polynomial time (Tirgul, 24.3).� Membership check: Given a CFG G (in Chomski form) and a word w, we can answer the question of

w
?
∈ L(G) in polynomial time - using something like dynamic programming.� Emptiness check: Given a CFG G (in Chomski form), we can check whether or not L(G) = ∅ using abackwards-chaining algorithm, to see if the start variable can lead to a terminal. This is polynomial.
∗ (Both are detailed in the Tirgul, 24.3).

• A pushdown automaton is a tuple 〈Q,Σ,Γ, δ, Q0, F 〉. The function: δ : Q×(Σ∪{ε})×(Γ∪{ε}) → 2Q×(Γ∪{ε}).� A PDA's con�guration: State + stack contents. c ∈ Q× Γ∗. c = 〈q, s〉.� c′ = 〈q′, s′〉 is σ-following from c = 〈q, s〉, if the PDA A in con�guration c reads the letter σ and may goto con�guration c′.
• Pumping lemma for context-free languages:� Let L be a context-free language. There exists p ≥ 1 such that for every word w ∈ L, if |w| ≥ p, thereexists a partition w = uvxyz such that:

∗ |vy| > 0

∗ |vxy| ≤ p

∗ ∀i ≥ 0, uvixyiz ∈ L� Generally useful claim from its proof: If the branching factor in a tree is bounded by b, and the tree has
n leaves, then the tree's height is at least logbn.

• Equivalence of CFL and PDA:� Given L ∈ CFL, we can create a PDA A such that L(A) = L. It will �guess� a leftmost derivation.Proof in lecture, 24.3.� Given a PDA A, we can construct an equivalent grammar. Proof in lecture, 24.3, but it was not veryclear to me - the same proof can be found in Sipser.2 Computability
• A Turing machine is a tuple 〈Q,Σ,Γ, δ, q0, qacc, qrej〉 where Q is the set of states, Σ is the input alphabet( /∈ Σ), Γ is the working alphabet (Σ ⊆ Γ, and ∈ Γ), δ : Q× Γ → Q × Γ× {L,R}, and q0, qacc, qrej ∈ Qare the start, accept, reject states .� A con�guration of a TM:

∗ The state, contents of the tape, and the location of the reading head.
∗ ⇒Therefore, if the machine's tape is bounded by some number n, we have no more than |Q| · |Γ|n ·ncon�gurations - select the state, contents, and head location, respectively.
∗ Each con�guration can be represented as uqv, for a state q ∈ Q and u, v ∈ Σ∗. This representationmeans the tape contains u · v, and the machine head points at the �rst character in v.

• Basic decideability classes: 4



� A language L is recursively enumerable (RE) if there exists a TM M such that L(M) = L.� A language L is recursive (R) if there exists a TM M that recognizes L, and in addition stops on allinputs.� L ∈ CO −RE ⇐⇒ L ∈ RE

• Theorem: R = RE ∩CO −RE.
• An enumerator: A TM with a �printer�, that prints out a list of words. Might never halt, and might repeatwords more than once.� L ∈ RE ⇔There exists an enumerator E such that L(E) = L.
• Both R and RE are closed under union, intersection, concatenation, and star operations.
• A TM with k tapes is equivalent in power to a regular TM. The simulation of k tapes on a single tape isdone by writing the contents of di�erent tapes on a single tape, separated by a special character. We markon each tape the location of its �read head�. To simulate a single step, we go from left to right, realizing inwhat state the machine is, then going back over the tape, making the needed changes to each simulated tape,and pushing the other tapes forward in case a tape in the middle got too long to �t in its allocated memory.� If the runtime of the original k tape machine was f(n), we know that each tape can't exceed f(n) spaceusage, and therefore each simulated step will cost us at most O(f2(n)) calculation steps. Therefore, thesimulation from k tapes to 1 tape is polynomial.
• A non-deterministic TM M is de�ned in a way such that δ : Q× Γ → 2Q×Γ×{L,R}. A word w is in L(M)if there exists an accepting run of M on w.� In terms of computing power, non-deterministic TMs are equivalent to deterministic TMs. We canprove this by simulating a non-deterministic TM's �run tree� with a deterministic TM. We use a BFSprocedure to explore the tree, and each node represents a run of the non-deterministic TM on the word.The deterministic TM will accept its input, if it �nds an accepting run in this tree.� Cost of the simulation: If the original accepting run was of length T , then the run-tree is of height T ,and therefore has bT leaves (where b is the branching factor, the maximum number of non-deterministicchoices possible in any state). Each leaf requires at most T steps, and therefore the simulation costs

O(T · bT ) - exponential time!!
• A RAM machine is a machine that has a memory tape, an accumulator tape, input tape, and PC-tape. Itworks much like a CPU and accepts commands similar to Assembly language. It can do anything a regularreal-life computer can do. We've seen that it can be simulated by a Turing machine. (Tirgul, 21.4).
• Note that since they may be represented by �nite strings, the set of all Turing machines is countable (vialexicographic ordering).
• Mapping reduction: We say that there is a mapping reduction from L1 to L2, written: L1 ≤m L2, if thereexists a computable function f : Σ∗ → Σ∗ such that x ∈ L1 ⇔ f(x) ∈ L2.� A computable function is a function f : Σ∗ → Σ∗ such that there exists a TM that halts for all inputs xwith f(x) written on its tape.
• Useful theorems: Assume L1 ≤m L2.� If L2 ∈ R then L1 ∈ R.� If L1 /∈ R then L2 /∈ R.� Same as above, for RE,CO −RE.
• Claim: A ≤m B i� A ≤m B. Proof directly from the de�nitions.
• Claim: For every two languages L1, L2 ∈ R such that L1, L2 6= ∅,Σ∗, it holds that L1 ≤m L2.5



� Proof: Since L2 6= Σ∗, ∅, there exists wnot /∈ L2 and wyes ∈ L2. Since L1 ∈ R we can decide whether ornot an input x is in L1 it using a TM, and return either wnot or wyes according to the TM's answer.
• Rice's theorem:� A property is a set P of TMs. A semantic property is a property, such that for all M1,M2 such that

L(M1) = L(M2), it holds that either M1,M2 ∈ P , or M1,M2 /∈ P .� A property is non− trivial is there exist M ∈ P and M ′ /∈ P .� Rice's theorem: Let P be a semantic, non-trivial property, and LP = {〈M〉 |M ∈ P}. Then, LP /∈ R.� Important, stronger lemma (under the previous assumptions): Let M∅ be a machine such that
L(M∅) = ∅. If M∅ ∈ P , then LP /∈ RE.
∗ Proof, in Tirgul, 28.4.

• The Recursion Theorem:� Let T be a TM that computes some function t : Σ∗ × Σ∗ → Σ∗. There is a TM R that computes afunction r : Σ∗ → Σ∗ such that for all w it holds that r(w) = t(〈R〉 , w).� This basically means that any TM can use the command �obtain an encoding of yourself�!3 ComplexityNote that in this part we only discuss languages which are in R, so all TMs are deciders.3.0.1 Time complexity
• Non-deterministic TMs: The runtime of a decider non-deterministic TM M is de�ned as the longest pathin the tree which depicts all possible runs of M . Since it is a decider, all branches are �nite. We look at thelongest branch, even if it ends in rejection.� If L is decideable by a non-deterministic TM which runs in time t(n), L is decideable by a deterministicTM that runs in 2O(t(n)).
• Time complexity classes:� TIME(t(n)) = {L |L is decideable by a single tape deterministic TM on an input of length n, in time O(t(n))}.� NTIME(t(n)) = {L |L is decideable by a single tape non-deterministic TM on an input of length n, in time O(t(n)) .�

P =
⋃

k≥0

TIME(nk)�
NP =

⋃

k≥0

NTIME(nk)� Alternate de�nition for NP :
∗ A veri�er for a language L is a deterministic TM V such that L = {w |V accepts the pair 〈w, c〉for some c}.This c is the �certi�cate�. A veri�er's complexity is measured in relation to the length of w. A poly-nomial veri�ed runs in time polynomial in |w| (and so c also must be polynomial in |w|).
∗ L ∈ NP ⇔ L has a polynomial veri�er.� L is NP-complete if L ∈ NP and L is NP-Hard: For all L′ ∈ NP , L′ ≤p L.
∗ L is NP-complete ↔if L ∈ P then P = NP .

• Open questions!� P
?
= NP . Clearly P ⊆ NP , but the other direction is yet unknown.6



� NP ∩CO −NP
?
= P .� NP

?
= CO −NP .

• Theorem: If L ∈ TIME(n), then L is regular. (We didn't prove this...?)
• Claim: For every two languages L1, L2 ∈ P such that L1, L2 6= ∅,Σ∗, it holds that L1 ≤p L2.� Proof: Since L2 6= Σ∗, ∅, there exists wnot /∈ L2 and wyes ∈ L2. Since L1 ∈ P we can decide polynomiallywhether or not an input x is in L1 it using a TM, and return either wnot or wyes according to the TM'sanswer.3.0.2 Space complexity
• Space complexity classes:� SPACE(s(n)) = {L |L is decideable by a deterministic TM with space complexity of O(s(n))}� NSPACE(s(n)) = {L |L is decideable by a non-deterministic TM with space complexity of O(s(n))}�

PSPACE =
⋃

k

SPACE(nk)�
NPSPACE =

⋃

k

NSPACE(nk)

• It is worth noting that:� TIME(f(n)) ⊆ SPACE(f(n))

∗ Naturally, if a machine runs for f(n) time, it can never write more than one character per 'cycle'.� SPACE(f(n)) ⊆ TIME(2O(f(n)))

∗ The total number of possible con�gurations for a TM with memory bounded by f(n) is |Q| · |Γ|f(n) ·
f(n) = 2O(f(n)) , and of course runtime≤number of con�gurations, otherwise we'd hit a 'loop'.

• PSPACE is closed under union, complementation, and star operations.
• Savitch's theorem:� For any function s : N → N such that s(n) ≥ n, NSPACE(s(n)) ⊆ SPACE(s2(n))

∗ Important: As a direct result, we obtain that PSPACE = NPSPACE.
· Since any complexity class identi�ed by a deterministic TM is closed under negation, we get
(CO −NPSPACE =)CO − PSPACE = PSPACE = NPSPACE.

• ALLNFA:� An automaton A is empty if L(A) = ∅. It is universal if L(A) = Σ∗.� {〈A〉 |A is an NFA that is not empty} ∈ PTIME (by running a BFS, etc.).� ALLNFA = {〈A〉 |A is an NFA that is not universal (⇔ ∃w /∈ L(A))} ∈ PSPACE

∗ Proven in lecture, 31.5. The idea: guess a word of length ≤ 2n where A has n states. If you �nd aset S of states such that S ∩ F = ∅, accept. Otherwise reject. Memory used is indeed polynomialbecause a counter up to 2n takes n space, and the set of states maintained in memory is linear insize.� From Savitch: ALLNFA ∈ PSPACE.� From the Tirgul (9.6): ALLNFA ∈ PSPACE − Complete

• A function f : N → N (assume f(n) ≥ log(n)) is space constructible if there exists a TM M that given anunary input 1n, computes f(n) and writes down the result in binary, under a memory limit of f(n).7



• The memory hierarchy theorem:� For any space constructible function f(n), there exists a language Lf that is decideable under a memorylimit of O(f(n)), but not decideable under a memory limit of o(f(n)).� Conclusions:
∗ For all k1 > k2, it holds that SPACE(O(nk2 )) ( SPACE(nk1).
∗ For all k ∈ N, SPACE(nk) ( SPACE(2n)

∗ PSPACE =
⋃

k∈N
SPACE(nk) ⊆ SPACE(2n) ( SPACE(22n) ⊆ EXPSPACE =

⋃

k∈N
SPACE(2k)

· So, PSPACE ( EXPSPACE� Proof in Tirgul, 2.6
• A function f : N → N is time constructible if f(n) ≥ nlogn and there exists a TM that given an unaryinput 1n, computes f(n) in binary representation, in time O(f(n)).
• The time hierarchy theorem:� For any time constructible function f(n), there exists a language Lf that is decideable in time O(f(n)),but not decideable in time o

(

f(n)
log(f(n))

).� Conclusion: P ( EXPTIME� This is true because TIME(nk) ( TIME(2n), and so P =
⋃

k TIME(nk) ⊆ TIME(2n) ( TIME(22n) ⊆
EXPTIME.� Open problem (yay!!): We don't know which of the following is a �⊂� rather than a �⊆�:

P ⊆ NP ⊆ PSPACE ⊆ EXP

• A language L is PSPACE-Complete if:� L ∈ PSPACE� L ∈ PSPACE −Hard: For any L′ ∈ PSPACE, L′ ≤p L.
• Theorem: If L ∈ PSPACE − Complete, and L ∈ NP , then NP = PSPACE.� Proof: For any L′ ∈ PSPACE, polynomially calculate the reduction to L, and run L's TM on the result.� Similarly proven: If L ∈ P , then P = PSPACE.3.0.3 The classes LOGSPACE, NLOGSPACENote that for time complexity these classes are not interesting! We can't even read the entire input.
• L = SPACE(log(n))

• NL = NSPACE(log(n))

• We have an input tape: read only, and a working tape: read/write.
• Open question: NL

?
= L.� Savitch's theorem gives us NL = NSPACE(log(n)) ⊆ SPACE(log2(n)) 6= L, so it's not helpful here.

• A log-space transducer is a deterministic TM M with three tapes: Input (read only), work (read/write),output (write only). The working tape contains only O(logn) cells (for an input of length n).� De�nition: f : Σ∗ → Σ∗ is computable in logarithmic space, if there exists a log-space transducer thaton input w outputs f(w).
• NL completeness: A language A is NL− Complete if:8



� A ∈ NL� A ∈ NL−Hard: For any B ∈ NL, B ≤L A.
∗ B ≤L A (�B is logspace reducible to A�) if there exists a function f that is computable in logarithmicspace such that for all w ∈ Σ∗, w ∈ B ⇔ f(w) ∈ A.

• Theorem: if A ∈ L and B ≤L A, then B ∈ L.� Proof: Lecture, 9.6. Note that we couldn't do it in the naive way so we had to �pipeline� the calculationof the transducer.� Conclusion: If A is NL− Complete and A ∈ L then NL = L.
• Theorem: NL ⊆ P (It's easy to see that also NL ⊆ NP , but this is trivial).� Proof: Since PATH = {〈G, s, t〉 |G is a directed graph, and there's a path from sto t} ∈ NL−Complete,we can do the following: Given B ∈ NL, we reduce it to PATH (in log-space and therefore in PTIME),and solve the reachability problem in PTIME, since PATH ∈ P .
• To conclude:

L ⊆ NL ⊆ P ⊆ NP ⊆ PSPACE ⊆ EXPTIME� It is known that L ( PSPACE.� It is known that P ( EXPTIME (From the time hierarchy theorem).� It is known that PSPACE ( EXPSPACE (From the space hierarchy theorem).
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Part IICounter examples, etc.Reduction strategiesSome useful techniques we've encountered to create mapping reductions:
• Given 〈M,w〉 on an input x (Or sometimes just 〈M〉 and input x):� Run M on w and act the same as M .� Run M on w for |x| steps, and act the same (or the opposite) as M .� Run through a ��lter�, for example accept all words that start with 0 or are of the form 0n1n. The �ltercan either accept words immediately or reject them immediately. If x passed the �lter, run M on w andaccept/reject as needed.� Change something about M (for example change the reject state to an in�nite loop in the reduction

ATM ≤ HALTTM ) and return the modi�ed M .� Return a machine that writes a constant word on its tape and then runs M on it.� Useful claim: for two sets A,B, it holds that A ⊆ B ⇔ A ∩B = ∅.� Any more? TODOLanguages and problems
• L is regular i� LR is regular.� Proof in ex2. Reverse all arrows in the DFA graph and switch accept/start states.
• {0n1n |n ≥ 0} /∈ REG� Proof: Pump 0p1p.� It is in CFL. A CFG for it: S → 0S1 | ε� This language is in class L. Count the number of 0s and 1s in binary and compare. The counting takesup O(logn) memory.
• {w |w = wR} /∈ REG� Proof: Take w = 0p10p, and use i = 2 with the pumping lemma.
• {0m1n |m > n} /∈ REG� Proof: Take w = 0p+11p, and use i = 0 with the pumping lemma.
• {w ∈ {0, 1}∗ |The number of 0's in w is greater than the number of 1's in w} /∈ REG� Since 0∗1∗ is regular, and the intersection of it and this language is {0m1n |m > n}, we get that thislanguage can't be regular.
• {1a + 1b = 1a+b} /∈ REG� Proof: Take w = 1p + 1p = 12p, and use i = 2 with the pumping lemma.
• Grammar G for all legal parentheses, where ′(′= a, and ′)′ = b:� S → aSb |SS | ε� Proof that it is not regular: L(G) ∩ a∗b∗ = {anbn |n ≥ 0} /∈ REG

• Grammar for the language of palindromes over Σ = {a, b}:10



� S → aSa | bSb | ε | a | b

• {w · wR |w ∈ (0 + 1)∗} ∈ CFL. Easy to build a PDA for it.
• A language not in CFL: L = {anbncn |n ≥ 0} /∈ CFL.� Note: L = {anbnck |n, k ≥ 0}∩ {akbncn |n, k ≥ 0}, and both of those languages are CFL. Thus, once weprove that L /∈ CFL, we have proof that CFL is not closed under intersection.� Proof that it's not in CFL: apbpcp, pump with i = 2. (In any partition uvxyz good for the pumpinglemma, vxy must contain at most 2 di�erent characters).
• Another language not in CFL: {w · w |w ∈ (0 + 1)∗} /∈ CFL� Proof: 0p1p0p1p, and pump.� Bad proof: 0p10p1, won't work! We can divide to uvxyz = (0p−1)(0)(1)(0p−1)(01).
• An ambiguous grammar: E → E + E |E × E | 0 | 1 | ... | 9. The word �3 + 5 × 8� can be parsed either as
(3 + 5)× 8 or 3 + (5 × 8).� One way to make it non-ambiguous but still equivalent: E → T +E |T ×E |T , and also T → 0 | 1 | ... | 9.It won't obey standard algebra priority rules, but will nevertheless be non-ambiguous.

• ATM = {〈M,w〉 |w ∈ L(M)} ∈ RE\R (⇒ ATM ∈ CO −RE\R).� ATM ∈ NP −Hard. Proof: If L ∈ NP , there is a TM M that decides it. For the poly mapping, wetake f(x) = 〈M,x〉. It holds that x ∈ L ⇔ f(x) ∈ ATM .� ATM /∈ NP (it's not even in R!) and therefore ATM /∈ NP − Complete.
• HALTTM = {〈〈M, 〉 , w〉 |M halts in its run on w} ∈ RE\R� Proof that HALTTM /∈ R: Assume by contradiction that it is, then we could build a decider for ATMthat �rst checks for halting, and then acts accordingly. This is of course a contradiction.� HALT ε

TM = {〈M〉 |M halts on the empty input} ∈ RE\R. By reduction HALTTM ≤m HALT ε
TM :Given a machine M and a word w, map them to a machine M ′ that writes w on its tape and runs M onit.

• INFTM = {〈M〉 |L(M) is in�nite} /∈ RE ∪ CO − RE. By reductions ATM ≤m INFTM and HALTTM ≤m

INFTM .
• The tiling problem: TILE = {〈T,H, V, tinit〉 |There exists a legal tiling n× nfor all n ∈ N} ∈ CO −
RE\RE.� This is equivalent to asking whether or not there exists a legal tiling for the in�nite quarter of the plain.Konig's lemma says that in an in�nite tree, if the branching factor in each node is �nite, then thereexists an in�nite path in the tree. This lemma shows that the equivalence is indeed correct, by lookingat a tree of legal tilings, in which a tile is a descendant of another tile if it expands on it.� In CO −RE by simple construction.� Not in RE by reduction HALT ε

TM ≤m TILE. Given a TM 〈M〉, we build an instance of the tilingproblem that has a legal tiling for all n× n in the quarter of the plain, i� M does not halt on ε.
• REGTM = {〈M〉 |L(M) is regular} /∈ RE ∪ CO −RE.� Reductions: ATM ≤m REGTM and ATM ≤m REGTM . (Using a ��lter� of checking whether or not

x = 0n1n - one direction needs the �lter before running M on w, the other direction needs the �lter after
M accepts w).� Similarly (from ex8): L = {〈M〉 |L(M) is context-free} /∈ RE ∪ CO − RE, using reductions from ATMand ATM and �ltering with anbncn. 11



• MAJk = {〈M〉 |M is a TM over Σ = {0, 1}that accepts at least half of all words of length k} ∈ RE\R� Proof: Run iteratively on all words of length k for i = 0, 1, 2, ... iterations, and �nd out. The languageis not in R by Rice's theorem.
• HALFk = {〈M〉 |M is a TM over Σ = {0, 1}that accepts exactly half of all words of length k} /∈ RE∪CO−
RE.� Proof by reductions ATM ≤m HALFk and ATM ≤ HALFk. The idea: Reject all words of lengthdi�erent than k, and then check if the word starts with a 0, and afterwards check M 's answer on w.Accept/reject in the last two stages according to the direction of the reduction we prove...

• MINTM = {〈M〉 |M is a 'minimal' machine for the language L(M)} /∈ RE� (Minimality is de�ned by the number of states, and comparison between two machines with the samenumber of states is lexicographic).� Proof by contradiction, using an enumerator for L(MINTM ). Full proof in Tirgul, 11.5.
• ETM = {〈M〉 |M is a TM and L(M) = ∅} ∈ CO −RE\R� Go over all i=1,2,3,... words in lexicographic ordering and run for i steps, to see if any are accepted, toidentify ETM .
• ALLTM = {〈M〉 |M is a TM andL(M) = Σ∗} /∈ RE ∪ CO −RE

• EQTM = {〈M1,M2〉 |M1,M2 are TMs and L(M1) = L(M2)} /∈ RE ∪CO −RE

• ONETM = {〈M〉 |M is a TM and |L(M)| = 1} /∈ RE ∪ CO −RE

• SAMESIZETM = {〈M1,M2〉 |M1,M2 are TMs and |L(M1)| = |L(M2)|} /∈ RE ∪ CO −RE� ReductionONETM ≤m SAMESIZETM , given a TMM we return 〈

M,M1
〉 forM1 such that |L(M1)| =

1.
• {〈M1,M2〉 |L(M1) ⊆ L(M2)} /∈ RE ∪ CO −RE� By reduction from ALLTM . Return 〈M∗,M〉 for some M∗ ∈ ALLTM .
• U = {〈M,w, 1n〉 |M is a nondeterministic TM that accepts w within n steps} ∈ NP − Complete.� In NP because we can run M on w for n steps and see if it accepts.� In NP − Hard: Let L′ ∈ NP and let M be a TM for L′, and p(n) its polynomial. Given an input wfor L′, the function f : Σ∗ → Σ∗ returns 〈M,w, 1p(|w|)

〉. Indeed, 〈M,w, 1p(|w|)
〉

∈ U ⇔ w ∈ L′, and f ispolynomial.� We've seen a reduction: U ≤p BT (Bounded Tiling), which means BT is also NP −Complete. (Lecture,17.5)
• 3SAT ∈ NP − Complete. Shown in lecture, by BT ≤p SAT ≤p 3SAT . (Lecture, 24.5).� Also: SAT ∈ PSPACE

• CLIQUE = {〈G, k〉 |G is an undirected graph with a k-clique} ∈ NP − Complete.� Reduction: 3SAT ≤p CLIQUE.
• IS = {〈G, k〉 |G = 〈V,E〉 is an undirected graph and it has an independent set of size k} ∈ NP − Complete� S ⊆ V is an independent set if for all u, v ∈ S there's no edge between u and v.� CLIQUE ≤p IS by taking the graph G and replacing its edges with E′ = (V × V )\E.12



• V C = {〈G, k〉 |G is an undirected graph, and G has a vertex cover of size k} ∈ NP − Complete� As seen on ex11.� Reduction 1 (from Sipser's book): 3SAT ≤p V C. Given an input ϕ, create a graph: Add two verticesfor each variable and add three vertices for each clause, in which every literal is represented by a vertex.Then add edges in between each clause, and from each literal to its appropriate node from the �rst stage.Return this graph, with k = 2r+m, where r is the number of clauses, and m is the number of variables,in the original input ϕ.� Reduction 2: IS ≤p V C. For 〈G, k〉 return 〈G, |V | − k〉.
• SUBSETSUM = {(y1, y2, ..., yl, t) | ∃I ⊆ [l] :

∑

i∈I yi = t} ∈ NP − Complete� Proof by reduction 3SAT ≤p SUBSETSUM , using a big table of 1's and 0's. (Tirgul, 26.5).
• HAMPATH = {〈G, s, t〉 |There is a directed Hamiltonian path from s to t in G} ∈ NP − Complete� Proof by reduction 3SAT ≤p HAMPATH , by building a graph with diamond-like shapes in it... (Tirgul,26.5).
• KNAPSACK = {〈(v1, w1), (v2, w2), ..., (vn, wn), V,W 〉 | ∃I ⊆ [n] :

∑

i∈I vi ≥ V ∧
∑

i∈I wi ≤ W} ∈ NP −
Complete� Via SUBSETSUM ≤p KNAPSACK, in Tirgul, 2.6, and also similar to exercise 10's question withthe meals.

• TSP = {〈G,w, t〉 |G is a complete graph, and in G there is a directed circle path Pthat goes through each vertex once such that ∑e∈P w(e) ≤ t}∈ NP − Complete� Reduction: HAMCY CLE ≤p TSP . For a graph G the reduction returns 〈G′, w, t〉 such that G′ is acomplete graph, and w evaluates as 1 for edges that were in G and n + 1 for edges that were not in G,and t = |E|.
• BT = {〈T,H,B, tinit, tfin, 1

n〉 |There's a legal n× n tiling} ∈ NP − Complete

• SBT = {〈T,H, V, tinit, tfin, 1
n〉 |There's a legal n×m tiling for 1 ≤ m ≤ |T |n} ∈ PSPACE − Complete.

• TQBF = {〈ϕ〉 |ϕ is a true sentence} ∈ PSPACE − Complete, by reduction SBT ≤p TQBF .
• ALLNFA = {〈A〉 |A is an NFA and L(A) = Σ∗} ∈ PSPACE − Complete.
• PATH = {〈G, s, t〉 |G is a directed graph, and there's a path from sto t} ∈ NL− Complete.� Proof of being in NL: A nondeterministic TM will guess a path - it has to be of length ≤ |V |, and at anymoment we hold only info about the number of steps (log|V | cells) and the current node (log|V | cells).� It's also NL−Hard. Proof in lecture, 9.6.� Note that PATH ∈ P by using a BFS search.� Open problem: PATH

?
∈ L.
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