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Abstract. Let G = (I, E) be the graph of the n-dimensional cube. Namely, 7, = {0,1}" and
[x,y] € E whenever |x—y|[,=1. For ACIL and x€Ad define 7hyx)
=#{y €I, \ A|[x,y] € E}, i.e., the number of vertices adjacent to x outside of 4. Talagrand,

following Margulis, proves that for every set 4 C I, of size 2" ! we have £ > _, /ha(x) > K
for a universal constant K independent of n. We prove a related lower bound for graphs: Let
G = (V,E) be a graph with |E| > (§). Then 3 ;5 1/d(x) > kvk — 1, where d(x) is the

degree of x. Equality occurs for the clique on & vertices.

1. Introduction

Let G = (I, E) be the graph of the n-dimensional cube. That is 7, = {0,1}" and
[x,y] € E whenever ||x — y||, = 1. Let 4 C I, and define

ha(x) = #{y € I, \ 4|[x,y] € E}

Namely, /4 (x) counts the number of vertices outside 4 which are adjacent to x. Using
h4 we can measure the size of the boundary of 4. For example, > _, h4(x) is the
number of edges between A and I, \ 4, i.e., the edge boundary of 4. Similarly, the
vertex boundary of 4, namely, those vertices in 4 which have a neighbour in 7, \ 4,
are exactly those vertices for which /,(x) > 0. Talagrand, in [2], following previous
results of Margulis [1] and others, has derived isoperimetric inequalities for the
n-dimensional cube in terms of 4,. For example, it is shown that

23 Vi) = K (1)

x€A

for every 4 C I, with cardinality |4| = 2"~!. The constant K is independent of n,
the cube’s dimension. More generally, lower bounds on %> ., v/h4(x) are
established in terms of |4|. One can view the square root function as a “middle
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way”’ between the two former quantities of edge and vertex boundaries. Natural
questions that arise here are what the exact optimum is, and which sets are
optimal for this inequality. Let us consider some families of sets that achieve

> ves Vha(x) = O(1). Half cubes

(x1,%2, ..., %,); x1=1

do, as well as balls,

n
(X1,X2, -+, Xn); in <n/2
=1

In general, for J C {1,2,...,n} and |J| odd:

BJ:{(JC],Xz,...,xn); szS|J|/2}

icJ

is a family with the same property. In our quest for sets which optimize this
inequality, we first consider consecutive levels: Let L,, = {x;>_ x; = m} be the m-th
level of the cube. Let L,,(4) = AN Ly, l,(4) = |(ANLy)|. For x € L, (A4) define

hy (x) = #{y € Lus1(4)|[x, ] € E}

For monotone decreasing sets 7™ = 4. (Recall that 4 is monotone decreasing
when it is closed under the operation of changing a coordinate from 1 to 0). The
question here is, given I,,[,.1, what are L,(4),L,+1(4) that minimize
> e, ) Vq (x)? We can essentially solve the problem for m = 1:

Theorem 1.1. Let A C I, contain the first level Ly. Suppose that 1,(4) = (3) — ().
Then the minimum of 3_, ;. 4 \/h* (x) is attained when L>(A) is the suffix in colex
order.

Theorem 2.1 can be conveniently stated in the language of graphs and their

degree sequence:

Theorem 1.2. Let G be a graph with (%) edges. Then

> V) = kVk—1

xeV(G)
Equality occurs when G is the clique on k vertices.

d(x) is, here and elsewhere, the degree of the vertex x.

Comment 1.3. Consider the more general problem of minimizing .y g f(d(x))
over all graphs with a given number of edges. One might suspect that a statement
analogous to Theorem 2.2 holds for every concave increasing function f that
vanishes at zero. This is, however, incorrect. Consider the function
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f(x) = +v/x+a— +/a. For this f, the minimizing graph need not be the clique. The
star, for instance, is better for certain values of a. We show this for ¢ = k. For the
star with () edges

Fill) = 3~ f(d) = (’2‘) (ViTa-va)+ (w/ (’2‘) fa- ﬁ)

The same quantity for the clique is
Fu(k) = k(m - \/6_1)
Substitute a = k to obtain (for large k)
Fak) = (V2= 1= o(1) )
Fol) < (VEFT = V) +o ()
<K? G+ 0(1))

The o(1) terms tend to zero for large k. This completes the counterexample.

Consider a monotone decreasing set 4 CJ, with [1(4)=n—a,
L(4) = (5) — (§). What is the minimum of >, v/A*(x)? Theorem 2.1 pro-
vides the answer when /;(4) = n. The graph-theoretic problem that corresponds
to the case /1(4) =n—a is to minimize )y /d(x) +a on a graph with
exactly n — a vertices. An equivalent statement of the problem is to minimize
Y xer(G) (v/d(x) +a — \/a) on a graph with a given number of edges and with no
restriction on the number of vertices. The function f(x) = \/x + a — \/a therefore
replaces /x when /,(4) = n — a rather than » in theorem 2.1. The counterexample
shows that the minimum of L,(4) is not attained by a suffix in colex order, as in
the theorem.

2. A Family of Extremal Graphs

We turn to prove Theorem 2.2. As a starter, we show an easy argument which
limits the family of possible extremal graphs. In contrast to comment 2.3 the
discussion in this section is valid for every f that is concave and increasing. Here is
an easy but useful observation:

Claim 3.1. Let f be an increasing, concave function. Let G be a graph for
which 37,y () f(d(v)) is minimal among all graphs with a given number of edges. If
v,w are adjacent vertices of G, then v is adjacent to every vertex u s.t.
deg(u) > deg(w).
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Proof. Otherwise replace [v, w| with [v,u] to obtain a better G. O

From the claim we immediately derive a structural description of a minimizing
G:

1. If x is a vertex of minimal degree and [x,y] € E(G), then y is adjacent to all
the vertices in G.

2. In general, divide the graph to sets of vertices by increasing degree: Let
dy < dy,... < d; be the sequence of distinct degrees appearing in the graph. Let S;
be the set of vertices of degree d;. The vertices in S; are adjacent to all the vertices
in the graph, those in S;_; to all vertices except those in Sy, the vertices in S;_ to
UL_3S; and so forth. Thus, a vertex of degree d; is adjacent to all vertices of degree
diifi+j>n+1.

We now see that the sequence of distinct degrees in the graph
uniquely determines the graph. Define a; = |S;|, the number of vertices with degree
d;. Then

d = Dz 4~ 1 1:2 (I+1)/2
’ itz 4 i<1/2

Inverting this definition:
a; = dp-ix1 —di-i + ;1

For each increasing sequence of integers d; the corresponding graph is well de-
fined, so we can now forget the graphs and concentrate on the following question
(next section).

3. No Extremum Points
Let d =d; < d,... <d, be a nondecreasing sequence of real numbers. Define
aj = dy—i+1 — dp—i + 0; (2)

F(d) :zn:a,-di (3)
i=1

G(d) = an/d, )
i=1

We want to find the minimum of G(d) under the condition F(d) = const.
The connection with the question about graphs is as follows: If the d; are
positive integers, we can realize a graph with the given sequence of distinct
degrees, as was shown in the end of section 3. The a; are the number of vertices
of degree d;, F(d) is the number of edges, and G(d) is the functional
> ver(c) S (d(v)). A lower bound on G for real sequences yields a lower bound
on integer sequences.
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We proceed to show that the functional G has no local minimum for dimen-
sion (i.e. sequence length) greater than one. This is done using Lagrange
multipliers. In the next section we shall deduce that the global minimum of G
occurs in dimension 1.

Calculating partial derivatives for n even, k=n/2 produces (recall
ak = dy—k1 — dy—k + Op)),

OF 0

ady, 3dk(
=di —dp + 1+ d —di
= 2(dk+1 — dk) +1

oG
= od (ak\/d_k + ar1/ dk+1)

ardy + A 1disr)

8dk
(i1 — di + 1)
= 2 /di1 — /4
N + k+1 \/7k
For n odd let k + 1 = 2tL and take ad - to obtain:
OF 0

= (@nd d
Odiy ~ 0diny (@p1dis1 + axdy)

=diy1 —di + 1 +diy1 — di
- 2<dk+1 - dk) + 1

oG 0
= (ak+1 Vi1 + ak\/aTk)

Odiy1 Odyy
_ (der1 —de+ 1)
= \/d \d
5 —dkﬂ + k+1 — k

Note that the F derivatives are the same, while in the G derivative the d; in the
denominator changes to djy.
Similarly, for all n > 1,

oF

b = 2 = o)
0G  (di — do)
od,  2yd, R

We claim that there is no local extremum for G when F is fixed if d is increasing.
This is shown by calculating Lagrange multipliers. First with » even and 2k = n.
We must satisfy

oG _OF 9G  OF

od, ~ "0dy’ ddy " Ody

which produces the equations
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diy1 —dy +1
G = 1) | G @ = 2(2desy — di) + 1)
2/ dj,
d] do
———— +\/d — /dy = 22(d, — d|
ENZA + 1 0 (dy o)

Set u; = v/d;. The condition can be re-written as

A—1/2u
(1 + 1) (22— 1/20) + 12
Uk+1 — Uk

(u() +u1)(22 — 1/214,,) =1

=1

multiply each equation by 2 and replace 44 with u to get

2—1
(i + i)t — 1) + P2 A
Up+1 — Uk

(uo +ur)(pu— 1/uy) =2

The second equation gives (with monotonicity of the u;) uy, ug1 > 2/p. Put this in
the first equation to get: (note that the second summand of the first equation is
positive — pt/2 — 1/u; > 0 by the second equation).

4/ulp—1/ug) <2
4—4/(uuy) <2
uuy < 2

which contradicts the second equation.
Now do all the calculations for odd n. The Lagrange condition becomes

d diy + 1
( k+1 — Gk + /dk+1 \/c_i_]; = }u(Z(korl - dk) + 1)

2\/dkT
2\/_ +f Vo = 72(dy —

which produces, after the same calculation as above (the only difference is the d;
in the denominator, which changes to dj.):

2—1
(uk+uk+])(,u— l/uk+1) +w:2
U1 — Uy

(o +ur) (1 = 1/up) =2
Again uy, u;1 > 2/u by the second equation, so

4/u(p =1/ uen) <2

which yields the same contradiction.
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4. Vector Shortening

Claim 5.1. Let d =d) < d,,... < d, be a monotone vector and dy = dy1. Then
there exists a shorter vector d which satisfies H(d) = H (gl) for all H of the form
H(d) = > a;f (d;) where a; is as in section 3.

In particular this is true for F, G of the last section. The way to construct d is:
if 2k = nor 2k + 1 = n (i.e. k = [4]) omit d to create a new vector of length n — 1.
Otherwise omit d, d,_; to create a vector of length n — 2. The proof is by example
on the three cases:

Case 1. k # [5]
Here is an example with n = 10,k = 3, i.e. d3 = dj. Let
d=dy,d,dy,ds,...dyo

where dy = 0. Define

d = dy,di,d>, ds, ds, ds, ds, dy, o

We omitted ds,d;. We want to show that every element a;/(d;) appears in H(d).
Let us examine the terms of H (é) For i < 3 it is easy to note that @; is the same
as a;. f(ds) is multiplied by ds —ds =asz +as. f(ds) is multiplied by =
d¢ —ds = as. f(dg) is multiplied by ds —ds + 1 =ds —ds+ 1 = as. (The +1 is
because 4 = [5] and the new sequence has 8 terms). f(d;) is multiplied by
d; — d» = a7 and the same works up to dj,. It is easy to see that every element
a;f(d;) appears in H (c_?) Note that the “missing” element a;f(d;) is zero since
a7 = ds — dy = 0, and the term a3/ (d3) appears as a summand of the new term for
f(ds), which is equal f(d3). Let us summarize in a table: define b; = d,,_;1 — d—;,
s0 a; = b;+ dpy. The following array is the original d and the coefficient to
multiply by:

d d> d3 dy ds ds d; dg dy do
by by b3 by bs be by bg by bio
And here is the same array for the new d:
di d ds ds ds dg dy dio
dio—dy dy—ds dy—ds do—ds ds—dy di—dy dr—di dy—dy
by by by + by bs bg bg by bo
By observing the array, we can easily verify that Y b,f(d;) = 3. b,f(d;). Since

the element number [5] did not change its value, this is also true with g; instead
of b; in the last equality. This works for every k,n when k+1<n—k, or
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k > n — k, which is symmetrical. The idea is as above: We can omit d,_; since
an—k = drr1 —dp =0, and to omit d; is O.K. since in the new vector f(dy;1) is
multiplied by d,_+1 —dy—k—1 = ax + ax+1, which compensates for f(d;) and
f(diy1) simultaneously. The other terms are not affected by the shortening.
Note that the special element dfz is never affected by our erasures, and that it
remains the special element (which is now [252] = [4] — 1), in the new, short-
ened vector.

Case 2. 2k = n:
We do the example for n = 10,k = 5. Let
d=dy,d\,dy,ds,...dyo

where dy = 0 and ds = ds. Define

d = do,dy,d>, ds, da, ds, dr, ds, dy, do
We omitted only ds. Let us check the terms of H(d): for i < 5 we get & = a;.
f(ds) = f(ds) is multiplied by d¢ —ds + 1 =ds —ds + 1 =as+as (The +1 is
because dy is the special element of the new sequence). f(d;) is multiplied by
dy — dy = a7 and this continues up to djo. Again we see that all the terms coincide.
The “missing” term asf(5) appears in the new term for d¢ — note that

as =ds —ds + 1 = 1. The following array is the original d and the coefficient to
multiply:

d d» ds ds ds ds d7 dg dy dio
b by b3 by bs b by bg by bio
And here is the same array for the new d:
di d> ds dy ds dr dg do dio
dig—dy dy—dy dy—d; d1—ds ds—dy dy—ds ds—dy dy—d, d)—dj
by by b3 by bs+bs by bg by bo
Case 3. 2k+ 1 =n:
We do the special case for 11 elements,
d=do,di,d>,d,...d,dn

where dy = 0 and ds = ds. Define
d = dy,d\,d>,ds,ds, ds, dr, ds, do, dio, diy
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d dr d3 dy ds dq dg dy dio di
diy—dy do—dy do—dgy dy—dy d7—ds ds—dy dy—dy ds—dy dr—d dy—dp
by by b3 by bs+bs b7 bg by bio

And we can check our equalities again. This completes the verification of the
claim.

5. Global Minimum

Recall that we want to minimize G(d) under F(d) = C. Finding the global
minimum is now easy: We claim that it occurs when the length of 4 is 1. First,
there is only one solution for F(d) = C when the length is 1. Consider an
increasing counterexample at a higher dimension, and assume this is the
minimal dimension in which these exist. If it is not strictly increasing, apply
vector shortening. Otherwise it is not a local minimum, so we can move to a
worse example. Legal d values are bounded since a,d, = did, < F(d) = C and
our Lagrange multiplier considerations only changed dp,d,, so di remains
constant. Thus, we will reach a counterexample with two coordinates equal.
Then we can apply vector shortening, which gives a shorter counterexample,
a contradiction. Theorem 2.2 follows now by noting that a vector of length 1
corresponds to a clique in the identification we used. The condition that
the number of edges is (’5) is used to get a vector of length 1 with integer
value.

Open Questions. 1. We found the minimal graph for a graph with (£) edges, and
found that the clique is the minimal graph. What about (§) + 7, where 7 < k + 1?
We expect the minimal graph here to be a union of a clique on & vertices and a
single vertex adjacent to [ vertices of the clique. This result does not follow
immediately from our methods, but we believe it could be derived with some extra
effort.

2. Comment 2.3 shows the result cannot be extended to every concave in-
creasing function. What is the family of functions for which the clique is the
minimal graph? Are all functions x¢ with ¢ < 1 minimized on the clique ?

3. Perhaps there is a small family of graphs which contain the minimal graph
for every increasing concave function f/? For example, is every function minimized
on the clique or the star?
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