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Abstract
Let A = {al,...,at} - {0,1}”, Fi,...,F; C [n] = {1,,71} The
ordered family of pairs ((a1, F1), ..., (at, F})) is incompatible if for any
1 <k <1 <t there exists a j € F, such that ax; # ay;.
It is shown that for any incompatible family ((ai, F1),..., (at, F)),
there exists a 1 — 1 mapping ¢ : [t] — 2["] such that ¢(i) C F; and ¢(i)
is shattered by A.

1 On the trace of incompatible vectors

Let a = (ay,...,ay) beavector in {0,1}", and S a subset of [n] = {1,...,n}.
The trace of a on S is ajg = (a; : j € S) € {0,1}".

A subset S C [n] = {1,...,n} is shattered by A C {0,1}" if for each
e=(¢; : j€S)e{0,1}° there exists an a € A such that ajg = .

Let S(A) denote the family of all S C [n] which are shattered by A.

The following basic result was proved by Sauer [5] and Perles and Shelah [6].

Theorem 1.1 ([5],[6]) If |A| > S0 (%) then there exists an S € S(A)
such that |S| > d.

Different proofs and extensions of Theorem 1.1 were given by Alon [1],
Frankl [2], Frankl and Pach [3] and others. See the recent survey by Fiiredi
and Pach [4].

We first give a simple proof of the following extension of Theorem 1.1 which
is also implicit in all previous proofs.



Theorem 1.2 |A| < |S(A)| for any A C {0,1}"

Proof: Let U denote the Zs-linear space of multilinear polynomials in
Zslxy, ..., zy]. With each a = (a1,...,a,) € A we associate the poly-
nomial fo(x) = [[j—;(x; +a; +1) € U. For each non-shattered subset
T € 2"l — S(A) we choose a vector by = (br; : j € T) € {0,1}7 such that
br # ap for all @ € A. Let gr(x) = [[jer(x; + b +1) € U. Note that for
a,a’ € A, fo(d') =06(a,d"), and gr(a) =0 for all T & S(A).

Claim 1.3 The family

{fa(z) : a€ A} U{gr(z) : T ¢S5(A)}
is linearly independent in U.

Proof: Suppose

Y aafal®)+ Y Brgr(z) =0 (1)

acA TES(A)

Substituting @’ € A in Eq. (1) we obtain oy = 0. It thus remains to show
that {gr(z) : T ¢ S(A)} is linearly independent. This follows from the
fact that the unique highest degree monomials in the expansions of the gr’s
are all different.

Claim 1.3 implies |A| 4+ (2" — |S(A4)|) < dimU = 2", hence |A| < |S(A)].

Next we consider the following extension of Theorem 1.2. Let
A=A{ay,...,a;} C {0,1}", where a; = (a;1,--.,ain), and let

Fi,...,F C [n]. The ordered family of pairs ((a1, F1),..., (a, Fy)) is in-
compatible if for any 1 < k <1 <t there exists a j € Fj, such that ay; # a;;.

Theorem 1.4 For any incompatible family ((a1, F1), ..., (at, F})), there ex-
ists a 1 — 1 mapping ¢ : [t] — 2" such that ¢(i) C F; and ¢(i) is shattered
by A.



Proof: With each pair (a;, F;) we associate the polynomial

fi(z) = [ljer,(zj +ai;j +1) € U. Let V = {g(z) € U : g(a;) =0 for all 1 <
i <t},and let W = U/V. For f € U let f € W denote the image of f
under the quotient map.

Claim 1.5 fi,..., f; are linearly independent in W .

Proof: Suppose > 5_; A\xfx(z) € V. The incompatibility condition implies
that fx(a;) = 0 whenever k < [. It follows that for all 1 <[ <t

" t
0= Z Mefrelar) = N+ Z N fr(ar)

k=1 k=l+1

andso Ay =---= X =0.

Claim 1.6 For any F C [n]

H xj € Span {H z; » Se2lnsA)l.

JEF JjeS
Proof: We apply induction on |F|. If F' € S(A) then we are done. Other-
wise there exists an e € {0, 1} such that ¢ # a;p for all 1 <4 <t.
It follows that g(z) = [[jcp(7; + €; + 1) satisfies g(a;) =0 for all 1 <i <t
and so g(z) € V. Therefore

H:cj:Ha:j—g(x)GSpan{ij : F'C F}

jeF jeF JEF!

and the Claim follows from the induction hypothesis.

Claim 1.6 implies that for each 1 < i <t we may expand

fitw) = > mis][a

Se2FinS(A) jes

Consider the ¢ x 2" matrix M indexed by [t] x 2[") and given by
M(i,S) = pis if S € 251 N S(A), and zero otherwise.



Claim 1.5 implies that rankz, M = ¢, so in particular there exists a 1 — 1
mapping ¢ : [t] — 20" such that M (i, ¢(i)) # 0 for all 1 < i < t. Tt follows
that ¢(i) C F; and that ¢(7) is shattered by A.

d

For a vector a € {0,1}" let Suppa={1<i<n : a; =1}.

Let A C {0,1}" and let aq,...,a; be an ordering of A such that

|Supp ag| > |Supp q| for all & <.

The ordered family of pairs ((ai,Supp a1),..., (ar, Supp a;)) is clearly in-
compatible, hence Theorem 1.4 implies the following result implicit in Frankl

and Pach [3]:

Corollary 1.7 ([3]) For any A C {0,1}" there exists a 1 — 1 mapping
¢: A— S(A) such that ¢(a) C Supp a for all a € A.
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