On graphs of high girth

Thesis submitted for the degree

Doctor of Philosophy

by Shlomo Hoory

Submitted to the Senate of the Hebrew University March 2002

On graphs of high girth

Thesis submitted for the degree

Doctor of Philosophy

by Shlomo Hoory

Submitted to the Senate of the Hebrew University March 2002

This work was carried out under the supervision of

Professor Nati Linial

I would like to thank Nati for his encouragement and patience throughout the years.

Abstract

The purpose of this work, is the study of extremal properties of graphs with high girth. More specifically, most of the work is centered around the Moore bound ([6], p.180), a simple lower bound on the number of vertices for a d-regular graph of a specified girth. The effort throughout the years, toward improving this trivial bound, has resulted only in minor improvements. Namely, the bound has been increased by 2 for girth larger that 12 and degree large than 2 (Biggs, Bannai and Ito [4, 7]). Graphs achieving equality in the Moore bound are called Moore graphs, or generalized polygons. The spectrum of these graphs is uniquely determined ([6], Theorem 23.6). These improvements are far from settling the extremal problem, since the best known upper bound (a construction of Lubotzky, Phillips and Sarnak, [16]) exceeds the Moore bound by a power of 3/2.

The body of this work includes four chapters.

• About 30 years ago, Bollobás has asked whether the Moore bound holds also for irregular graphs. This problem appears in his classical book Extremal Graph Theory [8]. In this chapter, we answer this long standing open question in the affirmative. We prove that if the degree of regularity d in the Moore bound is replace by the average degree of the graph, the bound still holds. This is joint work with N. Alon and N. Linial, and was published in a paper titled The Moore bound for irregular graphs.

• The results of The Moore bound for irregular graphs are improved for bipartite graphs.

The previously know results for girth 6 and 8 (of Reiman, de Caen, Székely and Neuwirth [20, 9, 18]) are generalized to an arbitrary (even) girth. This work appears in a paper titled The size of bipartite graphs with a given girth.

• We improve the spectral analysis of graphs whose size is at most twice the Moore bound.

Also, we improve the best known lower bound (Friedman [12], and Winnie Li and Solé [15]) on the least possible second eigenvalue of a d-regular graph with n vertices and girth g. This work is based on a classical theory [14], characterizing distributions through their moments. This is a joint work with A. Amit and N. Linial, and was published as a paper titled A Continuous Analogue of the Girth Problem.

• A different approach to the girth problem, is through the study of lifts of d-regular graphs to their universal cover - the d-regular infinite tree. We show that the existence of small d-regular graphs of a specified girth, is equivalent to the existence of certain codes in the d-regular infinite tree. We prove that in the tree “perfect” codes exist, but these codes are usually not “graphic”. We also give an explicit construction that is “nearly perfect” and “nearly graphic”.

10

Contents

1 Introduction 13 1.1 The Moore bound for bi-regular bipartite graphs . . . . . . . . . . . . . . . . . . . 15 1.2 The Moore bound for irregular graphs . . . . . . . . . . . . . . . . . . . . . . . . 15 1.3 The Moore bound for irregular bipartite graph . . . . . . . . . . . . . . . . . . . . 16 1.4 A continuous version of the Moore bound . . . . . . . . . . . . . . . . . . . . . . 16 1.5 The Alon Boppana lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.6 Does high girth imply expansion ? . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.7 Girth and Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 The Moore Bound for Irregular Graphs,

N. Alon , S. Hoory , N. Linial, Graphs and Combinatorics, 2002. 21

3 The size of bipartite graphs with a given girth,

S. Hoory, Journal of Combinatorial Theory, Series B, to appear. 27

4 A Continuous Analogue of the Girth Problem

A. Amit, S. Hoory, N. Linial, Journal of Combinatorial Theory, Series B, 2002 35

5 Colorings of the d-regular infinite tree 61 5.1 Perfect colorings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.2 A criterion for being graphic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.3 Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

6 Some open questions 69

A Construction of Graphs with high girth 71

12 CONTENTS

Chapter 1 Introduction

Definition: The girth of a graph G is the length of the shortest cycle in G (or infinity, if there are no cycles in G).

Let g = g(n, d) be the largest possible girth of a d-regular graph of order ≤ n. Obviously g(n, 1) = ∞, and g(n, 2) = n. However, giving good bounds on g(n, d) for any d ≥ 3 is a notoriously difficult problem in extremal graph theory.

If we consider d ≥ 3 fixed and growing n, the best asymptotic estimates known are:

2 log_{d−1} n · (1 + o(1)) ≥ g(n, d) ≥ 4 3 log_{d−1} n · (1 − o(1)). (1.1) The lower bound is due to Lubotzky, Phillips and Sarnak [16]. The Ramanujan graph they construct, in the bipartite case, has high girth. However, their construction (and its extensions) works only when the degree d is a prime power plus one. For other values of d, there are two lower bounds. The first lower bound is obtained by taking a d^′-regular LPS graph of girth g, where d^′ > d is the smallest possible (prime power plus 1), and deleting d^′ − d perfect matchings. The bound obtained this way is: g(n, d) ≥ 4 3 · log(d − 1) log(d^′ − 1)

· log_{d−1} n · (1 − o(1)).

The second is due to Erdös and Sachs [11], and is given in Theorem A.2. Their lower bound gives: g(n, d) ≥ log_{d−1} n · (1 − o(1)). (1.2) By known results about the density of primes, the first lower bound is always the better one. More about the construction of graphs with high girth can be found in Appendix 6. The upper bound in (1.1) is the Moore bound, which is a simple counting argument. To present this bound, it is more convenient to turn (1.1) around, and define n(d, g) as the least possible number of vertices n in a d-regular graph of girth g. In this form, the Moore bound has the following form: Theorem 1.1 (The Moore bound) n(d, g) ≥ n_0(d, g), (1.3) where

n_0(d, 2r + 1) = 1 + d · r−1∑ i=0 (d − 1)^i,

n_0(d, 2r) = 2 · r−1∑ i=0 (d − 1)^i.

Proof:

Consider a d-regular graph with n vertices and girth g. The bound immediately follows from the following observation:

• If the girth is odd g = 2r + 1, then a radius r ball around any vertex is a tree.

• If the girth is even g = 2r, then a radius r − 1 ball around any edge is a tree.

A d-regular graph of girth g and n_0(d, g) vertices is called a Moore Graph for odd g and a Generalized Polygon if g is even. Excluding trivial cases, we assume that d ≥ 3 and g ≥ 5. It is known (and this requires considerable work) that Moore graphs exist only for g = 5. Generalized Polygons exist only for g ∈ {4, 6, 8, 12} (see [6] Theorem 23.6, and the survey [26]). Moore graphs of girth 5 can exist only for d ∈ {2, 3, 7, 57} (a nice proof can be found in [3]). Of these possibilities, there are graphs with d = 2 (a pentagon), d = 3 (Petersen), d = 7 (Hoffman Singleton [26]), and the existence of such a graph with d = 57 is still open.

The smallest non-trivial example for a Moore graph is the Petersen graph, a 3-regular graph of girth 5 with 10 vertices.

The Petersen Graph

The known proof for the non-existence of Moore graphs and Generalized Polygons, uses algebraic properties of the adjacency matrix to show that their spectra are completely determined by the girth requirement. In fact, when one derives explicit formulas for the eigenvalues and their multiplicities, one finds that for almost all values of g the multiplicities are not integral, and therefore no such graphs exist. Later works [4, 7, 13] that improve these bounds slightly (by additive 1 or 2) use similar methods.

1.1. THE MOORE BOUND FOR BI-REGULAR BIPARTITE GRAPHS 15

We now turn to several generalizations of the Moore bound. It is natural to ask for the situation in non-regular graphs.

1.1 The Moore bound for bi-regular bipartite graphs

The simplest generalization of the Moore bound to irregular graphs, is for graphs that are bipartite and bi-regular.

Consider a bipartite graph G where all the vertices on the right and left have degree d_R and d_L respectively, and let g = 2r be the girth of G. We can repeat the argument of the Moore bound also in this scenario and get the following bound on n_R and n_L, the number of vertices on the right and left side of G, respectively: Theorem 1.2 n_L ≥ r−1∑ i=0 (d_R − 1)^{⌈ i2 ⌉} · (d_L − 1)^{⌊ i2 ⌋},

n_R ≥ r−1∑ i=0 (d_R − 1)^{⌊ i2 ⌋} · (d_L − 1)^{⌈ i2 ⌉}.

A radius 3 ball around an edge (d_L = 4 and d_R = 3).

The proof is straightforward. It follows from the fact that the radius r − 1 ball around an edge is a tree. Since G is bipartite, the number left (or right) vertices of G can be counted separately in the tree to give the required lower bound.

1.2 The Moore bound for irregular graphs

When the graph is a general graph the situation is more complex. Ball sizes are no longer uniform, and may depend strongly upon the choice of their center. It is not at all obvious how to find a good lower bound even on the size of the largest ball of radius r. One obvious lower bound is:

n ≥ n_0(δ, g), (1.4) where δ is the minimal degree of the graph. But such a bound is far from satisfactory. A better argument is obtained from the well known fact ([10] proposition 1.2.2):

Theorem 1.3 Every graph G with average degree d > 0 has a subgraph H with minimal degree > d/2. From (1.4) and Theorem 1.3, we deduce that:

n ≥ n_0( d 2 , g), (1.5)

where d is the average degree of the graph.

Chapter 1 of this work deals with this question, and there we prove the following theorem:

Theorem 1.4 Any graph with average degree d ≥ 2, girth g and n vertices, satisfies:

n ≥ n_0(d, g), (1.6)

a significant improvement over (1.5). Any further improvement of the theorem would yield an improvement of the Moore bound for regular graphs (1.3). The inequality (1.6) was conjectured about 25 years ago by Bollobás, and appears in his book “Extremal graph theory” [8], p.163 problem 10.

Also, it should be further remarked, that our results in Chapter 1 are stronger than (1.6), if there is variance in G’s vertex degrees. As an example, consider a graph with average degree 2.5. This graph is necessarily far from being regular, and our bound indeed implies here:

n ≥ n_0(2.5157 . . . , g) > n_0(2.5, g).

1.3 The Moore bound for irregular bipartite graph

Let G be a bipartite graph where the average degree of the vertices on the right and left side is d_R and d_L respectively, and let g = 2r be the girth of G. Let n_R and n_L be the number of vertices on the right and left sides respectively.

In chapter 2, we prove that the analogue of Theorem 1.2 holds, also with d_R and d_L instead of d_R and d_L.

1.4 A continuous version of the Moore bound

We now return to the d-regular scenario, and we would like to examine the Moore bound from a different perspective.

Let G be a d-regular graph of girth g and size n, and let A be the adjacency matrix of G. Since A is a real and symmetric matrix, it has a basis of eigenvectors, with eigenvalues λ_1 ≥ λ_2 ≥ · · · ≥ λ_n. λ_1 = d is Perons eigenvalue of A, and λ_n ≥ −d.

1.4. A CONTINUOUS VERSION OF THE MOORE BOUND 17

Consider the expression trace(A^k). For integers k < g, this value is completely determined:

trace(A^k) = n · t_k,

where t_k is the number of closed walks of length k from a fixed vertex to itself. This is also, the number of such walks in the d-regular infinite tree that start and end at some fixed vertex v. These tree numbers t_i play an important role in the following discussion. We give here a list of the first tree numbers. Note, that only even tree numbers are given, since the odd ones vanish.

t_0 = 1 t_2 = d t_4 = 2d^2 − d t_6 = 5d^3 − 6d^2 + 2d.

Since,

trace(A^k) = n∑ i=1 λ^k_i , we know the k’th moment of the eigenvalues for k = 0, 1, . . . , g − 1.

We ask, for what values of n, d, and g this set of equations in λ_1, . . . , λ_n has a solution. Since it is difficult to work with such a set of equations, we consider distributions, and ask: Is there a distribution μ supported on [−d, d] satisfying: ∫_d x=−d x^kdμ(x) = nt_k for k = 0, 1, . . . , g − 1? (1.7)

The problem with this formulation, is that it has a solution for any d, g and n. Such a solution can be obtained by taking the eigenvalues of any d-regular graph with girth ≥ g and size n^′, and defining μ to have a mass n/n^′ concentrated at each of the n^′ eigenvalues. To get a formulation of the problem that doesn’t have such a trivial solution, we recall that λ_1 = d and subtract it from nt_k. This yields: ∫_d x=−d x^kdμ(x) = nt_k − d^k for k = 0, 1, . . . , g − 1. (1.8)

We prove in chapter 3 the following theorem:

Theorem 1.5 For any integers d and g, the smallest n for which there is a measure μ satisfying (1.8) is equal to n_0(d, g).

The proof uses tools from a classical theory, of the Markov moment problem. These tools enable one to determine, whether there exists a distribution with a specified moments that is supported on a segment [a, b].

1.5 The Alon Boppana lower bound

During the last two decades, much progress has been made in understanding the spectra of graphs, and in particular the relation between the second eigenvalue and the graph’s expansion properties. It seems, therefore, natural to ask for the least possible value Λ of the second largest eigenvalue (in absolute value), in a d-regular graph of girth g, size n, and diameter D.

A. Nilli [19], following earlier work by N. Alon and R. Boppana, proved that:

Λ ≥ 2 √ d − 1(1 − o(1)),

where the o(1) term, refers to growing n and fixed d.

The best known lower bound on Λ is due to Friedman [12]:

Λ ≥ 2 √ d − 1(1 − O( 1 D^2

)). (1.9)

Since D ≥ Ω(log n), and g ≤ 2D + 1, the error term of (1.9) is also O(1/ log^2 n) or O(1/g^2). For graphs of high girth, (1.9) was improved by Solé and Li [23, 15]. Their bound is:

Λ ≥ 2 √ d − 1(1 − O( 1 g^2

)). (1.10)

The constants in the O() notation are such, that (1.10) is a better bound than (1.9) when g > D. In section 4 of chapter 4, we improve both (1.10) and (1.9) in the range 2D + 1 > g ≥ D. The bound follows from the general framework, described in section 1.4, considering the moments of the eigenvalue distribution for graphs of high girth. If g = 2D + 1, the graph must be a Moore graph, and its eigenvalue distribution is completely determined, and our lower bound coincides with (1.10). Keeping g and d constant, our lower bound is monotone in n, and therefore, is indeed an improvement over (1.9) at least as long as g ≥ D. However, for large n, (1.9) seems to be the better bound.

1.6 Does high girth imply expansion ?

The question in the title must certainly be severely qualified, to have an affirmative answer. Indeed, high girth does not even imply connectivity, as demonstrated by taking two disjoint copies of a d-regular graph with high girth (Connected examples that are still poor expanders, can be easily obtained by modifying this example). We discuss the question, “How large can the second eigenvalue be in a d-regular graph of size n?” in section 5 of chapter 4. Phrased differently, we ask, for the minimal number of vertices n in a d-regular graph of girth g that has λ as (some) eigenvalue. The best known lower bound for g = 2r + 1, is due to Biggs [5]: n − n_0(d, g) ≥ |P_r(λ)|, (1.11) where P_r is a certain degree r polynomial, and n_0(d, g) is the Moore bound (1.3). It is not difficult to see that as long as n < n_0(d, g + 1), (1.11) gives an upper bound on λ, and therefore we know

1.7. GIRTH AND CODES 19

the graph is an expander. We explore a similar problem for the eigenvalue distribution. Our bound coincides with (1.11) when λ = ±d, but is poorer for other values of λ. For small values of g (we can determine the exact value of bound), the bound is weaker. It seems that in order to improve (1.11), moment information alone is not enough, and more “graphical” information must be incorporated.

1.7 Girth and Codes

We recall here, a simple fact from Topology:

The d-regular infinite tree is the universal covering space of any d-regular undirected graph (both are regarded as one dimensional complexes).

Therefore, given a d-regular graph G with n vertices and girth g, there is a cover map ϕ : V (T_d) → V (G), where T_d denotes the d-regular infinite tree. Such a map can be regarded as a vertex coloring of T_d using n colors where each x ∈ V (T_d) is colored ϕ(x). This coloring ϕ has the property that:

if ϕ(x) = ϕ(y) for some x ≠ y then d_T (x, y) ≥ g. (1.12)

Therefore, a necessary condition for the existence of a graph with parameters d, g and n, is that there exists a vertex coloring of T_d satisfying (1.12).

We show in Chapter 5, that the least number of colors n, needed to color T_d in a way that satisfies (1.12) is exactly n_0(d, g). In other words, we show that the Moore bound holds also here (n ≥ n_0(d, g)), and we prove that there are colorings of the tree satisfying (1.12) that use only n_0(d, g) colors.

Although such “perfect” colorings exist, we know that there are no Moore graphs of girth > 5 and degree > 2. Therefore, a natural question that arises is, when is a coloring of T_d “graphic”. Let ϕ be a coloring of T_d, and define E(ϕ) as the set of all unordered pairs (ϕ(x), ϕ(y)) over x, y that are neighbors in T_d. As we observe in Chapter 5, an n-vertex coloring ϕ of T_d satisfying (1.12) for some g ≥ 3 is graphic, iff |E(ϕ)| = nd 2 . We further exhibit an explicit coloring ψ satisfying (1.12), that uses only n = g · (d − 1)^{⌊ g}2^⌋ colors, for which E(ψ) has size (d − 1) · n (only about twice as many as a graphic coloring).

The approach discussed above, can be viewed as a problem of constructing good codes. In particular, we seek a “large” C ⊂ V (T_d) of which any two distinct vertices x, y ∈ C satisfy d_T (x, y) ≥ g. (The meaning of “large” would be made more precise in Chapter 5.) Viewed this way, the nonexistence of d-regular Moore graphs is equivalent to the non-existence of certain “perfect” codes in T_d.

20 CHAPTER 1. INTRODUCTION

Chapter 2 The Moore bound for irregular graphs

22

23

24

25

26

Chapter 3 The size of bipartite graphs with a given girth

28

29

30

31

32

33

34

Chapter 4 A Continuous Analogue of the Girth Problem

Chapter 5

Colorings of the d-regular infinite tree

In this chapter, we would like to indicate a connection between the problem of constructing small d-regular graphs with girth g, and certain coloring problems on the d-regular infinite tree T_d. In the following discussion, we equip T_d with the usual graph metric d_T . We also denote by B_r(x), the ball of radius r around the vertex x, i.e. B_r(x) = {y : d_T (x, y) ≤ r}.

5.1 Perfect colorings

T_d is the universal covering space of any d-regular undirected graph (regarded as a one dimensional complex). Therefore, given a d-regular graph G with n vertices and girth g, there is a cover map ϕ : V (T_d) → V (G) (actually, there are infinitely many such maps). Such a map can be regarded as a vertex coloring of T_d using n colors where each x ∈ V (T_d) is colored ϕ(x). This coloring ϕ has the property, that:

if ϕ(x) = ϕ(y) for some x ≠ y then d_T (x, y) ≥ g. (5.1)

Therefore, a necessary condition for the existence of a graph with parameters d, g, n is that there exists a vertex coloring of T_d satisfying (5.1).

We first ask for the smallest possible n for which such a coloring exists, and denote this number by n_c(d, g). The answer for this question is given by:

Theorem 5.1 n_c(d, g) = n_0(d, g) Proof:

The usual proof of the Moore bound implies also that n_c is at least n_0(d, g): Let ϕ be some coloring of T_d satisfying (5.1).

• For g = 2r + 1, consider the ball B_r(v) for some vertex v. The diameter of this ball is < g, and therefore all its n_0(d, g) vertices must have distinct colors.

• For g = 2r, consider the set B_{r−1}(v) ∪ B_{r−1}(u) for two adjacent vertices v, u. This set has diameter < g, and must be colored using distinct colors. Since its size is n_0(d, g), this is a lower bound on the number of vertices used by ϕ.

To prove that n_c doesn’t exceed n_0(d, g), we construct a coloring.

Choose a vertex v_0 to be the root of the tree, and fix an order v_0, v_1, . . . on the vertices of T_d, satisfying d_T (v_0, v_i) ≤ d_T (v_0, v_j) for all i < j.

We color T_d using a greedy algorithm. At step i color v_i by c(v_i): the least positive integer that does not appear in the set {c(x) : x ∈ (B_{g−1}(v_i) ∩ {v_0, v_1, . . . , v_{i−1}})}. (5.2) Obviously, this coloring satisfies (5.1). We have to show that the number of colors used by the algorithm does not exceed n_0(d, g). (Regardless of the arbitrary order of selecting the vertices at any given distance from the root.)

Consider the coloring of a vertex v_i, with d_T (v_i, v_0) = s > r. We have to prove that the size of the set of forbidden colors given by (5.2) is strictly less than n_0(d, g). Since {v_0, . . . , v_{i−1}} ⊂ B_s(v_0), it is enough to prove that:

|B_{g−1}(v_i) ∩ B_s(v_0)| ≤ n_0(d, g). (5.3) (In other words, it is enough to consider the case where v_i is the last vertex in layer s.) Actually, (5.3) is an equality. To prove that, we discuss the cases of odd and even g separately.

• The case of odd g = 2r + 1.

This follows from the following set identity :

B_{g−1}(v_i) ∩ B_s(v_0) = B_r(u), (5.4) where u = P^{(r)}(v_i) is the r-th ancestor of v_i.

In (5.4), the inclusion is ⊃ obvious. x ∈ B_r(u) means d_T (x, u) ≤ r, so: d_T (x, v_i) ≤ d_T (x, u) + d_T (u, v_i) ≤ r + r = g − 1 d_T (x, v_0) ≤ d_T (v_0, u) + d_T (u, x) ≤ (s − r) + r = s.

To prove the inclusion ⊂, assume that x ∈ B_{g−1}(v_i) ∩ B_s(v_0), and let y be the vertex, closest to the root v_0 of all the vertices on the shortest path from x to v_i. Then either y is an ancestor of u or vice versa, since both are on the path from v_0 to v_i.

Figure 1a Figure 1b

5.1. PERFECT COLORINGS 63 In the first case (Figure 1a): d_T (x, u) = d_T (x, v_i) − d_T (u, v_i) ≤ g − 1 − r = r. In the second case (Figure 1b): d_T (x, u) = d_T (x, y) + d_T (y, u) = d_T (x, y) + r − d_T (y, v_i) ≤ r. • The case of even g = 2r.

To prove that (5.3) is an equality, it is enough to prove the set identity: B_{g−1}(v_i) ∩ B_s(v_0) = B_{r−1}(u_1) ∪ B_{r−1}(u_2), (5.5) where u_1 = P^{(r)}(v_i), and u_2 = P^{(r−1)}(v_i). Again, the inclusion ⊃ is obvious.

To prove the inclusion ⊂, assume x ∈ B_{g−1}(v_i) ∩ B_s(v_0) and let y be the vertex, closest to v_0 of all the vertices on the shortest path from x to v_i. Then, either y is an ancestor of u_1 or u_2 is an ancestor of y.

Figure 2a Figure 2b In the first case (Figure 2a): d_T (x, u_1) = d_T (x, v_i) − r ≤ r − 1.

In the second case (Figure 2b):

d_T (x, u_2) = d_T (x, y) + d_T (y, u_2) = d_T (x, y) + (r − 1) − d_T (y, v_i) ≤ r − 1.

Note 5.1 The proof of Theorem 5.1 actually proves a bit more: Given any tree T , let n_c(T, g) be the minimal number of colors needed to color T under the requirement (5.1). Then: n_c(T, g) = { max_{x∈V (T )} |B_r(x)| if g = 2r + 1 max_{(x,y)∈E(T )} |B_r(x) ∪ B_r(y)| if g = 2r. If T covers a finite graph G with an average degree d, then it follows from the proof given in [1] that n_c(T, g) ≥ n_0(d, g).

5.2 A criterion for being graphic

We know that equality in (1.3) doesn’t occur when g > 12 and d > 2. Therefore n-colorings of T_d satisfying (5.1) for such g, d cannot be graphic, i.e. cannot be induced by a cover map of some graph with parameters n, d, g. A criterion for being graphic, is given by the following proposition:

Let ϕ be a coloring of T_d, and define |E(ϕ)| as the set of all unordered pairs (ϕ(x), ϕ(y)) over x, y that are neighbors in T_d.

Theorem 5.2 An n-vertex coloring ϕ of T_d is graphic, iff

1. ϕ(x) = ϕ(y) for x ≠ y, implies d_T (x, y) ≥ 3,

2. |E(ϕ)| =^{nd}_2 .

Proof:

The if part is obvious. If ϕ is graphic, then it is the cover map of some graph G. In that case, the first condition holds since G has no cycles of length < 3, and the second condition holds since the set E(ϕ) can be identified with the^{nd}_2 edges of G.

To prove the only if part, we construct a graph G from the coloring ϕ. The vertex set of G is the set of colors used by ϕ, two vertices c_1, c_2 are adjacent, iff (c_1, c_2) ∈ E(ϕ). It is straightforward to verify that G is indeed a graph, and that the coloring ϕ covers G.

In light of Theorem 5.1 and Theorem 5.2, given n, d, g it is natural to seek n-colorings ϕ of T_d that are “nearly graphic”. Namely, we want ϕ to satisfy (5.1), and yet that |E(ϕ)| be small.

Here is a coloring that seems to do well in this respect. Given d, g, we define a coloring ψ that satisfies (5.1), uses n = g · (d − 1)^{⌊ g}2^⌋ colors, for which E(ψ) has size (d − 1) · n. Therefore, this coloring exceeds the Moore bound by about g and the “graphicity” bound by 2 · (1 −^1_d ).

To define ψ, the first step is to define a potential function F on T_d. Let R = (v_0, v_1, . . .) be an infinite simple path in T_d. Consider any vertex v ∈ V (T_d), and let v_i be the vertex in R closest to v (clearly this i is uniquely defined). Then define: F (v) = i − d_T (v, v_i). It is not difficult to verify, that |F (x) − F (y)| = 1 for every edge (x, y) ∈ E(T_d), and that any vertex v ∈ V (T_d) has one neighbor u with F (u) = F (v) + 1, while for all its other neighbors u^′, F (u^′) = F (v) − 1. We say that u = P (v) is the parent of v, and the rest of the neighbors of v are its children. The d − 1 children of v are denoted by C_1(v), C_2(v), . . . , C_{d−1}(v). The index ν(w) of a vertex w is the integer 1 ≤ i ≤ d − 1 so that w = C_i(P (w)) (i.e., w is the i-th child of its parent). As before we denote the l-th ancestor of v by P^{(l)}(v). After these preliminaries, we are ready to define the coloring ψ : V (T_d) → Z/gZ × Σ^r, where Σ = {1, 2, . . . , d − 1}, and r = ⌊^g_2 ⌋: ψ(v) = (F (v)modg, ν(v), ν(P (v)), . . . , ν(P^{(r−1)})).

Theorem 5.3 The coloring ψ = ψ_{d,g}, uses n = g ·(d−1)^r colors, satisfies (5.1), and has |E(ψ)| = n · (d − 1). Proof:

Obviously, the number of colors is indeed n = g · (d − 1)^r. To see than ψ satisfies (5.1), let x, y be two distinct vertices, such that ψ(x) = ψ(y), and assume for contradiction that d(x, y) < g. Since |F (x) − F (y)| ≤ d(x, y) < g, and F (x) ≡ F (y)modg, then F (x) = F (y). Consider the simple path connecting x and y. As we move along this path from x to y the function F changes by ±1 at every step. Also, there must be a vertex z along this path, so that in the x − z segment of the path F is monotonically increasing, and in the z − y segment it is monotonically decreasing. (Otherwise, the x−y path must contain the sequence . . . , w_1, w_2, w_3, . . ., where F (w_1) = F (w_3) = F (w_2) + 1, which contradicts the fact that the path is simple.) Then z is a common ancestor of both x and y, and therefore Δ = d(x, z) = d(y, z). If Δ ≤ r, then it is possible to use the index information from ψ(x) to determine x from z and ψ(x) alone. If ψ(x) = (∗, ν_1, ν_2, . . . , ν_r), then x = C_{ν1} ∘ C_{ν2} ∘ · · · ∘ C_{νΔ} (z). Therefore, since ψ(x) = ψ(y) the vertices x and y must be identical. On the other hand, if Δ > r, then d(x, y) = 2Δ ≥ 2(r + 1) ≥ g, which is a contradiction.

To prove that |E(ψ)| = n · (d − 1), consider some possible color in the range of ψ, say c = (k, σ_0, σ_1, . . . , σ_{r−1}). Let c = ψ(x) for some vertex x, then ψ(P (x)) = (k + 1modg, σ_1, σ_2, . . . , σ_{r−1}, σ_r). Depending on the vertex x, σ_r can assume any value in Σ. Also, for any j ∈ Σ, ψ(C_j (x)) = (k − 1modg, j, σ_0, σ_1, . . . , σ_{r−2}). We conclude that c has exactly 2(d − 1) possible adjacent colors, and therefore |E(ψ)| = (d − 1) · n, as claimed.

5.3 Codes

Definition 5.1 A distance-r code in a graph G is a subset C ⊆ V (G) such that for every distinct x, y ∈ C, dist_G(x, y) ≥ r. Classically, this definition is used for F^n_2 , F^n_q , or for the constant weight words in these graphs. It turns out, that the problem of finding small d-regular graphs with girth g, is closely related to the problem of finding large codes in T_d of minimal distance ≥ g.

We have defined n_c(d, g) as the least number of colors needed to color T_d so that the distance between any two vertices of the same color is at least g. In such a coloring ϕ, for every color c, the vertices ϕ^{−1}(c) are a code. The obvious bound n_c(d, g) ≥ n_0(d, g) is the analogue of the sphere bound in coding theory. In this context, the construction of Theorem 5.1, shows that perfect codes exist for T_d.

If the degree is even, d = 2l, we can view T_d as the Cayley graph of the free group F_l generated by E = {g_1, g_2, . . . , g_l}. Given a d-regular graph on n vertices, regard each edge as a pair of directed edges. A labeling is a map α from the directed edges to E ∪ E^{−1}, such that for every vertex the d outgoing edges have distinct labels, and for every edge e = (u, v), the map α satisfies α((u, v)) = α((v, u))^{−1}. Such a labeling exists, since every regular graph of even degree can be written as a sum of 2-factors (see [10]).

The following is a restatement of the known fact, that every 2l-regular graph can be obtained as a Schreier coset diagram (see [25] for definition) of some subgroup of a free group.

Theorem 5.4 There is a one to one correspondence between subgroups of index n in F_l and labeled d-regular graphs on n vertices, with a distinguished vertex v_0.

Proof:

• With a subgroup H such that [F_l : H] = n, we associate G, the Schreier diagram of (F_l, H).

That is V (G) = {Hx_1, Hx_2, . . . , Hx_n} is the set of H’s right cosets. Two cosets Hx and Hxg are neighbors for every g ∈ E ∪ E^{−1}. A labeling is defined as α((Hx, Hxg)) = g, and the coset H is the distinguished vertex v_0. It is easy to verify that this is indeed a labeled d-regular graph of order n. We denote ξ(H) = (G, α, v_0).

• Given a triple (G, α, v_0), there is a natural map ϕ from F_l to V (G). Every x = (x_1, . . . , x_k) ∈ F_l is interpreted as a sequence of instructions for a walk in G starting at v_0. In step i the walk is at the vertex v_{i−1}, and we define v_i as the unique vertex satisfying α((v_{i−1}, v_i)) = x_i. We define ϕ(x) as the vertex where such a walk ends, and define the subgroup H as ϕ^{−1}(v_0). We denote H = η((G, α, v_0)).

It is straightforward to check that η ∘ ξ and ξ ∘ η are the identity maps.

It is easy to check that if (G, α, v_0) = ξ(H) for some index n subgroup H ⊂ F_l, then the length of the shortest non-trivial walk from v_0 to itself in G is exactly the same as the length of the shortest non-trivial word in H. Also, for any G, α, v_0, v_1, the groups H_0 = η((G, α, v_0)) and H_1 = η((G, α, v_1)) are conjugate subgroups of F_l. Specifically H_0 = xH_1x^{−1} where x is the word consisting of the α-labels encountered along a walk from v_0 to v_1.

If we denote by n(d, g) the minimal number of vertices of a d-regular graph with girth g, then:

Theorem 5.5 For every d = 2l and g, the value of n(d, g) is the smallest index n of a subgroup H ⊂ F_l such that the minimal length of a non-trivial word in a conjugate of H is g.

Furthermore, if we are interested in Cayley graphs, and define nCayley(d, g) as the minimal size of a d-regular Cayley graph with girth g, then things get even simpler. In a Cayley graph G, there is a natural way to define α and v_0: Namely, α((v, vg)) = g and v_0 is the identity. In such a setting, H = η((G, α, v_0)) is a normal subgroup of F_l. This follows from the fact that if the walk starting at v_0 and depicted by the word x ∈ F_l is a cycle, then for any vertex v the walk starting at v following x (as walking instructions) is a cycle as well, and therefore H is closed under conjugation. This yields:

Theorem 5.6 For every d = 2l, g, the value of nCayley(d, g) is equal to the least index n of a normal subgroup H ⊂ F_l such that the minimal length of a non-trivial word in H is g.

The questions presented here are analogue to the problems about the existence of good linear codes. Therefore, the problem if the Moore bound is asymptotically tight is equivalent to the question if the sphere bound for “Linear” codes in the tree (i.e. are a subgroup of F_l) is tight, or whether an exponential gap exists as is the case of the cube (e.g. [24] Ch.5) .

68 CHAPTER 5. COLORINGS OF THE D-REGULAR INFINITE TREE

Chapter 6

Some open questions

• Girth vs. diameter: . Let g(D) be the largest possible girth in a graph of minimal degree 3 and diameter D. The best known bounds on g(D) is:

2D(1 + o(1)) ≥ g(D) ≥ 4 3 D(1 − o(1)). (6.1)

The lower bound is achieved by the LPS construction [16]. For the upper bound, consider the distance between two antipodal vertices in a shortest cycle.

Can the upper bound can be improved (i.e., can the 2 be replaced by say 1.999)? If so, then this question is easier that the problem about improving the upper bound in (1.1). Also, is it possible to improve the upper bound for irregular graphs? Note that for odd girth, the exact upper bound is 2D + 1 ≥ g(D), and there is a theorem:

Theorem 6.1 (Singleton [22]) If G is a connected graph with girth g and diameter D satisfying g = 2D + 1, then G must be regular.

• Let us return to the analogy between codes and graphs of high girth described in Chapter 5.

The Erdös and Sachs bound (Theorem A.2) is analogous to the Gilbert Varshamov bound for codes. Can we emulate any of the proofs of the GV bound in the framework of T_d so as to show the existence of groups that satisfy the Erdös Sachs bound for graphs? This in itself will not yield anything new for the Erdös Sachs construction of high girth graphs, but we believe it will break a significant conceptual barrier, following which new developments may follow.

In this context, it is conceivable, that the Moore bound can be improved by employing arguments similar to the ones used to prove there are no prefect codes in the cube (with large length and linear distance).

• In section 1.6, and later in Chapter 4, we ask if high girth implies a low second eigenvalue.

The LPS [16] graphs have high girth and are Ramanujan (|λ| ≤ 2 √ d − 1). This is certainly not a coincidence. The question is if we add some more restrictions (for example, if we require the graph to be vertex transitive), can we improve the result mentioned in section 1.6?

70 CHAPTER 6. SOME OPEN QUESTIONS

Appendix A

Construction of Graphs with high girth

This appendix includes several constructions of graphs with high girth. Most of the material in this appendix is known, but some of the proof are new.

• It is well known, but by no means obvious, that d-regular graphs of arbitrarily large girth exist for all d. Here we show this by means of an elementary construction using random lifts (Theorem A.1). This proof yeilds, unfortunately only huge graphs with this property.

• In Theorem A.2, we recall a simple argument of Erdös and Sachs, that reduces the size of any d-regular graph of girth ≥ g without introducing any short cycles. The bound obtained from this argument is:

n(d, g) ≤ O((d − 1)^g). (A.1)

• A construction due to Margulis of 4-regular graphs of high girth is presented in Theorem A.3.

Although this upper bound on the size is not as good as (A.1), this construction is very explicit, and uses a trick similar to the one used by the LPS construction.

• Finally, we give in Theorem A.4, a probabilistic construction, of graphs with average degree d and size ≤ O(g · (d − 1)^g).

Theorem A.1 For any d and g there exists a d-regular graph of girth ≥ g.

Proof:

By induction on g. The basis, g = 3 is trivial. Let G be the d-regular graph of girth g − 1 with the least possible number of (g − 1)-cycles. Let a be the number of such cycles, and assume for contradiction that a > 0. Let H be a random 2-lift of G. In other words, construct a d-regular random graph H, whose vertices are V (H) = V (G) × {0, 1}. To determine the edges of H, flip an independent fair coin r_e ∈ {0, 1} for each edge e = (u, v) of G. The edges of H are ((u, i), (v, i ⊕ r_{(u,v)})) for all (u, v) ∈ E(G) and i ∈ {0, 1}.

Let π : V (H) → V (G) be the cover map, defined by π((v, i)) = v. Since any cycle in H is projected by π to a cycle in G of the same length, we can deduce that the girth of H is at least g − 1, and that each (g − 1)-cycle in G projects to one of the a (g − 1)-cycles in G. Let c be a (g − 1)-cycle in G. This cycle must be simple, and can therefore be regarded as a set of g − 1 edges. If ⊕_{e∈c}r_e = 0 then π^{−1}(c) consists of two (g −1)-cycles in H. Otherwise, π^{−1}(c) is a single 2(g − 1)-cycle. Both events occur with probability half, so the expected number of (g − 1)-cycles c in H is a. The trivial lift H_0, where r_e = 0 for all the edges, consists of two disjoint copies of G, and has 2a (g − 1)-cycles. It follows that there is at least one 2-lift of G with fewer than a (g − 1)-cycles - a contradiction.

Theorem A.2 (Erdös and Sachs [11]) n(d, g) ≤ O((d − 1)^g)

Proof:

The proof can be viewed as an algorithm that transforms any d-regular graph of girth ≥ g, into a d-regular graph of girth g and diameter ≤ g. A d-regular graph of diameter D clearly has ≤ O((d − 1)^D) vertices, so the claim follows.

Let G be a d-regular graph with girth ≥ g and diameter D. (Such a graph can be obtained for example, using Theorem A.1). As long as D > g, we perform the following operation. Let x, y ∈ V (G) be two vertices of distance D. Let x_1, . . . , x_d and y_1, . . . , y_d be the neighbors if x, y respectively. Now delete x, y, and add d new edges (x_1, y_1), . . . , (x_d, y_d). We claim that as long as D > g, this doesn’t reduce the girth below g. To see that, let c = e_1, e_2, . . . , e_l = e_1 be a shortest cycle in the new graph. At least one of the new edges must appear among e_1, e_2, . . . , e_l, say, e_1 = (x_1, y_1). Let 1 < j ≤ l be the least j such that e_j is one of the new edges (possibly j = l). Then we distinguish two cases:

1. e_j = (x_k, y_k). In this case e_2, . . . e_{j−1} is a length j − 2 path from y_1 to x_k, that was present in the original graph G. Since d_G(x, y) = D, if follows that d_G(y_1, x_k) ≥ D − 2. Therefore l − 2 ≥ j − 2 ≥ D − 2 > g − 2, and we get that l > g.

2. e_j = (y_k, x_k). In this case e_2, . . . e_{j−1} is a length j − 2 path in G \ {x, y} from y_1 to y_k (j < l since obviously j ≠ l). The girth of G is ≥ g, so d_{G\{x,y}}(y_1, y_k) ≥ g − 2. Therefore l − 2 > j − 2 ≥ g − 2, and therefore, l > g.

In both cases, the girth requirement is not violated.

Theorem A.3 (Margulis [17])

Let q be a prime number, and let G be the Cayley graph of PSL(2, Z/qZ) with the generators σ, σ^{−1}, τ and τ^{−1}, where: σ = ( 1 2 0 1 ) , τ = ( 1 0 2 1 ) . Then: n ≤ O((d − 1)^{1.20...·g}), where n is the number of vertices in G, d = 4 is its degree, and g its girth.

Proof:

Given a formal reduced word ω in σ, τ we define ϕ(ω) as its realization in PSL(2, Z), and ϕ_q(ω) as its realization in PSL(2, Z/qZ).

Since G is a Cayley graph, it suffices to prove that the l-neighborhood of the identity in PSL(2, Z/qZ) is a tree for a large l. I.e., we would like to prove that ϕ_q(ω) ≠ ϕ_q(ω^′) for any two distinct reduced words ω, ω^′ of length ≤ l.

It is well known that the two matrices σ, τ are generate a free subgroup of PSL(2, Z) (see for example [21], VII.1). Therefore any two such words satisfy ϕ(ω) ≠ ϕ(ω^′). In order that ϕ(ω) ≠ ϕ(ω^′) and ϕ_q(ω) = ϕ_q(ω^′) would hold, one of the matrices, say ϕ(ω), must contain an element of absolute value ≥ q/2.

This immediately gives us a lower bound on g, the girth of G. It is straightforward to verify that the l_2 operator norm of the four matrices is: ||σ|| = ||τ|| = ||σ^{−1}|| = ||τ^{−1}|| = 1 + √ 2. Therefore:

(1 + √ 2)^{g/2} ≥ (1 + √ 2)^l ≥ ||ϕ(ω)|| ≥ q/2. The order of the group PSL(2, Z/qZ) is n = q(q^2 − 1) < q^3, and therefore:

n < 8 · (1 + √ 2)^{3g/2}.

The theorem follows, since^3_2 · log_3(1 + √ 2) = 1.20 . . ..

Theorem A.4 For any two inetegers D ≥ 4 even and g ≥ 3, there exist a graph with average degree D, girth g of size n ≤ O(g · (D − 1)^g)..

Proof:

Let G be a random graph of size n = 6g · (D − 1)^g where each vertex makes d = D/2 independent choices of neighbours. The average degree of this graph is D, and we prove that with positive probability G has girth at least g.

We use the Local Lemma ([2], Lemma 5.1.1 with x_i = 2 Pr[A_i]). The events are the existence of cycles of length < g. These correspond to ordered vertex sequences of length < g. There are c_l ≤ n^l possible l-cycles, each occuring with probability

p_l = (1 − (1 − 1 n )^D) · (1 − (1 − 1 n )^{D−1})^{l−2} · (1 − (1 − 1 n )^{D−2}) ≤ D · (D − 2) (D − 1)^2 · ( D − 1 n )^l ≤ ( D − 1 n )^l.

The event A that a specific l-cycle exists occurs with probability p_l. This event is jointly independent of all those events that correspond to cycles that are (vertex) disjoint from it. The number of k-cycles having a common vertex with A is at most b_k = g · n^{k−1}. Therefore if g−1∏ l=1 (1 − 2p_l)^{bl} ≥ 1 2 , (A.2)

then with positive probability G has girth ≥ g. But,

g−1∏ l=1 (1 − 2p_l)^{bl} ≥ exp(− g−1∑ l=1 4p_lb_l) ≥ exp(− g−1∑ l=1 4g · (D − 1)^l n ) ≥ exp(− 4g · (D − 1)^g n ) ≥ 1 2 , and the theorem follows.

Bibliography

[1] N. Alon, S. Hoory, and N. Linial. The moore bound for irregular graphs. Graphs and Combinatorics, too appear.

[2] N. Alon and J. H. Spencer. The probabalistic method. A Wiley-Interscience publication, 2000.

[3] L. Babai and P. Frankl. Linear algebra methods in combinatorics. University of Chicago, Department of Computer Science, 1992. Preliminary version.

[4] E. Bannai and T. Ito. Regular graphs with excess one. Discrete Math., 37(2-3):147–158, 1981.

[5] N. Biggs. Girth, valency, and excess. Linear Algebra Appl., 31:55–59, 1980. [6] N. Biggs. Algebraic graph theory. Cambridge University Press, Cambridge, second edition, 1993.

[7] N. Biggs and T. Ito. Graphs with even girth and small excess. Math. Proc. Cambridge Philos.

Soc., 88(1):1–10, 1980.

[8] B. Bollobás. Extremal graph theory. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1978.

[9] D. de Caen and L. A. Székely. On dense bipartite graphs of girth eight and upper bounds for certain configurations in planar point-line systems. J. Combin. Theory Ser. A, 77(2):268–278, 1997. doi:10.1006/jcta.1997.2745.

[10] Reinhard Diestel. Graph theory. Springer-Verlag, New York, second edition, 2000. [11] P. Erdős and H. Sachs. Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl.

Wiss. Z. Martin-Luther-Univ. Halle-Wittenberg Math.-Natur. Reihe, 12:251–257, 1963. [12] Joel Friedman. Some geometric aspects of graphs and their eigenfunctions. Duke Math. J., 69(3):487–525, 1993.

[13] P. Kovács. The nonexistence of certain regular graphs of girth 5. J. Combin. Theory Ser. B, 30(3):282–284, 1981.

76 BIBLIOGRAPHY [14] M. G. Kreĭn and A. A. Nudel’man. The Markov moment problem and extremal problems.

American Mathematical Society, Providence, R.I., 1977. Ideas and problems of P. L. Čebyšev and A. A. Markov and their further development, Translated from the Russian by D. Louvish, Translations of Mathematical Monographs, Vol. 50.

[15] Wen-Ch’ing Winnie Li and Patrick Solé. Spectra of regular graphs and hypergraphs and orthogonal polynomials. European J. Combin., 17(5):461–477, 1996.

[16] A. Lubotzky, R. Phillips, and P. Sarnak. Ramanujan graphs. Combinatorica, 8(3):261–277, 1988.

[17] G. A. Margulis. Explicit constructions of graphs without short cycles and low density codes.

Combinatorica, 2(1):71–78, 1982.

[18] I. Neuwirth. The size of bipartite graphs with girth eight. arXiv:math.CO/0102210, 2001. [19] A. Nilli. On the second eigenvalue of a graph. Discrete Math., 91(2):207–210, 1991. [20] I. Reiman. Über ein Problem von K. Zarankiewicz. Acta. Math. Acad. Sci. Hungar., 9:269– 273, 1958.

[21] J.-P. Serre. A course in arithmetic. Springer-Verlag, New York, 1973. Translated from the French, Graduate Texts in Mathematics, No. 7.

[22] R. Singleton. There is no irregular Moore graph. Amer. Math. Monthly, 75:42–43, 1968. [23] P. Solé. The second eigenvalue of regular graphs of given girth. J. Combin. Theory Ser. B, 56(2):239–249, 1992.

[24] J. H. van Lint. Introduction to coding theory. Springer-Verlag, Berlin, third edition, 1999. [25] Arthur T. White. Graphs, groups and surfaces. North-Holland Publishing Co., Amsterdam, second edition, 1984.

[26] P. K. Wong. Cages—a survey. J. Graph Theory, 6(1):1–22, 1982.