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1 Abstract

It is a major open problem in coding theory to construct linear error cor-
recting codes with a large rate and a large distance. Here we suggest a new
approach to the construction of such codes that is based on the study of
random two dimensional simplicial complexes. In this thesis we investigate

some of the aspects of this main problem.



2 Introduction

2.1 Error Correcting Codes

A binary error correcting code of length n is a set C' C {0,1}". Members
of C are called code words. If the code C has some desirable properties
that we explain below, it can be used to communicate safely over noisy
communication channels, where our transmissions include only code words
from C'. We have already defined the length of a code and now we turn to

define the two main parameters of a code - its rate and its distance.

Since we only transmit code words from C' it is obvious that we are
utilizing the communication channel only partly. The bigger |C| is, the higher
our rate of channel utilization. Accordingly, we define the rate of the code

as follows:

R(C) = 1og,|C].
n
Finally, we come to error correction. By assumption we are transmitting
over a noisy channel. Therefore, if we transmit the word x € C, in the
received message some of the bits of x may have changed. Since the receiver
knows C' as well, it can (if not too many errors have occured) reconstruct x

from its noisy version.

In order that we can correct errors using C' it is necessary that different
words in C' not be too similar. If this is indeed the case, then the recon-
struction of the transmitted code word that the receiver does (the decoding)
works correctly. Specifically, we define the Hamming Distance of two words
z,y € {0,1}™

du(z,y) = [{ilzi # yi}|.

This brings us to the definition of the distance of C"

d(C)= min (dy(z,y)).

z,yeCx#y

The main problem in the combinatorial theory of error correcting codes



is to construct codes C' of length n for which both the rate R(C) and the
distance d(C) are large.

There are many important aspects of the theory upon which we have not
even touched. We have not discussed the statistical model of the noise gen-
erated by the communication channel and in particular did not even mention
the important notion of channel capacity. We should also mention that there
is another approach to this circle of problems which is more probabilistic
(rather than combinatorial) in nature where, once a statistical model of the
channel is at hand, seeks to minimize the overall probability of error in the

transmission /reception process.

We have also ignored the encoding process by which the message we ac-
tually want to send is encoded in words from C'. More importantly, we did
not discuss the efficiency of the decoding algorithm (The reconstruction of
x from its noisy version). These are fascinating and important issues, which

must be kept outside the scope of this work.

2.1.1 A little about Linear codes

Linear codes constitute a very important family of error correcting codes.
In order to define linear codes, we view {0, 1}" as the n-dimensional vector
space over [y, the field of order 2. In this case, we can describe C' as the

kernel of a binary matrix:

C = {zx € F3|Az = 0}

where A is a binary matrix A,,«, (m < n). We usually assume that
rank(A) = m, that is, the rows of A are linearly independent in the field .
The matrix A is usually called the parity check matriz of the code C'. It is

easy to see that in this case, |C| = 2"~™, and therefore:

RC)=1-"

n

The distance of C' can be characterized as follows: It is the smallest
number of columns of A that are linearly dependent. So, a major objective

of coding theory is this:



Problem 1 Findmxn (m < n) binary matrices with no short dependencies

between columns.
A single parameter version of this problem is:

Problem 2 Determine, for a given 0 < < %,

limsup p = p(9)

n—o0

such that there ezist arbitrarily large binary matrices of size (1 — p)n X n

where every set of fewer than on columns is linearly independent.

For a more detailed discussion concerning the known bounds on p = p(9)
see van Lint and Wilson [6]. We should mention that the general problem
(for codes which are not necessarily linear) is widely open. A curious aspect
of the theory is that the best known bounds for linear resp. linear codes are
essentially identical. It is not clear if this reflects the actual truth or is just

a failing of this research area.

A main purpose of this work is to suggest a new possible approach to the

generation of such matrices.

We should mention that it is interesting to investigate these questions
with the field F, replaced by other finite fields F,. However, here we limit

ourselves to the binary case.

2.2 A little about Random Graphs

The field of random graphs concerns graphs that are generated by various
random processes. It is often useful to view a model of random graphs in

two complementary ways:

1. In terms of the stochastic process that generates the graphs.

2. Investigate the distribution of the graphs thus generated.

The oldest model and most thoroughly explored model in this area is

G(n,p), The Erdés-Renyi model. Its description in terms of the underlying
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stochastic process it is this: We start from a set of n vertices and 0 < p < 1
is a given parameter. For every pair of vertices {z,y} out of the n vertices
we choose independently and with probability p to include the edge xy in
the graph. In other words, Every two vertices are adjacent with probability
p and are not adjacent with probability 1 — p, independently of the other

pairs.

Equivalently, we may think of G(n,p) as a probability distribution over
n-vertex graphs, where the probability of a given graph G with n vertices
and e(G) edges is:

Pr(G) = p*9(1 - p) (3)—e@)

There are many more important models for random graphs. For instance:

1. Random regular graphs, where all vertices have the same degree.
2. More generally - Random graphs with a given degree sequence.

3. The dyu(n, k) model: Here every vertex chooses a random set of k
neighbours and connects with an edge to each of them. Note that this
is a simple undirected graph. It contains the edge xy when either x

chooses y or y chooses x or both.

4. In attempting to model the generation of The Internet, there is an
interest in models of random graphs in which from time to time new
vertices join an existing graph. A new vertex randomly chooses its set
of neighbors with preference to vertices of higher degrees. Such models

are called ” Preferential attachment models” [3] 2].

Here we consider a model of random two dimensional simplicial com-
plexes, which can be viewed as a two-dimensional analogue of the d,y(n, 1)

model.

A systematic study of random simplicial complexes was initiated by Linial
and Meshulam [4]. Since then a number of papers were written in this area,

but the whole subject is still in its infancy and much remains to be done.



2.3 A little about simplicial complexes

A simplicial complex is a finite family of sets F' which is closed under in-
clusion. That is, if A € I and B C A then B € F. The elements of the
underlying set are called vertices and the vertex set of F' is denoted by V(F).
The sets in F' are called faces, or simplices, and the dimension of the face
A € F is defined as

dim(A) := |A] — 1.

The dimension of F is defined as the highest dimension of a face in F,

dim(F) := max dim A.

A facetin F' is a face of dimension dim F'. Notice that a graph is nothing
but a one dimensional simplicial compler whose faets are the edges. One
more definition that we need is this: We say that a simplicial complex F is
k-full if every subset of V' (F') of cardinality < k + 1 is a face of F.

This thesis can be viewed as part of a larger research effort which seeks to
explore higher-dimensional analogues of various parts of graph theory which
seem to be amenable to such extensions. To illustrate this point consider the

following question
Question 3 What is the high-dimensional analogue of a tree?

This question has a number of meaningful answers. In this work we are
interested in the notion of a d-tree, and more specifically, in 2-tree. Let
us recall the recursive definition of a tree on n vertices. For n = 2, there
is exactly one tree, that has two vertices and an edge connecting them. To
obtain all the trees on vertex set {1,..,n+1} we proceed as follows: Consider
any tree on vertex set {1,..,n} and add one more edge (j, n+1) to some vertex
1<j<n

Similarly, we define a 2-tree on the vertices 1, 2, 3 as the simplicial com-
plex including all subsets of {1,2,3}. A 2-tree on vertex set {1,..,n + 1}
is formed as follows: Start from any 2-tree 7" on vertex set {1,..,n}, and
consider an edge (A one dimensional face) (z,y) € T. Add the two dimen-
sional face (x,y,n + 1), and of course the one dimensional faces (z,n + 1)
and (y,n + 1).



2.4 The family of matrices

There are certain matrices that one usually associates with graphs. We recall
one such matrix that plays a significant role here. The incidence matrixz of a
graph G = (V| F) is a matrix A whose rows (resp. columns) are indexed by
V (resp. E). For v € V and e € E, we define a,., the (v,e) entry of A as

follows:

If v € e then a, . = 1 otherwise a, . = 0.

We will be interested here in two-dimensional simplicial complexes F' that
have a full one-dimensional skeleton. Under these restrictions the natural
analogue of a graph’s incidence matrix is the inclusion matriz of one-vs.
two-dimensional faces of F. If |V(F')| = n, and since F' is assumed to have a
full one-dimensional skeleton the incidence matrix M has (g) rows, one per
each unordered pair of vertices The columns of M are indexed by unordered
triples for [n] corresponding to F’s two-dimensional faces. As mentioned
above, we are considering here a two-dimensional analogue of the random
graph model d,;(n,1). Accordingly, the incidence matrix M is constructed

as follows:

Every pair {z,y} C [n] selects randomly, independently and uniformly an
element z € [n]\{z,y}. We add a column to M corresponding to the triple
{z,y,x}. Finally, M is the inclusion matrix of the selected triples vs. all

pairs in [n].

Here is a numerical example to illustrate this construction. with n = 5.
For example, the pair (=the row) (1,4) can pick exactly one of the columns
(1,2,4), (1,3,4) or (1,4,5). This choice is made uniformly over the n — 2
possibilities. Note that a column may be chosen up to three times, but we
ignore this aspect and include any triple that is selected any positive number
of times. The matrix is binary, with every column having 3 entries of 1 and
all other entries are 0. The 3 entries of 1 correspond to the rows that are
indexed by a subset of the column at hand. For example, if (1,4,7) is a

column in M, its 3 one-entries reside in rows (1,4), (1,7) and (4, 7).

Here is a concrete example matrix with n = 5. We first show an (g) X (’2‘)

matrix M which illustrates the process of selection and then the matrix M
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where repeated columns are eliminated.

Table 1: Bold indicates the chosen facet
1 1 1 1 2 2 3

Sl W W NI I~~~

CI A GRS GRS
olo|lo|lo|lrRr|lo|lo|~Rr|lOo|M|k&x~ O —
olo|lo|lo|lo|IRr| OO F||W N
OO || ORI OO | =D N
O OO |||~ [O| 0t W
OO ORI |F||W N
—lo|lo|lRrRlolo|lolo|lo| o
ORI OOk OO ot W
R PR =] OO OO D Ot =
O|lm=|lOo|lo|lo|Oo|rRr|O|Rr|O]|lTt W —
= OO OO ORI OoO|O|ot =

—~| ||| ||~ ||~ |

As can be seen, this is a (Z) X (g) the matrix is of size. The number of its
1 entries is 3 - (g) However, since the same column can be chosen more than
once (As is the case here with the columns (1,2, 3), (1,2,4) and (1, 3,5)), the
matrix will usually have fewer columns (The distribution of this number is
considered below). The elimination of such multiply-chosen columns clearly

reduces as well the number of 1 entries.

Following the elimination of repeated columns we obtain the following

matrix:



Table 2: Bold indicates the chosen facet
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We consider the matrix M thus constructed as the parity check matrix of a
linear code. As constructed, M is in appropriate for the role of a parity check
matrix, since it has fewer columns than rows. A possible way of overcoming
this difficulty is for each row to choose randomly more than one column.

This, however, is outside the scope of this thesis.



3 The main results

Our main focus in this work is the inclusion matrix M that was described
above. We are specifically interested in understanding its left and right ker-
nels. In order to develop some intuition for the problem, let us recall first
what happens in an analogous one-dimensional situation, namely, incidence
matrices of graphs. Let G be a graph and P its vertices vs. edges incidence
matrix. A 0,1 vector is in the left kernel of P iff it is the indicator vector of
the union of connected components in G. The right kenel of P is spanned by
the indicator vectors of cycles in G and a general vector in the right kernel of
P is the indicator vector of an Eulerian subgraph of G (a subgraph in which
all vertices have even degrees). While the right kernel of M remains quite
mysterious and would require additional investigation, we are able (Section
to determine (the leading term in) the typical dimension of the left kernel
and to describe a corresponding number of independent vectors in the left
kernel of M.

Theorem 4 Consider a random 2-dimensional simplicial complex X on n
vertices with a full 1-dimensional skeleton whose two-dimensional faces are
chosen as follows: FEvery edge (one dimensional face) (z,y) of X selects
uniformly and independently a vertex z # x,y and the face (x,y, z) is included
i X. Let M be the inclusion matrix of X, then the expected dimension of
the left kernel of M is

(14+€e)n+0O(1)

where € = Z;:g’ ~%(] + 2)771(

X'’s first homology is en + O(

I~ 0.02. Also, the expected dimension of

=)
e2
1) with the same .

Most of what follows is devoted to the proof of this theorem. We need to

develop some background first.
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4 (1-2)-trees

A (1-2)-tree (V, T, T) is a combinatorial structure that consists of a 2-tree T
on vertex set V. An additional ingredient in the definition of a (1-2)-tree is
a spanning tree 7 on V such that every edge of 7 is contained in some 2-
dimensional face in T'. We call 7 the skeleton of the (1-2)-tree. (We note that
this deviates from the usual meaning of skeleta in the context of simplicial

complexes, but we hope that this creates no confusion).

To illustrate here are the three (1-2)-trees on vertex set {1,2,3}.

And here is a larger (1-2)-trees, on vertex set {1,2,3,4,5}

One of the basic facts in the study of trees within graph theory is Cay-

ley’s Formula which states that the number of labeled trees on n vertices is
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n™ 2. One of the first challenges of the present work, is to develop a counting

formula for (1-2)-trees. The answer is given in the following theorem.
Theorem 5 The number of labeled (1-2)-trees on n vertices is n(2n —2)"3.

Lemma 6 Let 7 be a tree with degree sequence dy...d,. The number of labeled

(1-2)-trees whose skeleton is T is:

n
di—2
14
i=1

We prove this by constructing a bijection between the set of (1-2)-trees
whose skeleton is 7 and all ordered lists of n labeled spanning trees (A;...A,,),
where the tree A; has d; labeled vertices. By Cayley’s formula, this will prove
the Lemma. In our construction, the vertices of each tree A; correspond to
the edges incident with v;, the i-th vertex in 7. The edge xy in A; corresponds

to the simplex v;zy.

An elementary cycle in a two-dimensional simplicial complex is a set of

simplices of the form {z,y;, yir1li = 1,... .t} U{x, v, }.
Claim 7 A 2-tree T contains no elementary cycles.

Proof

By induction on the process by which 7T is constructed. Consider the first
step at which an elementary cycle was created. This must be a step where
one of the simplices 0 = x, y;, y;+1 is added. But in this case, upon addition,
o shares at least two edges with already existing simplices, contrary to the

definition of a 2-tree.

Given a (1-2)-tree T' with skeleton 7, we now define a list of trees A; as
mentioned above. The tree A; is defined in terms of the simplices in T that
contain the i-vertex v;. So consider a simplex o = v;xy in T' that contains v;.

Let e = v;x and f = v;y be the two corresponding edges in 7. Corresponding

12



to o is an edge ef in A;. Clearly A; is a graph, but we need to show that it
is in fact a tree.

By Claim [7] A; is a cycle-free graph on d; vertices and has, therefore, at

most d; — 1 edges. So, on one hand:

n

Ze(Ai)gz:(di—l):n—Q.

=1

On the other hand, Z e(A;) is the number of simplices in T, namely n—2.

=1
It follows that all the inequalities above hold with equality. Consequently,
for every i, the graph A; is a tree, since it is cycle-free, has d; vertices and
d; — 1 edges.

For the opposite direction, let 7 be a tree on vertex set {vy,...,v,} with
corresponding vertex degrees dy, . .., d,. Let E; be the set of d; edges incident
with v;. For i =1,...,n, let B; be a spanning tree with vertex set F;. Let
e, f be two adjacent vertices in B; where e corresponds to the edge v;x in 7
and f to v;y. Then we associate with the edge ef in B; the simplex v;zy.
We want to show that X the simplicial complex thus created is a (1-2)-tree

that has 7 as a skeleton.

Again we show this using the inductive definition of 2-trees. Consider
two vertices v;, v; in 7 whose distance in 7 is the largest possible (i.e., their
distance in 7 is diam(7)). It is not hard to see that (i) v; is a leaf in 7, and

(ii) its (unique) neighbour, vy, has at most one non-leaf neighbour, say v;.

Now let us consider the tree By (on vertex set Ej). It has at least two
leaves, so at least one of them differs from wv,v; (considered as a vertex of
By,), say it’s vgvy,. Let vgv, be the unique neighbour of vyv,, in By. We claim
that the simplex o = viv,,v; is the only simplex containing v,,. This allows
us to induct by (i) Removing ¢ from X, (ii) Removing the edge vv,, from

By (iii) Removing the vertex v,, from 7.

Now, we know from Cayley’s formula that the number of labeled trees
on d vertices is d%~2, and since the choice of the trees is done independently,

there are:

13



n
d;i—2
114
i=1

possible labeled trees in our set.

Since we saw that there is a bijection between this set and the set of

(1-2)-trees on the skeleton 7, our lemma is proved.

Lemma 8 Let A be the set of trees on vertex set {vy..v,}, where v; has degree

d;. The number of trees in A is:

n—2
A f—
4] (d1 —1,dy—1,....d, — 1)

This is a well known lemma, and a proof can be found in many basic

texts in discrete mathematics, e.g. [5].

Our goal is to show that there are n(2n — 2)"~3 labeled (1-2)-trees on n

vertices. We already know that the number of trees 7 with degree sequence
-2 ,

dy,...,dy is (d1 _ d2n_ 14 1> and that there are 1:[ dfi=? (1-2)-trees

that have such a tree 7 as their skeleton. Consequently, the number of (1-2)-

trees on n vertices is:

n—2 .
Z (dl—l,dQ—l,...,dn—l) Ed? 2

where the sum is over all sequences d;..d,, such that Vi d; > 1 and ) d; =
2n — 2. We need to show now that this sum equals n(2n — 2)"~3. By moving
all the terms that involve n to one side of the equation, this is the same as

proving that:

Z ﬁ dd -2 (2n — 2)n—3
(d; — 1)! (n—2)!
Where the summation is as above. To this end we consider the exponen-

tial generating function of rooted trees [7]:
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or, written out:

32 8t
R( )_flf‘f—[)? +7+?+

Let us consider the formal power series R™ and evaluate the coefficient of
2?72 in this sum. To find this coefficient we have to consider all the ways
of expressing 2n — 2 as an ordered sum 2n — 2 = dy + dy + ... + d,, such that

d; > 1 for all 7. It follows that this coefficient equals:

n PR—
ddz 2

Z
2. @ D)
dy..dn Vi d;>1,> di=2n—2 =1
(summing again, over the same range). This is precisely the expression
we are after, so our proof will be completed if we can show that the coefficient

of "2 in R"(z) is indeed %

There is a very simple interpretation for the coefficient of £ in R"(z).
Namely, it is the number of rooted forests with n trees and m vertices, or,
alternatively, the number of trees with m + 1 vertices and a given root with

degree n whose incident edges are ordered (6] pages 109-132).

In our case, this means the number of trees with 2n—1 vertices and a given
root with degree n and ordered incident edges. Let us recall the following

result of Clarke [I]: The total number of trees on r vertices in which the root

(Z - i) (r — 1)1,

In our case, r = 2n — 1 and s = n. So, Clarke’s formula becomes:

(2: B 13) (2n — 2)72 =

~ (2n—3)!
(n—=1D!(n—2)!

has degree s is:

(20 — 2)" 2

15



Since the edges incident with the root are ordered, and there are n of

them, there are n! valid permutations for each tree, so, the coefficient of
2m—2
(;m—m)!

vertices and a given root with degree n and ordered edges, is:

in R™(z), which is the same as the number of trees with 2n — 1

2n — 3)! )
And therefore, the coefficient of 22"~2 is:
(2n — 3)! - B
=Dl = DiEn — e~ 2T =
(2n=2)"7.n
(n—2)!

Which is what we wanted to prove.
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5 Left Kernel

As it turns out, the leading term in the expected dimension of the left kernel
of M consists of two ingredients, namely stars and skeleta of (1-2)-trees. 1t is
convenient to associate an unordered pair with every coordinate of a vector

v we consider here. Namely,
V= (U(LQ), V(1,3)---V(1,n)» 1}(2’3)...1)(27”)...U(n,l,n)).

5.1 Stars

In the complete graph K, there are n stars in which one vertex is the root
and all other vertices are leaves. We consider the corresponding indicator
vectors v'..v". They are (g’)—dimensional vectors indexed as above. The
k-th star is defined via:

UEC- - 1 if(i=k)or (j =k)
! 0 otherwise
Every triple meets every star on either 0 or 2 edges. Consequently v*-M =
0 for every k. These n vectors span an (n — 1)dimensional subspace of the
left kernel of M. (The sum of these vectors is zero, and this is easily seen to

be the single linear dependency among these vectors).

5.2 (1-2)-trees

The second type of vectors that have a statistically significant contribution
to the left kernel are the characteristic vectors of the skeleton of an induced
(1-2)-tree. To illustrate the idea here are two examples, a very small one and

a slightly larger one

In our first (very small) example we let n = 5. Suppose that the pair
(1,2) chooses 4, and the pair (2,4) chose 1. Let us also assume that the pairs

(1,2) and (2,4) are not included in any other chosen simplex.
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It follows that the rows of M that correspond to the pairs (1,2) and (2,4)
are identical and therefore their mod 2 sum is zero (Both rows have a single
1 at the (1, 2, 4) column and 0 otherwise).

In this case we associate the (1-2)-tree in the following diagram with the

linear dependency just described:

The full lines represent edges that participate in the linear dependency.

The dotted lines represent the additional pairs that complete the structure
to a (1-2)-tree.

The arrows represent the choice - An arrow between the edge xy and the

vertex z indicates that the pair (x, y) chose the triple (x, y, z).

We now turn to slightly larger example of a skeleton of a (1-2)-tree:

In this example the following four rows of M sum to zero, thus yielding

a vector in M'’s left kernel.

18



1 1 1

2 2 3

3 8 5
(1,2) 1 1 0
(2,8) 0 1 0
(1,3) 1 0 1
(1,5) 0 0 1

How many such linear dependencies do we expect to see in the random

simplicial complex X we created?

Theorem 9 For every v > 3, the expected number of (1-2)-trees with v

vertices contained in the random simplicial compler X is

(o) (2 () o = 2hof2o — 2

v/ 'n—2

The terms (")v(2v — 2)"~ account for choosing the v vertices of the
(1-2)-tree and the actual (1-2)-tree.

Each of the v — 1 tree edges must pick one vertex out of n — 2 possible
candidates to yield the v — 2 simplices in the chosen (1-2)-tree. This explains

the term (—5)"*.

Each tree edge participates in no additional faces of the complex. In other
words, for every edge (i,7) in the (1-2)-tree, for all other indices k, the edge
(7,k) must not pick j and likewise (k,j) cannot pick i. The contribution
of this condition, per each edge in T is (1 — —15)*""2) = 1%'2(1) When we

—2
consider all v — 1 edges, this accounts for the term 1;5392).

This takes care of the expected number of a (1-2)-tree shapes. In the
diagrams above this accounts for the (1-2)-trees, but not for the arrows.
Note that in every such diagram there is a unique face that is chosen twice
(and hence contains two arrows in the diagram). We claim that once this
face is chosen the whole system of edge to face selection is uniquely deter-
mined. Since there are (v — 2) faces in the (1-2)-tree, this explains the last

unaccounted for term in the above formula.
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Lemma 10 A (1-2)-tree T on a skeleton T formed in X is uniquely defined
by the (single) face of T that is chosen twice.

Proof

Let (z,y,2) be the twice chosen face, and let (z,y) and (y, z) be the two
edges of this face that belong to 7. Consider next a face that contains one
of these two, say (z,y,w). We ask ourselves which edge of the face (z,y,w)
chose it. Let’s say that in addition to (z,y), the other edge included in
(x,y,w) that belongs to 7 is (z,w). Since (z,y) has already chosen the face
(x,y, z), it must be that (x,w) is the edge that chose (x,y,w). We proceed
this way from face to face and uniquely recover all choices that yielded the
(1-2)-tree at hand.

It is not hard to see that no edge is in more than one such skeleton.
Therefore in order to determine the typical dimension of the left kernel of
M , it suffices to calculate the expected number of skeleton-type dependencies

for a random matrix M. This expectation equals:

i (Z) (- i 2)“‘1(6232)(1; —2) - 0(20 - 2)" &

v=3

n—3
—n > %%‘ (j+ 2)*162}+4 =
n—3
—n-e? '(j+2)j I ) =en
=0
n—3

N~ L



5.3 Proof of Theorem 4]

It remains to prove that (1,2)-trees and stars exhaust the leading ©(n) term
in the expected dimension of the left kernel. [] To this end consider a vector
u in the left kernel of M. It is useful to view w as the indicator vector of
a graph H. There is no loss of generality in assuming that H is connected,
since otherwise the indicator vector of each connected component must be
in the kernel as well, and the vectors corresponding to different connected

components are linearly independent.

The same argument yields, in fact, more. We can assume that H is
made connected by the simplices we select. Namely, it is possible to connect
every two edges in H through a sequence of steps in each of which we can
move from an edge (z,y) € E(H) to (z,z) € E(H) provided that the face
(x,y,2) is in our random simplicial complex X. The reasoning is similar -
We can divide E(H) into parts which are “connected” in this sense. Each
such connected part is in the kernel, and again the corresponding vectors are

linearly independent.

If H has v vertices, then its number of edges and e can only be v — 1 or v.
In the fisrt case we are dealing with (1-2)-trees as above and in the second
case H is a monocyclic graph. We already know (Theorem @ the expected
number of (1-2)-trees in our random complex. The number of monocyclic
graphs H such that there is a collection of 2-dimensional faces that make H

connected in the above sense does not exceed

@ o)(?) (2 grae(y) o -2

It is easier to understand this expression vis-a-vis the one in Theorem [0} We

view a monocyclic graph as a (1-2)-tree to which an arbitrary edge is added.
This yields an over-count, since every edge in the single cycle could be the
additional edge. This is, however, not a problem since we are only seeking
an upper bound and not an exact expression. This choice of the additional

edge accounts for the (g) term. In a monocyclic graph there is no face that’s

Tt is coceivable that our methods are powerful enough to determine the next ©(1)
term in the asymptotic expansion of the expected dimension of the left kernel, but we
have not pursued this possibility in full.
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selected twice as above, the only freedom is in selecting an orientation of the
single cycle, whence the factor of 2. The other two changes come from the

fact that there are now v rather than v — 1 edges in H.

A direct calculation shows that this last expression does not exceed (%)”

so that when we sum over all v > 3 we get only O(1).
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6 Right Kernel

Unfortunately, at this stage, our understanding of M’s right kernel is still
incomplete. This question is particularly interesting, since, as mentioned
above, we’d like to consider M as the parity check matrix of a code. The
code is just the right kernel of M, and in particular the code’s distance is the
least Hamming weight of a vector in M’s right kernel. We turn to study the
vectors in M'’s right kernel. One obvious type of such vectors are repetition
vectors. We will also see vectors that correspond to triangulations of two-

dimensional manifolds, but only a constant number of those.

6.1 Repetitions

Any two identical columns are obviously linearly dependent. Repeated columns
occur when the same column is chosen by two distinct rows. We can exclude
such columns from M entirely. If this is what we do, then we should de-
termine the number of columns that remain in M. Let us denote by X the

random variable that counts the number of repeated columns in M. Clearly,

X = ZYT+2ZT

IT|=3

where Y7 (resp. Zr) is the indicator random variable of the event that

the triple T' was chosen exactly twice (resp. exactly three times).

n n

E(X) = (3) Pr(Yr=1)+2- <3> Pr(Zr=1)=

- (g>'3'ﬁ'(1_n12)+2'<g>'(ni2)3:
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6.2 Triangulations

We can consider the collection of all faces in a triangulation of any two-
dimensional manifold. For example, consider K, which we view as a triangu-
lation of the plane or the 2-dimensional sphere. This complex has 4 vertices,

and will look as follows:

-

This creates a dependency between the columns of M. Specifically, in

this example, these columns would look like:

w w w x

x x y y

Yy z z z
(w, x) 1 1 0 0
(w,y) 1 0 1 0
(w, 2) 0 1 1 0
(x,y) 1 0 0 1
(x,z) 0 1 0 1
(y, 2) 0 0 1 1

A more complicated example is the following 6-vertex triangulation of the

plane:
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Here, the dependency between the columns in M would be:

a a a b b c

b b d c c d

d e e d e e
(a,b) 1 1 0 0 0 0
(a,d) 1 0 1 0 0 0
(a,e) 0 1 1 0 0 0
(b, c) 0 0 0 1 1 0
(b, d) 1 0 0 1 0 0
(b, e) 0 1 0 0 1 0
(c,d) 0 0 0 1 0 1
(c,e) 0 0 0 0 1 1
(d,e) 0 0 1 0 0 1

How many of these dependencies will we see in M? All the analysis below
is carried out for oriented manifolds of genus g. The non-orientable case is

similar and we omit the relevant (simple) modifications.

By the Euler’s formula [6]:

v—e+ f=2-2g.

In a triangulation 3f = 2e, and therefore:

f
—L=2-2
v 9 q
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or:

f=2v—4+4g

According to this, we can calculate how many wv-vertex triangulations
we'll see in M:

v) n—2

A (1) (5) = Ol ) = Bt

Here A,  is the number of v-vertex triangulations of an oriented 2-
dimensional manifold of genus g. When v = 4 and g = 0, this number

is constant, but for all other relevan values of v and g we get a o(1) term.

Therefore, for large n we expect to see a constant number of Kj’s, and
no additional dependencies of this kind.

Specifically, the expected number of K,’s large ns is:

() i ()-

6!

6.3 Experiments

We have carried out a large number of numerical experiments. We observe
additional vectors in the right kernel which we presently are unable to explain
or analyze. The table below shows statistics about the number of repetitions,
the number of K4’s and the rank of M. This, in particular indicates those
linear dependencies we which come neither from repetitions nor from Kj’s,

for different values of n.
’ n ‘ Runs ‘ Reps (avg) ‘ Reps (std) ‘ Ky(avg) ‘ Other (avg) ‘ Total (avg) ‘ Total (std) ‘

50 30 23.56 4.57 1 25.8 50.36 1.54
60 24 32.6 4.99 1.2 27.79 61.16 1.6

100 | 10 48.5 6.67 2.1 50.1 100.7 1.25
150 | 10 72.9 9.81 1.2 78.6 152.7 2.26
200 2 92 7.07 2 106.5 200.5 0.707
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The total number of dependencies appears to be very close to n. This
is in line with our analysis which shows that the left kernel has dimension
> 1.02n. At any event, it seems very reasonable to expect, based both on
our theoretical work on these experimental results, that the rank of M is

(5) = (14 v+ o(1))n where v = 0.02... is the parameter computed above.

Also, it is evident that the number of repetitions is close to the theoretical
calculation.

Another interesting parameter to look at is the shortest (in terms of
Hamming weight) dependency found. This is interesting because for linear

codes this determines the distance of the code.

The problem is that finding the shortest dependency is computationally
hard [8]. If the dimension of the right kernel is k&, we do not know of a
much better way than going over 2% vectors in order to find the one with the

minimum weight.

On the other hand, for small n, we still see many dependencies that
correspond to 6 and 8 vertex triangulations of the plane. Thus it is hard to

draw any meaningful conclusions from experiments in which n is small.

As a compromise, we have conducted these experiments with n = 40. For

such n, this computation is still feasible, and results can be interesting.
Here is a histogram of the shortest dependencies in matrices with n = 40,

where the matrix has (420) = 780 rows.
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Dependency Size

It can be seen that most of the times, the shortest dependency is around
150. The short dependencies are all due to small (6,8 or 10-vertex) triangu-

lations of the plane. These should all disappear for higher values of n.

Left dependencies that correspond to stars can be considered ”trivial”,
since they belong to the left kernel of the (g) X (g) inclusion matrix of pairs
vs. triples. In this view it is interesting to experimentally examine the right
kernel when we remove the n — 1 rows of the matrix M which correspond to
all the pairs that include 0. (Any other spanning tree could be removed to

this end). As expected and the next table shows, no significant changes were

observed.
n | Runs | Reps (avg) | Reps (std) | Ky(avg) | Other (avg) | Total (avg) | Total (std)
50 30 23.07 ) 1.27 26.23 50.57 1.25
60 24 29.75 6.15 1.17 29.33 60.25 2.47
100 | 10 50.2 6.49 1.1 50.5 101.8 1.14
150 | 10 74.4 4.99 1 78.1 153.5 3.57
200 3 97.33 8.33 1 103 201.33 1.53
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