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Stochastic optimal control theory

Optimal solution is noise dependent and intractable
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Stochastic optimal control theory

> =1,..., N denote states of the system, z' is the state at time ¢.

.., () is a Markov transition probability from x to y at time ¢ under control w.

(21120, u% 1) is the probability to observe the trajectory z!*l given initial
tate ¥ and control trajectory u% 11,

f the system in state x takes action u there is an associated cost R(x,u). The
ontrol problem is to find the sequence ©"? ~1 that minimizes:

T—1 T—1
C(CE 0:T— 1 Zp 1T|£E UOT 1)ZR($t,ut): ZR(:Et,Ut)
t=0 t=0
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Stochastic optimal control theory

[he optimal control is computed using the Bellman equation, which results from
' dynamic programming argument.

-or any intermediate ¢

J(T,z) = 0
T—1
t _ . S S
J(t,at) = urtr:l%nl<ztzz(x,u)>

_ mitn R(:L‘t, ut) 4 Zp($t+l|£6t,ut)J(t 4+ th-l-l)

[his is called the Bellman Equation, J is aka the value function.

X
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Dynamics: pl,, (u)
Cost: C(u?!) = (R)

Overview
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Dynamics: pl,, (u)
Cost: C(u?!) = (R)

restricted class

Free dyna

C' = KL(p

mics: qy,,
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Overview

Dynamics: pl,, (u) — DP — Bellman Equation
Cost: C(u?) = (R)
l l
restricted class approximate J
l l
Free dynamics: ¢, — approx inference — Optimal u

C = KL(pl||lqgexp(—R))

Dptimal solution:

p@ ") = a(eT|a) exp(~R(z0T)

ntractable, but standard approximate inference problem.
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Comments

[ he proposed class of control problems was previously considered by Todorov, who
dentified for this class of problems the Bellman updates with the 3 messages for
xact inference in a chain

-_— = =

XO XT—2 XT—l X T

[his approach does not address the intractability issue.

[ he contribution of this paper is
to write the control cost as a KL divergence
to use approximate inference to compute the optimal control

[he equivalence of certain types of control problems and inference problems is
vell-known for the linear quadratic Gaussian case (Kalman) and also for certain
lasses of non-linear problems (Kappen).
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Outline of the talk

<L control
Relation to continuous path integral approach

\ numerical example.
JT
double loop CVM

summary and discussion
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KL control theory

nstead of specifying p in terms of v and introducing a cost for © we minimize p
lirectly.

optimal u < optimal p.

Ne assume the existence of a 'free’ (uncontrolled) dynamics ¢ and seek a controlled
lynamics p such that

C(z°,p) = KL(pllq)+ Zp (27" ]a”) log ElT:iO;

r(zt 2% = gzt |2 exp( ZRz t)

s minimized.
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KL control theory

Vlinimizing the KL yields

p(a]a") = r(z' 2" C(a%p) = —log Z ()

Z(CEQ)

[he optimal control at time t is given by

p(wt—l—l‘wt) _ Z p(aft+1:T|£IJt) x qt(azt+1|xt)ﬂt+1(a:t+1)

xt—|—2:T

vith 3*(z) the backward messages.

XO XT—2 XT—l X T

\B: g(x'[z"~") = g(a!) yields p(z'|2'") o (") exp(—R(z")).
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Continuous space formulation

_onsider
£ = ot fa ) bl €

[he state x denotes an n-dimensional real vector. ¢ is n-dimensional Gaussian
10ise with covariance matrix v. u an n-dimensional control vector.

’revious results show that a for certain control cost, the optimal control
omputation is an inference problem:
The cost-to-go becomes a log path integral

[his is special case of this KL control formulation and generalizes to discrete time.

pfcy(u) — ./\/’(y‘SE—I—f(ZE,t) + u(z,1),v)
qgcy — N(y\x—l—f(m,t),v)
KLGllg) = 3 p@ ") u(at, v u(a'
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Continuous space formulation

1 8 . . . ) stochastic , deterministic
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Darts with EP
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Graphical model inference

NMhen x is high dimensional the control computation
t+1 .t
p(z 2"

s intractable.

Nhen one assumes that
the problem has some structure: x = (x1,...,%y,).

q factorizes: q., = [/, ¢:(yilxs).
R has a sparse structure: R(z) = ), Rij(xi, z;).

XO XT—2 11 T

Ne can approximate the computation of the marginal using standard methods.
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Comments

Note, that in general

n
plai™h, el et al) # ] et 2l D).

1=1

[his is the well-known coordination problem: the choice at one component affects
he optimal choice at other components.

-xploiting graphical structure to obtain approximate solutions has been considered
efore in the RL community.

t has been observed that the quality of the solution is tightly linked to the sparsity
tructure of the problem, This is in agreement with the present approximate
nference view.
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A blocks world

1 ] = I

n blocks and m possible block locations. x! = 0,..., m denotes the height of
tack at location ¢ at time ¢.

\t iteration f, we move a block from location k! to location k! + I*, with
—_1,0,1.

[he Markov transition from z! to ¢ + 1 is a mixture over the values of k°, [’
qg(k"y = U(,...,n)
g1y = U(-1,0,+1)
g@ a2t = D gt kL 1) g(K (1)

Kt 1t
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A blocks world
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A blocks world

mmediate cost is the entropy of the block configuration
R(z) = —)\Z—log—

['he minimum entropy solution puts all blocks on one stack.

[ he control problem is to minimize R over a future horizon 1" with a probability p
hat is as close as possible to q.

C = KL(pllg) +(R)

A small — control is expensive — p close to gq.
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A blocks world

T T
235:3 2_
4 4
4 1 1 1 Il 4 1 Il Il
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

v =4, m =8, T =10 and A = 10 (left) and A = 2 (right) using exact inference. The blocks
re initialized in two stacks of height 4. Each subfigure shows the marginals p(k") (top), p(1*)
second) and {(z}) ,i = 1, ..., n (third) and the MAP solution (bottom) for ¢ = 1, ..., T using
 grey scale coding with white coding for zero and darker colors coding for higher values.
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Cluster variation method

[he cluster variation method replaces the probability distribution p(z) by a large
wumber of (possibly overlapping) probability distributions, each describing the
nteraction between a small number of variables.

px) = Apa(zs),a=1,...}

Ne approximate the control cost

Zp Zj) ~  Fom({pa})

ind compute its minimum, subject to normalization and consistency constraints.
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CVM Free Energy

Fam = 35 pa(za) log 2222 S 1001 5™ poas) log po(a)

a€EB z¢ T’bo‘(ma) 6] z3

+ Z Ay Z P~ () log py(z4)

subject to » . pa(za) = 1,pa(rg) = ps(zs), B C a,pa(ra) = 0.
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Double loop approach

3ound f(x) by a convex function:

— \tilde{f}

0 L L L L L
-1.5 -1 -05 0 0.5 1 15
X

[hen, optimizing fxo(:p) wrt & under constraints is a convex problem that can be
olved, and

F(@0) = fag(@0) = fuo(™(20)) > f(z™(20))

Heskes, Albers, Kappen, UAI 2003
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A blocks world
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A blocks world
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n=4,m = 8,T = 10, A\ = 2 using exact inference (left) and CVM (right).
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A blocks world

[he computational requirements for exact computation scale very fast with n and

n.

n| m| T | cliquesize | exact (Mb) | CVM (Mb) | Max error | Max error T=1
4 2 |11 |7 17 2.2 0.0304 0.0158

4 14 |11 |7 132 2.3 0.23438 0.1066

62 |11 ] 12 680 2.7 0.9596 0.0174

64 |11 | 12 15.000 2.9 0.9732 0.1265

[able 1: CVM errors for some small examples. Horizon time T = 10. Initial block
onfiguration is symmetric with m /2 blocks on two stacks maximally separated.
_VM was used with 50 innerloops and a stop crit=0.00001.
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A larger example
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Pw

= 8, m = 40, 7T
nemory use 27 Mb.

80, A = 10 using CVM. CPU time per iteration approx 2000-4000 sec.
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Summary and discussion

(L control problems:
control cost is KL divergence between future trajectories
contains diffusion processes and jump processes as special cases

-xploit graphical structure in optimal control computation:
exact inference
approximate inference

\gents

’artial observability
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Agents

\ssume that

q factorizes: qu, = [, ¢:(yilxs).

p factorizes: p., = [, pi(vi|zi).

R has a sparse structure: R(z) = ), Rij(xi, z;).

VIF ansatz is 'natural’ rather than an approximation.

) 17
X0 XT—2 XT—l XT
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Where do we stand...
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Where do we stand...
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Path integral

Ne previously established

, 1 .
p(ZL‘l'T|£EO) _ Z(ZEO)T($1.T|$O)
T
Fa) = 3 @ Tt = 3 g Tt exp <ZR<xS,s>>
pt+1:T pt+1:T s=t
[ hus,
—log (%) = —log ) r(aT|e%) = ~log Z(2°) = Cunin
xl:T
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