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Markov Random Fields

P(Xyens X0) o | ] v, (X,)
Erer b e ey

The inference task (NP-hard problems in general):
marginal probability Maximum a-posteriori

p(X.) = ZX\Xi pee. . x) arg max p(X,,..., X, )

X




Applications

*Error Correcting Codes (Gallager 1963, Feldman et. al. 2003)
*Medical Diagnosis (Jaakkola, Jordan 1999)

*Super Resolution (Freeman et. al. 2000)
*Stereo vision (Tappen, Freeman 2003, Meltzer et. al. 2005)
*Protein Folding (Yanover, Weiss 2003)

*Clustering (Shental et. al. 2003)

Image editing (Cho et. al. 2008)




Graphical Models - Background

p(xl """ Xn)OCHWa(Xa)




Graphical Models - Background

Belief Propagation:

sum-product

®@ m_ . (x)= ZW (x,) []n.(x
® ni—>a(xi): Hmc—>i(xi) / JeN (aji

ceN(i)\a




Graphical Models - Background

p(x)=7
P X,) o [T1 (X,) &

arg max p(x)

(5 O s
-

Belief Propagation:

sum-product
)= 2w TIn;a0x
W o) = Hmc—>i(xi) < jeN (a)\i
ceN(i)\a M= max v, (X,) Hnj_}a(x )

max-product jeN (a)i




Variational Methods

Approximating marginal probabilities: b, (X, ), b (x;)

For notational convenience V. (X,)=exp(-6,(x,))

Bethe free energy

min 33 b,(x,)0,(x,)- X H(b,) =, @-d)H ()
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Variational Methods

Approximating marginal probabilities: b, (X, ), b (x;)

For notational convenience V. (X,)=exp(-6,(x,))

Bethe free energy

min 33 b,(x,)0,(x,)- X H(b,) =, @-d)H ()

i ol

® Stationary Bethe free energy = sum-product fixed points (Yedidia et.al '01)

® \When the factor graph has no cycles Bethe is convex over the
marginalization constraints  bi(x;) = Z\ b, (x,) and sum-product is exact.

® Factor graph has cycles: Bethe is non-convex and alg might not converge. ,




Variational Methods

Approximating marginal probabilities:

TRW free energy (Wainwright, Jaakkola, Willsky '02):
mln ZO(ZX ba(xa)ga(xa)_ZCaH(ba)_ZCiH(bi)
C, = Weighted number of spanning trees through an edge a

G ZaeN(i)Ca

® TRW free energy is strictly convex over the marginalization constraints.
® Convergent message passing for cliques of size 2 (Globerson & Jaakkola, '07)




Variational Methods

Approximating marginal probabilities:

TRW free energy (Wainwright, Jaakkola, Willsky '02):
mln ZO(ZX ba(xa)ga(xa)_ZCaH(ba)_ZCiH(bi)
C, = Weighted number of spanning trees through an edge a

G ZaeN(i)Ca

® TRW free energy is strictly convex over the marginalization constraints.
® Convergent message passing for cliques of size 2 (Globerson & Jaakkola, '07)

Approximated free energy

min Zazxa ba (Xa)ea(xa)_ZCaH (ba)_ZCiH (b|)




Variational Methods

Maximum a-Poteriori (MAP): p(x) « GXP(Z 9,(x,))
arg max p(x) =arg min {Zaﬁa(xa)}




Variational Methods

MAP:
arg max p(x) =arg min {Zaea(xa)}

Integer Program:

argmin - 3b,(x,)0,(%,) st Yb,(x)=b(x)

b, {01}, D b, (%, )=1 4 x,




Variational Methods

MAP:
arg max p(x) =arg min {Zaea(xa)}

Integer Program:

argmin - 3b,(x,)0,(%,) st Yb,(x)=b(x)

b, €{0,1}, Zba (Xz)=1  a,x X, \X

(24

Linear Program Relaxation (wainwright, Jaakkola, Willsky *05):

argmin b, (%,)0,(x,) st b,(x,)=b(x)

bQZO,Zba(XQ)Zl a, X X AX:

a




Related Work

argmin -~ > b, (x,)0,(x,) st 3b,(x,)=b(x)

b, 20, b, (X,)=1 g x X \X,

o

@® Dual block ascent (Globerson, Jaakkola, 2007)

@® Proximal minimizations (Ravikumar, Agrawal, Wainwright, 2008)

b =argmin > b, (x,)0,(x,)+ D, (b|b"™")

@® Perturbation methods (Weiss, Yanover, Meltzer, 2007)

argmin > b, (x,)8,(x,)—&H

approximated free energy —
message-passing algorithms: sum-product (e=1)

el




Related Work

argmin Y b,(x,)0,(x,)-eH st Yb,(x,)=b(x)

bazo’zba(xa)zl a,X Xa\xi

a

Advantages:

For e—>0 the argument b* is optimal (Mangasarian ’79)

If —H is strictly convex there is a unique optimum




Related Work

argmin ~ >'b (x,)8,(x,)—eH st Yhb,(x,)=b(x)
bazo’zba(xa)zl a, X

o Xa \Xi

Advantages:

For e—>0 the argument b* is optimal (Mangasarian ’79)

If —H is strictly convex there is a unique optimum

Disadvantages: s-argmin > b, (x,)%*)-H
a, X
Numerical instability

Message-passing algorithms with potentials v, (x, )"
Undefined for €=0




Related Work

argmin ~ >'b (x,)8,(x,)—eH st Yhb,(x,)=b(x)
bazo’zba(xa)zl a, X

. X, \X;

Advantages:

For e—>0 the argument b* is optimal (Mangasarian ’79)

If —H is strictly convex there is a unique optimum

I I Ha o 5
Disadvantages: ¢-agmin > b, (x,)% =~ H
a,X,
Numerical instability

Message-passing algorithms with potentials ¥, (X,)"*
Undefined for €=0

Weiss et. al : Use (convex) Max-Product. No convergence guarantees.




marginal probability
min >'b,(x,)d,(x,)-H

Our work

Maximum a-posteriori
min > b, (x,)6,(x,)

gz\ /ertu rbation

min b, (x,)d,(x,)—eH

el




Our work

marginal probability Maximum a-posteriori
min - ¥"b,(x,)6,(x,)-H min  3"b,(x,)0,(x,)
= a=\ A/)ertl;bation
Contributions: min > b, (x,)d,(x,)—eH

® Message-passing
algorithms with (1/¢)-norm.
If is cohvex: attains
the optimum

@ For e—0 the solution
approaches the optimal
solution of LP-relaxation




Our work

marginal probability Maximum a-posteriori
min - ¥"b,(x,)6,(x,)-H min  3"b,(x,)0,(x,)
5 s=\ /ertl;bation
Contributions: min b, (x,)d,(x,)—eH
£=1 £ e=0

4/ ® Message-passing \

Ee e algorithms \Lwth (1/€)-norm. e e

~. If IS edthvex: attains
product type. If —His : product type. For some
. the optimum =
convex it recovers the convex —H the
optimum. @ For e—0 the solution algorithm converges.
If H=Bethe entropy approaches the optimal If H = Bethe entropy —

— sum-product alg solution of LP-relaxation max-product alg




Convex Message Passing
min, f(b)+ > h;(b)

f(),h,() are convex and proper (can obtain the value 0Q

f() is strictly convex and h,() are continuous (in their domain)

For t=1,2,...
Fori=1,2,...,n
dise j;ti/iJ'

b" « argmin { f (b)+b" s, +h,(b)]

bedomain (h;)
A« —p —VE (D)
Output: b

Related work: Von-Neumann, Hildreth, Bregman, Csiszar, Dykstra, Han, Tseng
For formal derivation using Fenchel duality: Hazan-Shashua UAIOS.




Convex Message Passing

min, f(b)+ > h;(b)

f(),h;() are convex and proper (can get the value of infinity)

f() is strictly convex and h,() are continuous (in their domain)

For t=1,2,...
: Analytic solution for approximated
Fori=1,2,...,n free enrgies (efficient)

Hi (_Zj;ti;tj ,/

Gl = VD)
Output: b~




Non-Convex Message Passing
min, f(b)+ > h;(b)

Claim: Assume f() has invertible derivative and h.() is differentiable over its affine domain.
Then if the algorithm converges it reaches a stationary point of the primal program

For t=1,2,...
Fori=1,2,...,n
’ui 57 Zj;tiﬂ’j

b" « argmin { f (b)+b" s +h,(b)]

bedomain (h;)

A~ = Vi)

Output: b’




Convex Belief Propagation

mln f(b)+Zh (b)

H—/ s
strictly convex convex & proper ( h. (b) = oofor some b)
Hazan-Shashua UAIO8 ) T

argmin -~ > b, (x,)0,(X,) - eH

st Yb,(x)=1 Yb,(x,)=b(x)

Xy \X




Convex Belief Propagation

mln f(b)+Zh (b)
B

strictly convex convex & proper ( h. (b) = oofor some b)

2 4

arg min Zb (x,)0, (X, ) - ‘{ZC H(b)+ZcH(b)+ D ¢, (H(b,)- H(b)))

i,aeN (i)

Vi marginals of x; agree

Convex if C_,C,,C,. =20 (Pakzad and Anantharam ‘02, Heskes '04, Weiss et al. ’07)




Convex Belief Propagatlon

mir !+ >

strictly convex convex & proper ( h. (b) = oofor some b)

]

. —Z-

Convex if C,,C,,C,, =0 (Pakzad and Anantharam ‘02, Heskes 04, Weiss et al. '07)

—2
A




Convex Belief Propagation

After mapping the algorithm Hi = Qs
takes the form b < argmin{ f (b) +b" s+, (b)}
A N B

Vae N(I) ma—>i(xi): Z[ iy (X ) Hnﬁl—ia(x )j

X4 \X jeN (a)\i

b, (X;) o l_ImC o

aeN (i)

Vae N(I) ni_’“(xa)zil//a(xa) Hnj_m(xa)J 'a( b, (X;) j

jeN (a)\i m,_i(x)

For e—0 Numerically unstable! Same situation as Weiss et. al.




Convex Belief Propagation

Coping with numerical instability:

Change variables b. (X))« b (x), m__ (X))« m (x)
Fori=1,...,n e = <
VaeN(@) m,,(x)= Z[ e PR e )j

X o \X jeN (a)\i

s

big(xi) o H mfjialéi (x;)

aeN (i)

Vae N(I) ni—)a(xa)ZLWa(Xa) Hnj—w:(xa)j i

jeN (a)\i

. f
| Z ”1/ [Z Zl/aj for z=0 ( bgl (%) j

ma—)i (Xi)




Norm-Product Propagation

The Norm-Product algorithm:

VaeN@)  m06)=wy ™ (x)) []ni5s(x,)

jeN (a)\i

the

b (x) e TTm 2" (x)

aeN (i)

Vae N(i) ni%a(xa):[l//a(xa) Hnj_)a(xa)j 'a[ b (x;) j

jeN (a)\i m, (%)

The (1/¢)-norm is bounded for every €21, and well-defined for €=0
( | z ||, = max ).z8kability depends on the accuracy of norm
computation (in Matlab € can be as low as10-'°)




Norm-Product Propagation

The Norm-Product algorithm:

argmin > b, (x,)0,(x,)—eH
a, X
® Message-passing algorithms with (1/€)-norm. If - Hs convex: attains the optimum

To be shown:

® For €=1 it is a sum-product type. If - Hs convex it recovers the optimum. If
= Bdthe entropy — sum-product algorithm

@ Fore=0itis a max-product type. For some convex - Hhere are convergence
guarantees. If H = Bethe entropy — max-product algorithm

® Fore—0andconvex -H approaches the optimal solution of LP-relaxation




Norm-Product Propagation

The Norm-Product algorithm without conditional entropies:

argmin -~ > b, (x,)0,(x,) - 8(2 ¢, H(b,)-2 cH (bi)j

VaeN()  m(x)= [y (x,) T]n"(x,)

jeN (a)\i

b; (X;) oc H majialéi (%;)

aeN (i)

1/ ¢

b; (%;) b
ma—)i(xi)

YaeN() n,(x,)=




Norm-Product Propagation

The Norm-Product algorithm without conditional entropies:

wgmin 30, (1,16, ()¢ Le.Hb,)- T oH b))

VaeN()  m_(x)=|w(x,) []n"(x,)

jeN (a)\i

e

b; (X;) oc H m(HCi“/éi (%)

aeN (i)

Va e N(i) nm(xi){ b1 (%) j

ma—>i (Xi)




Norm-Product Propagation

The Norm-Product algorithm with Bethe entropy (powers = 1):

arg min Zba(xa)ea(xa)—e(zH(ba)—z(l—dombi)]

For e=1 sum-product
For e=0 max-product

H.e

VaeN(@i)  m_(x)=|v.(x.) []n.(x)

jeN (a)\i

b; (X;) oc H m (%)

aeN (i)

b; (%)
ma—)i (Xi)

VaeN()  n,,(x)=




Max-Product Propagation

The Norm-Product algorithm with €=0 (max-product type) and without
conditional entropies:

wgmin 37, (¢,)6, 4o Le.H,)- T e (boj

Fori=1,...,n
: J-c e~
Va eN (I) ma—>i(xi) = rp?‘i( ¥ a (X ) H nj—>a
g jeN (a)\i
b; (%;) o H ma:“mi (%)
aeN (i)
Va e N(i) nm<xi)oc( b (%) j
ma—)i(xi)

Theorem: If ¢, c,>0 the algorithms performs dual block ascent on
the LP-dual, therefore converges (not necessarily optimal)

3
4




LP-Relaxation Bound

Linear Program Relaxation:

b* 2 arg mln Zba(xa)ga(xa) St zba(xa):bi(xi)

b, 20,> b, (x,)=1 g x X, \X;

(24

Convex Norm-Product:

b = arg min Y b, (x,)0,(x,)—eH st 2.0, (x,) =b(x)

&
bazo’zba(xa)zl a,X Xa\xi

a

Claim: 0<#'b, -6'b" gg( doc,In| X, [+> ¢ In|X, |j

lllustration:

Say we want to be 0.01 close to the LP-relaxation of a problem with 100
factors and two possible assignments and c,=1: Set e=10*




Experiments — Ising Model

NxN grid == n° variables

Every variable has two values X e{-11}

field &
interaction 6,

gij ~ () attractive

6’” +(0 mixed

D, (X;) =exp(dx;)
Wi (X ’Xj) = eXp(‘g"X'Xj

ij i




Experiments — Efficiency

runtime is seconds, Field=0.05, Attractive.
350

£ Our MP algorithm.
300H 3 conditional gradient descent.

Seconds

Grid size




Preliminary Experiments

Accuracy: Compared to Matlab’s linprog 9'b_-6'b’
b = arg min > b, (x,)0,(x,)

bazo'zba(xa)zl a, X

(24

b, = argmin  >'b,(x,)8,(x,)-eH

&

bazo’zba(xa)zl a, X

a

H =Y. c,Hb,)+D cH(b)+ > ¢, (H(b,)-H(b))

aeN (i)

=1 £=0.5 £=0.1 £=0.01
Cc,=1,¢,=0,c=0 [2.39 0.89 0.08 0.0002

H =TRW 1.26 0.42 0.02 -9.6e-05
Convex-Bethe 1.45 0.49 0.01 -5.6e-03 «_|

s

More accurate than linprog .




Preliminary Experiments

Number of iterations

b = arg min > b, (x,)0,(x,)

bazo’zba(xa)zl a,X,

&

bazo’zba(xa)zl a, X

b, = argmin  >'b,(x,)8,(x,)-eH

a

H =Y. c,Hb,)+D cHb)+ > ¢, (H(b,)-H(b))

aeN (i)

=1 €=0.5 €=0.1 €=0.01
c.=1,¢=0,¢=0 |20 45 323 2025
H = TRW 156 301 1378 1858
SuioEeeiine 624 1152 2141 2322




Summary

The Norm-Product algorithm: arg min Z b (x )0 (X )— eH

® Message-passing algorithms with (1/€)-norm. If — Hs convex: attains the optimum

® For¢—0and convex —-H approaches the optimal solution of LP-relaxation

@ Fore=1itis a sum-product type. If - Hs convex it recovers the optimum. If
= Bidthe entropy — sum-product algorithm

@ Fore=0itis a max-product type. For some convex - Hhere are convergence
guarantees. If H = Bethe entropy — max-product algorithm

@® Region Norm-Product

® Non-convex Norm-Product




