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Markov Random Fields

marginal probability Maximum a-posteriori
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Applications
•Error Correcting Codes (Gallager 1963, Feldman et. al. 2003) 

•Medical Diagnosis (Jaakkola, Jordan 1999)

•Super Resolution (Freeman et. al. 2000)

•Stereo vision (Tappen, Freeman 2003, Meltzer et. al. 2005)

•Protein Folding (Yanover, Weiss 2003)

•Clustering (Shental et. al. 2003)

Image editing (Cho et. al. 2008)
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Graphical Models - Background

∏∝ )(),...,( 1 ααψ xxxp n

?)(
\

=∑
ixx

xp

}2,1{ψ }4,3,2{ψ }5,4,2{ψ

1x 2x 3x 4x 5x

∏∑
∈

→→ =
iaNj

jaja
x

aiia xnxm
ia \)(\

)()()( x
x

ψ

Belief Propagation: 
sum-product

∏
∈

→→ =
aiNc

iiciai xmxn
\)(

)()(

)( iai xn →

)( ii xm →α



6

Graphical Models - Background
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Variational Methods
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Approximating marginal probabilities:
For notational convenience ( ))(exp)( αααα θψ xx −=
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Variational Methods

Stationary Bethe free energy = sum-product fixed points (Yedidia et.al ’01)

When the factor graph has no cycles Bethe is convex over the 
marginalization constraints                                  and sum-product is exact.
Factor graph has cycles: Bethe is non-convex and alg might not converge.
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Variational Methods
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TRW free energy is strictly convex over the marginalization constraints.

Approximating marginal probabilities:
TRW free energy (Wainwright, Jaakkola, Willsky ’02):

Convergent message passing for cliques of size 2 (Globerson & Jaakkola, ’07)
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Variational Methods
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Approximated free energy
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TRW free energy is strictly convex over the marginalization constraints.
Convergent message passing for cliques of size 2 (Globerson & Jaakkola, ’07)
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Variational Methods
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Variational Methods
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Variational Methods
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Related Work
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Dual block ascent (Globerson, Jaakkola, 2007)

Proximal minimizations (Ravikumar, Agrawal, Wainwright, 2008)
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message-passing algorithms: sum-product (ε=1) 
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Advantages:
For ε→0 the argument b* is optimal (Mangasarian ’79)

If           is strictly convex there is a unique optimumH~−
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Message-passing algorithms with potentials 

Numerical instability
ε
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Weiss et. al : Use (convex) Max-Product. No convergence guarantees.

Undefined for ε=0

Advantages:

Disadvantages:
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Contributions:

Message-passing 
algorithms with (1/ε)-norm. 
If         is convex: attains 
the optimum
For ε→0 the solution       
approaches the optimal 
solution of LP-relaxation
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Contributions:

Message-passing 
algorithms with (1/ε)-norm. 
If         is convex: attains 
the optimum
For ε→0 the solution 
approaches the optimal 
solution of LP-relaxation

H~−
For ε=1 it is a sum-
product type. If         is 
convex it recovers the 
optimum. 
If      = Bethe entropy 
→ sum-product alg

For ε=0 it is a max-
product type. For some 
convex         the 
algorithm converges. 
If       = Bethe entropy →
max-product alg
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Output:      

For t=1,2,...

For i=1,2,...,n
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Convex Message Passing

f(),hi() are convex and proper (can obtain the value       )

f() is strictly convex and hi() are continuous (in their domain)

Related work: Von-Neumann, Hildreth, Bregman, Csiszar, Dykstra, Han, Tseng

∞

For formal derivation using Fenchel duality: Hazan-Shashua UAI08.
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Convex Message Passing

f(),hi() are convex and proper (can get the value of infinity)

f() is strictly convex and hi() are continuous (in their domain)

Analytic solution for approximated 
free enrgies (efficient)
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Non-Convex Message Passing

Claim: Assume f() has invertible derivative and hi() is differentiable over its affine domain. 
Then if the algorithm converges it reaches a stationary point of the primal program 
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Convex Belief Propagation
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Convex Belief Propagation
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Norm-Product Propagation
The Norm-Product algorithm:
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The (1/ε)-norm is bounded for every ε≥1, and well-defined for ε=0 
(                         ). Stability depends on the accuracy of norm 
computation (in Matlab ε can be as low as10-15)
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The Norm-Product algorithm:
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For ε=1 it is a sum-product type. If         is convex it recovers the optimum. If  
= Bethe entropy → sum-product algorithm 

For ε=0 it is a max-product type. For some convex         there are  convergence 
guarantees. If       = Bethe entropy → max-product algorithm 

H~−
H~

H~−
H~

Norm-Product Propagation

To be shown:

Message-passing algorithms with (1/ε)-norm. If         is convex: attains the optimumH~−

For ε→0 and convex           approaches the optimal solution of LP-relaxationH~−
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The Norm-Product algorithm without conditional entropies:

Norm-Product Propagation
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The Norm-Product algorithm without conditional entropies:

Norm-Product Propagation
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The Norm-Product algorithm with Bethe entropy (powers = 1):

Norm-Product Propagation
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The Norm-Product algorithm with ε=0 (max-product type) and without 
conditional entropies:

Max-Product Propagation
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Theorem: If ci, cα>0 the algorithms performs dual block ascent on 
the LP-dual, therefore converges (not necessarily optimal)
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LP-Relaxation Bound
Linear Program Relaxation:
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Say we want to be 0.01 close to the LP-relaxation of a problem with 100 
factors and two possible assignments and cα=1: Set ε=10-4
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Experiments – Ising Model
gridnn×

Every variable has two values
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Experiments – Efficiency

Grid size

Seconds
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Preliminary Experiments
*bb TT θθ ε −Accuracy: Compared to Matlab’s linprog
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Preliminary Experiments
Number of iterations
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Summary
The Norm-Product algorithm:

Message-passing algorithms with (1/ε)-norm. If         is convex: attains the optimum

For ε→0 and convex           approaches the optimal solution of LP-relaxationH~−

H~−

For ε=1 it is a sum-product type. If         is convex it recovers the optimum. If  
= Bethe entropy → sum-product algorithm 

For ε=0 it is a max-product type. For some convex         there are  convergence 
guarantees. If       = Bethe entropy → max-product algorithm 
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Non-convex Norm-Product
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