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Abstract—Wideband communications are asymptoti- the entire time and bandwidth available to them,
cally impossible with signals that are spread over a very the signal to noise ratio snrper degree of freedom
wide band and are transmitted over a multipath channel s inverse to the bandwidth. i.e. saf @ (1/W) our
unknown ahead of time, if the signal to noise ratio (snr) result generalizes by providing a range of snrwhere
during communications is too low. This work exploits the he d diminishes in the limit. We sh hat if
recently discovered connection between mutual informa- the _atarat? Iminishes in the _'m't' _e show that |
tion and minimum mean square error (|-mmse) to bound bUI’S'[IHESS IS USEd, the Snl’durlng aCtIVE bUI’S'[S mUSt

the achievable data-rate of spreading signals in wideband not be too low, i.e.
settings, and to conclude that the achievable data-rate 1o W/L
diminishes as the bandwidth increases due to channel (%VT) (1)

uncertainty if the signal to noise ratio during active
transmission is too low. The result applies to all spreading because in this regime communications are not
possible in the limit.

modulations, i.e. signals that are spread almost uniformly

over the bandwidth available to the communication system, )

with snrduring active transmission that is o % . TWO_ wideband systems that are peaky (bur_sty)
The result holds for communications over channels where OVEr F'me .and employ a duty cycle m.eChamsm
the number of paths L is unbounded but sub-linear in the Were investigated in [4]. Although the setting of [4]

bandwidth W. maintained an average power limitation, the snrper
degree of freedom during active transmission was
|. INTRODUCTION AND DISCUSSION increased by the usage of a duty cycle mechanism,

This work analyzes the performance of widebariiat concentrated the signal’s energy over short
communication systems where the signal to noig€riods of time. The snrper degree of freedom
ratio (SI”II’) per degree of freedom is low. Previouﬁé.;uring active bursts of transmission, that enables
work [1], [2], [3] investigated systems employinglatarates of DSSS systems to approach capacity in
signals that are spread over both time and frequentf}¢ Wideband limit was lower bounded in [4] by
l.e. transmit continuously in time and spread their log W
power over the entire bandwidth available to them. snr = w < WL ) (2)
This type of signaling is not effective in the limit of
large bandwidth, under the assumptions of limitednd snr=o(1), i.e. snr——— 0; L is the number
power and a multipath channel with a large numbef apparent multipath components. Our new results
of components. In fact, if the number of effeceomplements [4] by showing that snrvalues during
tive multipath components increases without bourattive bursts that are only slightly lower than (2)
as the bandwidth increases, then the achievabl@vent communications in the limit.
datarate converges to zero [1]. The ‘low snrregime’ includes all signal to noise

A degree of freedorof the channel holds a smallratios that approach zero as the bandwidth in-
time-frequency block, of the order of/IV time creases. The new result basically determines that
units over1/t. frequency units, wherél is the low snrdoes not ensure efficient communications. In
system bandwidth ant] the coherence time of thesystems that do not possess knowledge of the mul-
channel. In the setting analyzed by [1], i.e. powéipath channel realization, i.encoherent systems
limited systems with signals that are spread ovére low snrregime is divided as seen in Figure 1




nications are asymptotically impossible. The new
I(Y:H.X) upper bound result applies to a much wider family of wideband
%Wtcsnr modylations, that may be spectrally effig_ient (suc_h
Q Wd as direct sequence spread spectrum or iid Gaussian
signaling).
1(Y;HIX) Our new result applies to a wide family of signals
S with energylV't. per coherence period, and a shifted

log(W/L)/(W/L V/
OgIWIL)IWIL) auto-correlation that may be as high @{ W).

Fig. 1. A sketch of the mutual information — snrrelationship for . . .
spread signals for a fixed but large bandwidth and diminishing snfN€ auto-correlation is significant because spread-

The coherent datarate upper bound (top graph) is linear in the Iquyg Signa|s generated by iid or pseudo_random se-

snrregime, and concave. The channel uncertainty penalty (in a ‘L : e
bold line) consumes the entire coherent rate at low snrvalues (belg}ﬁ_/jenceS have an emplrlcal correlation that is linear

los W/Ly " and asymptotically saturates at this snrbecause it reach¥dh v/ 1. [1] considered signals with a very low

W/L
the channel uncertainty penalty. For finite bandwidths the path gaiperrelation, and analyzed separately iid signals.

cause a further increase in the channel uncertainty penalty. The . . - .
incoherent dataraté (Y; X) is not concave. Y penaly The underlying reason for the inability of wide-

band systems to communicate is channel uncer-
tainty, and our result applies to channels where the

number of multipath components is unbounded and

into a non efficient regime where communicationgp_jinear in the bandwidth. Our proof is based
are not possible in the limit and the asymptotic ra{, ihe connection between mutual information and
Is zero, and an efficient regime where the rate {§s minimum mean square error (I-mmse) [7] and
penalized by the channel’'s entropy. The transﬁmmnges on a calculation of the minimum mean

betx)vewe/: /rl the two regimes is asymptotically. at Al gquare error (mmse) estimate of the unknown chan-
0 ( Wt ) Coherent systempresent a different ne|. A similar technique is used by [8], to calculate
asymptotic behavior. Their rate is concaven snr, an upper bound on datarates in systems of a different

and linear in the entire low snrregime, up to thgpe.

spectral efficiency of the modulation. We consider signals that spread their power over
Wideband PPM systems were analyzed in [fhe entire available bandwidth, such as PPM or im-
and [6]; Correct estimation of the channel patpulse radio [9] where the pulse shape and duration
delays is not possible in the limit of large bandwidtfetermine the bandwidth, or direct sequence spread
for PPM systems with limited average power andgpectrum where the chip duration determines the
non-vanishing data rate. The results in [5] and [§lequency spread of the signal. Our result applies
use different detectors of the multipath componentgso to OFDM-type signals, if the entire available
a threshold detector in the first and a maximumandwidth is used uniformly and concurrently. Ex-
likelihood detector in the second. Our new resufimples of signals that are not spread over bandwidth
applies to PPM systems, but translates the inabilifye FSK and multi-tone FSK [10], [11], where
of the system to estimate the channel correctly ingch symbol concentrates power on a small span of

an upper bound on the datarate. When the per bufglquencies, although the entire range of symbols
snris too low, communications are not possible ¥hay span a very large bandwidth.

the limit of large bandwidth. Our previous PPM 1hg ey result shows that channel uncertainty is
results employed the low spectral efficiency of thigeyrimental to low snrspreading systems operating

orthogonal modulation, by effectively calculating,a, multipath channels where the number of ap-

the lowest duty cycle that allows a positive dataraff‘arent paths is unbounded but sub-linear with the

as the bandwidth grows. The spectral efficiency Qfstem bandwidth [12], [13], essentially because the
PPM with a non-diminishing symbol period is uppegigna| uses too many eigen-modes of the channel.
bounded by¢ (%) Our new result basically An eigen-mode in this contect is a signal that only

shows that with the low snrrequired to maintaigoes through scaling and delay as a result of being

spectral efficiency (i.e. sne= O (k’gWW)) commu- transmitted over the noiseless channel. Our model




of channel variation in time is a block coherern appendix.
one, where the channel is fixed for known lengths Notation: vectors are marked by upper case sym-
of time (coherence periods) and realizations ovbols (X) and matrices by bold upper casX)(
different coherence periods are iid. This chann&kcalars are marked by either lower or upper case,
model offers the advantage of eigen-modes that angper case symbols are used for the important
particularly simple, as harmonic signals are eigeparameters, i.e. the bandwidifiy and number of
modes of any linear time invariant channel. Thehannel pathd..
channel uncertainty a communication system faces

when operating over the block—coherent channel is _ I _M ?DEL _ _
thus limited to the eigen-values of the channel, or Consider communication systems with a (single

in other words to the complex channel gain over tiféded) bandwidtiV’, operating over block-coherent

frequency band the system uses. multipath channels. We use a real discrete model of
The essential feature of spreading signals tH&€ System, after sampling at the receiver at féite

renders them ineffective over wide bands, is thdh® model over a single coherence period is given

they use the entire range of channel eigen-mo .

concurrently, and are thus exposed to uncertainty Y =\snX«H+Z 3)

of a large number of parameters (channel eigejherey is the received signal over an entire co-
values). Modulation schemes of the FSK type, thakrence period of length., this is a vector with
exploit a small number of channel eigen-modes pgr _ t.W entries. The vectoX of lengthk, repre-
symbol, are exposed to uncertainty in only a smajbnts the transmitted signal, the multipath channel
number of parameters. is represented by the vectdf of length k. and x

Our result can be extended to more complg¥arks a convolutionZ is white standard Gaussian
channels, where the variation in time is describgghise (jid with zero mean and variance one) and snr
using the Doppler spectrum rather than blocks the signal to noise ratio, per frequency resolution
coherence [14], [15], [16]. The eigen-modes of sugiin or per degree of freedom.
channels are approximately given by orthogonal The transmitted signal may be impulsive, we
Weyl-Heisenberg bases [17] in the under-spreg@nsider the signal to noise ratio during active
case, i.e. when the channel's response is highly cqRansmission so there is no need to explicitly address
centrated in the delay—Doppler plane. The essenfigb impulsiveness used by the system (i.e. the duty
feature that determines whether communications le ratio). We assume that the transmitter does not
possible in the wideband limit is the spreading qfse information on the channel realization.
symbol power over the eigen-modes of the unknownThe model (3) neglects edge effects at the begin-
channel. ning of the coherence period.

The channel uncertainty penalty is in fact upper The transmitted signal satisfies and energy con-
bounded by6 (LlogW/L) in our model becausestraint

this is the asymptotic entropy of the channel. The B [||X||§} = k. (4)

snrbound (1) corresponds to this channel uncer- N ] o

tainty by equating the maximal coherent dataraf@d in addition we impose a probabilistic energy

6 (W'shr) to the channel uncertainty bound. We corf:onstraint:

clude that channel uncertainty prevents asymptotic P (||X||§ > (14 0(1) ko) —— 0 (5)

wideband communications in all situations where W—o0

the coherent rate is lower than the channel entropypte that iid signaling satisfies this assumption.

as seen in Figure 1. The transmitted signaX is wideband: its empir-
Outline of the rest of the paper: after presentirigal auto-correlation is upper bounded

the model in Section Il, the main result is presented ||X||2

in Section Il and discussed in Section IV. A ‘<ﬁjﬁ>‘ zo< 2) :()<\/k_c> (6)

truncated proof is presented in Section V, and a Vke

central lemma required for the proof is proven in i#£7 i, 7=1,... k.




The notation< , > is used for the inner product ofwith a constantg that does not depend on the
vectors, and the notatioN’ is used for a vectoX bandwidth. This assumption holds for all reasonable

that is cyclicly shifted by — 1 positions, i.e. distributions of the channel gains, i.e. distributions
X v_vith a tail that is not exceptionally_heavy. Assump-
o X5 tion (11) ensures that the probability of a channel

Xi= _ (7) realization that can be estimated easily is small.

X(ket1-4)

and ( — ) indicates a modk. difference. Condi-
tion (6) essentially requires a vectdrwith an auto-  Theorem 1:Consider a communication system

I1l. RESULT

correlation that is similar to that of iid noise. of the form
The channel is composed @f paths, each with
a discrete delay in the randge1,...,t;WW where Y = snrXH + 7 (12)

tq is the delay spread. It is represented in a vector
H where most (all butZ) entries are zeros, and itwhere the transmitted sign& is generated (us-
obeys ing (7) and (10)) from ak. long vector X that

2 N
E {HXH } — k. (8) satisfies:
2

E | X|] = k. 13
The channel is block-constant with coherence time [H HQ} (13)

t., i.e. it has iid realizations over different coherence

periods. We assumg < ¢, and thus justify to an P(|X|3> (1+o0(1) k) ——0 (14)
extent our loose treatment of edge effects at the Weo

beginning of each coherence period, and approxi-

mate (3) with a circularly-shifted matrix: . X115 S

. ‘<X1,XJ> =0 | —=2 1#5 1, 5=1,... k.
Y = /snrXH + Z 9) Vke
where _ (15)
The channelH is a k. long vector with iid L zero
X1 Xp .o Xy mean entries with variance/L, with indices that
X — Xy Xy X, are chosen uniformly from the firs¥’t; positions
: LT, and
X, X X .
= (XT X2 ... X&) (10 p< > i (X X) >Wk_c> ol
The channel model is real, channel gains are J=1, j#i =

iid and zero mean, with variand¢’L, so the energy i =1,2,... k. (16)

in the channel’s impulse response equals one on
average. The choice of the non zero tap delays isThe noise vectorZ contains standard Gaussian
uniform over the(*'¢) possibilities. noise.

The number of pathé diverges as the bandwidth Claim: if the signal to noise ratio during
increases in a sub-linear manner [12], [13], i.active communication periods satisfies sne

L ——ooandL = o(W). 0 % , then the datarate diminishes in the
We make a technical probabilistic assumption gfit of large bandwidth:
the channel’'s response

ke 1(Y;X)
p( > i (X X)

> [/ k‘c> — 0 ik.snr wooo
W —oo 27¢
=1, j#i

1=1,2,... k. (11) with probability one.

0




IV. DISCUSSION OF THEPROOF V. SKETCH OF THEPROOF OFTHEOREM1

We prove the theorem in Section V by showing e start by re-writing the last term of (19). Using
that our notation, the I-mmse connection says that as

y I <Y; H|X> X a7 long as the vectoH satisfies BH |2 < co we have
im ——% =
Wooo  Lk.snr
_ 2 I (H;/sntXH + Z|X) =
and applying 1 [s
. . — Ex [mmse(snr)| dsnr (22
[(YV;X) = I(Y;H,X)—[(Y;H\X)(lS) 2/0 x [mmse(snr) (22)

< %kzcsnr 7 <Y; mX) (19) where the expected mmse is given by

The last term in (19) is the datarate penalty due to Ex [mmse(snr)] =
channel uncertainty. ~ 5 2

The proof of Thgorem 1 is based on calculating Exaz {HXH - XA (Y;snr)M (23)
the mmse estimate of the channel respalisgiven R 3
the transmitted and the received signals. We shewd H is the mmse estimate @f given bothX and
that this mmse estimate is a vector with afi) Y. We will show that the mmse estimate is a vector
norm if the snris low, essentially because the noigéth ano(1) norm in low snr conditions.

overwhelms the information carrying signal. The mmse estimate is given by
The channel uncertainty penalty is upper bounded A
by the channel entropy, and the bottom graph of Fig- H=FE[H|Y,X] (24)
ure 1 thus saturates at S
1 Wi, We lower bound the mmse by calculating it in a
§kcsnr = LlogT +6(L) (20) system that is given additional information d#,
o (log W/L) , (£) o1 namely which of its positions satisfy (16).
W/L 4 H = E[HY,X, I16)] (25)

where the first part in the RHS of (20) is a large N
bandwidth approximation of the entropy of thavhere I is a list of indices{i} where H; sat-
paths’ delays and the second part correspondsigties (16). The additional information can only
their gains. reduce the mmse.

The channel uncertainty penalty (last term in (19)
is calculated by applying the I-mmse connection, in
particular Theorem 2 of [7]. This theorem gives alH' = ///Hf (H|Y,X)dH, dH, . ..dH],
simple formula to the achievable rate of communi- (26)
cations over a known vector channel in terms of the The conditional probability density in (26) is ma-

error of the mmse estimate of the transmitted signgfsylated using the independence of the transmitted
We reverse the roles off and X in our usage of gjgnal from the channel.

Theorem 2 of [7], i.e. consideX as known and{
as the estimated party. « [ JHf(Y|X H)f(H)dH, dH,...dH|

!

The proof continues by explicitly calculating arf! [[...[f(YIX,H)f(H)dH, dH,...dH]|
estimate of the channel in positions where the actual (27)
channel gains are nonzero. The estimate diminishEse conditional probability density in (27) is Gaus-
in the large bandwidth limit so the error convergesian. We denote by, ( ) the probability density of
to the channel gains themselves. The minimal meark.. long vector of iid standard Gaussian variables
square error (23) i%.(1 —o(1)), the mutual in- . .
formation (22) is k.snr(1 —o(1)) and (19) is _ (__ 2)

Lsnro (k). i f:(5) (27)"e/2 P79 1] (28)




H =[[...[ Hf (Y - snXH) diminishes in the limit of large bandwidth. The
/ convergence of (31) to zero follows directly, as the
f(H)dHy dH> ... .dH, nominator of (31) is a sum of the nominators of
[ f(Y—+/snXH) J(H) for all H € B, and the denominator of (31)
f(H)dH, dH,...dH; (29) isasum of the denominators of the differefit//).
J(H) can be uniformly upper-bounded as shown
and proceed to examine the components of thelow, and the same bound applies to (31).

v~ectorlfl’. Consider first positions (indiceg)where 114 subgroupsA(H) are created randomly. For
Hy = 0. At these positions, any non-zero valugach assignment af that has a non-zero value in
of Hj increases the estimation error and can Rgeth position, it is put in the subgroug(G). For a
disregarded in the calculation of a lower bound QfpctorG with G; = 0 we (uniformly) choose one of
the mmse. We now examine the positions Whejig non-zero taps and replace it to tifeposition. To
H; # 0 and (16) holds, and look at the estimates @farify the process, let us say that & position of

each such value: the vectorGG was chosen. We calculate a new vector
H =[[...[ Hf (Y- snrXH) H by
FUYdH, dHy . dy, |
[[..f f (Y —snrXH) H;=Gj; Hy=0; Hy=Gyfork#i, j (33)

f(H)dH, dH,...dH, (30)

Assuming (16) we show that the nominator of (3@nd assign the vectdr to the subgroupd(H).

is negligible when compared to its denominator, andEach group A(H) contains H and about

the mmse estimate is small. (k. — L) /L other members, each different frofh
We first approximate both integrals in (30) byn exactly two positions. We ensure that groups’

Riemann sums over sampled groups of values @fes do not deviate significantly frotk. — L) /L

each position in the vectal! with a sampling step by relocating members from large groups into suit-

AH, and define (H) = f (H) AH". The sampling able smaller ones.

is done over a tight enough grid that the resulting Denote byH~* a member ofA(H) that differs

errors are small. . N
from H by exchanging the values in it&" and k™"
An upper bound to (30) is calculated by breakin ositionsyand delgndgf""i — H. The setk(H)

the sum in the denominator to a series of su DIds the values of such thatH—* ¢ A(H)
over disjoint groups of values of/, where each _ _ '
group corresponds to a single assignmentdofn 1 Ne termsp (/) in the nominator of (32) and

the nominator. The seB consists of assignments’ () in the denominator are identical for all mem-
with a non-zero valuél; 0. Rewriting the discrete P€rS Of the groupA(#/) because of our assumptions
approximation of (30) we get on iid gains and a uniform spread of the path delays.

i — > nes Hifs (Y _ \/SWXH)p(H)
b Ygenise fs (V= V/SNIXG) p (G) H;exp {_% [y - \/WXHHZHE}

the notationG Was.ir)troduced to improve clarity. JH) = e €XP {_% h \/mXHHkHE}

_ We proceed to o_I|V|de the entire range of veciGrs (32)

into non-overlapping subgroups, such that for eaChThe denominator of (34) contains a sum over

H € B we have a corresponding subgrodf( 1), gyt /1 exponential factors with different values

(31)

such that of k, including ¥ = i and the nominator holds a
, _ sar signal such factor withk = i. We take a close
J(H) Hifs (Y SanH)p(H) (32) look at their exponent and introduce the notation

- Yceaun fs (Y —/SNrXG) p (G) V (H;, k) for a k.-long vector with the valued; at



the k' positions and zeros elsewhere. The terms{c; } are mutually Gaussian zero mean
1 2 random variables, with
-3 |Y — VsnrXH ") =

2
var(c;) = snri? XkH — snrH? || X|(35)
2

1 1 .
= IV =5 VSR (v (1, k)] (35)

_ 2/ x5k Xm
B %H\/WXV(Hi,k)Hz (36) cov(ck, ) = SNrH; <X , X >
— (VEARX (H'™* — V (H,, k), _ sriH20 1X 113 (46)
VENIXV (H;, k)) (37) o\ Ve
+ <x/ﬁXI?, VsnrX (H'™F — V(Hz-,k))> (38) where the last equality is from (6).
: We collect {¢;} into the vectorC of length
X H,/SNtXV (H;, k 39 : , ,
" <\/ﬂ \/STL ( )> (39 m = |K(H)| and mark its correlation matrix by
+ (Z, VX (H™F =V (Hi, k))) (40) R, a positive definite matrix, with a constant value
+ (Z,VsniXV (H;,k)) 41) b = snrH? | X| on its diagonal and significantly

The proof proceeds by analyzing each line (35§m_l_eﬂlgrn\]/s;t#]ezn%ﬁ;gﬁggggl.of the maximalrofiid

(41), to show that the nominator of (34) is much, N (0,0?) random variables are given by [18],

smaller than the denominator. The terms (35), (38 here the mean i'2Inm—o(1) and the variance is

(37) and (40) are equal across the entire groyp(1/Inm) These results cannot be directly applied
A(H) and thus do not have any effect ol{/). to the maximal{c,} because these variables are
We omit much of the detail due to limited spacegorrelated. We show below that the correlations

and discuss only the analysis of the significant pag@§1ong{c} are insignificant in the limit of large
in the nominator and denominator of (34). ThQandmdth in the sense that there ig.athat is very

. . ) . imilar to the maximal of iid Gaussians. In order to
term (39) is the dominant te;rm in the nqmlnat roceed we calculate the trace of the mafix,
of (34), and we show that its exponent is mu

: _ sing the Frobenius norm dt:
smaller than (41) in the denominator of (34).
Nominator: The term from (39)

.\ 2
b, = <\/WXF~[,\/SWXV(H1-,I€)> = snr*H} Z Z <X’<~‘7XJ> (48)

KEK(H) jEK(H)

 _\2

= snPH} ) <Xk,Xk>
KEK(H)

tsni?H > > <ﬁ, ﬁﬁw)

keEK(H) jEK(H) j#k

1
= sn?H!||X|; <m +m(m —1)0 (k ))

trace(R?) = |R|3 (47)

kc
= snrH, Y <XJ'*1,XZ‘*1> (42)
j=1
is the dominant term in the nominator of (34). We
use (5) and (16) show that with a high probability
| < snrH?(1+ o(1)) k. + snrH,; 3/ k.

_ 2 774 |y 4 1
_ 0 (snrkc) 43) = snr?H} || X|]3m (1 +0 <L>) (50)

L — sH X im (140 (1)) (51)
Denominator: The term

Lemma 1:Consider a real matriR of sizem x
e = (Z,+/snrXV (H;,k)) = /snrH,; (Z,X;)  m that satisfies the following three conditions:
(44) . Itis positive definite

from (41) is the dominant term in the denominator . Its diagonal entries equal
of (34). The sum of exponents of foraxp {c;} is . The trace of the matrix R® equals
lower bounded by a single factor wittt € IC(H). (1+ o(1)) mb?®, asm increases
We use asymptotic order statistics to show that theffien there is a positive definite matr'/2 such
is k* € KC(H) such thate,. = /%", /2]og % in  that
the limit. . RY2(RY2)" =R



« The diagonal elements d®'/? are no bigger and J(H) —— 0. The mmse estimate of the

than v/b. channel (3{37%5 also diminishes. The proof of
. Almost all the diagonal elements &'/? al- Theorem 1 is completed by noting that (23) is

most equal/b, in the sense that no more than, (1 — o(1)), thus (22) is1k.snr(l—o(1)). The

o(1)m elements deviate from/'s by more than ratio (17) is thus shown to approach unity and the

o(1)Vb. proof is complete.
« The sum of squares of the off-diagonal ele-

ments in each row ofl —o(1))m rows of APPENDIX

R'2, ie. the sumyT" ((R1/2)ij> for PROOF OFLEMMA 1

almost all values of, is o(1)b. Since R is a positive definite matrix, we can
The proof is given in the appendix. Using Lemma }epresent it by
the vectorC' is represented with a standard Gaussian R — SVS? (60)
vector Z. ~ (0, 1) and a square matriR'/?

C_RY2y where S is real and unitary, an/ is a diagonal
= c (52)

matrix with the positive eigenvalue§s;} on its
We now look atc,- that corresponds to the maximatliagonal. DefineV'/2 as a diagonal matrix with
element of the vecto.. The expectations belowthe positive square rootgs; on its diagonal, and
are taken with respect to the transmitted sighial and define

Cp» = R1/2k*k*ch* (53)

Elep] = RY%p (\/21nm—0(1)> (54) ObviouslyR = RY/2 (RY/2)"
We calculate an upper bound on the diagonal

/ 1/2
= snrk.H; 2111% (14 o(1))55) elements ofR'/2 from

R'/2 = sv'/28” (61)

M
1 2 2
var(c.) = R1/2i*k*o (M) (R),, =b= 2 ((Rl/Z)U) > ((Rl/z)u‘)
]:
n 1/2
T Z R1/2fnk (56) = |(R )ul <0 (62)
=t mAk Divide the indices of{s;}" | into two sets,G and
1 1 C-
— 0 (1_> o(1)snrH2k, (57) its complements;“:
nm
G = {iloi > b} (63)

and conclude that in the limit

2 and
cre = /snrk.H;y/ 21nfC (1+0(1)) (58) G° = {i|o; < b} (64)

~ Conclusion of the ProofWe upper bound (34) definee, < [0,1], e, > 0 such that|G| = ¢, M and
in the limit of large bandwidth using the significant

terms in the nominator and denominator. Using (43): Z o; = ber M (1 + €) (65)
Hyexp{—3 |y — vanrxHi=|| i€g
o < {11 I3}

MaXye(H) eXP {—% |y — \/ﬁXHz—»kH;} Obviously

k.snr k.snr ke
< mep{@( 7 )—\/ 7 \/21ogL} and

(59)

Gl =1 —e) M (66)

M
Forsnr=o log ke /L = logW/L the expreSS|0n Z 4 Z o Z g ( €1 ( + 62))
kc/L W/L ieGe i—1 icG

(59) diverges to—oo as the bandwidth increases, (67)



The arithmetic mean of the eigenvaluesdns o)

Z|gg| == (e (68) all+e) 2 ative (78)

€162 > 0+/€2 (79)

and the mean of the eigenvaluesdh is § < ena=o(l) (80)
Ziegc 0; _ Mb (1 — € (1+€2))

One can similarly bound the number of eigenval-
ues ofR significantly smaller tham. If ¢; = o(1),
= b (1 _ S > (69) we upper bound the number of elementgjthat
l—a are smaller tharfl — /e;) b. Denote the number of
Using the convexity of the quadratic function: such elements by/.

|G°

M (1—¢)

2

20_122 ’g|(2@g’02) :€1M<1+€2)262 ZO'Z' = Mb(1—€1—61€2) (81)

5 1€Ge
- (70) < Mb(l-a-0va)  (82)

anda similarly
SO
2 5 c Ziegc 9i ’ _
> o? >G4 =) < Cae < —8ya (83)
g e \? €16 > 0y/er (84)
(1 — ;) Mb? (1 — %) (71) 5 < e/ =o(1) (85)
.

If e2 = o(1), ande¢,; is fixed, we upper bound the
mber of elements ¢, that are smaller than
HZ - \/5) b. Denote the number of the elements by

The eigenvalues of the square matfRR)* are {02}
and we use the requirement on the trace of t
matrix to conclude

o2 = trace((R)? 72
Z ! 9 (( )) ( ) ZO’Z' = Mb(1—€1—61€2) (86)
= b"M(1+o(1)) (73) iege
2 2
i % icce Y1 < — —
> 9] <ng‘9|" ) + 16 (z@i - ) = Mbtmazovel 6D
= w146+ 99 74 "
- taat i, (74) e < —0yE (88)
The inequality yeilds €162 > 0r\/62 (89)
2 2 0 < €62 =0(1 (90)
€165 + g% _ o(1) (75) e = oll)
o o L= . ~and as a result, all but(1/) eigenvalues oR'/?,
this is possible if and only if the produete; is i.e.{,/s;} are lower bounded byl —o(1))v/b. This
o(1), i.e. eithere; or e, (or both) areo(1). is used to lower bound the trace:

If € is o(1) then the number of eigenvalues Bf Lo
bigger thanb is o(M). If e, = o(1) ande, is fixed,  trace(R ?) = Z Vi
we upper bound the number of elementsdirthat > (1— o)) M(1— o1 b
are bigger thar(l + \/6) b. Denote the number of = o(1)) M ( o(1)) Vb
these elements by, = (1—o(1)) MV (91)

This lower bound together with (62) leads to
Zai = Mbe(1+ €2) (76) the conclusion that almost all diagonal elements
icg (R'/2)_, that is at leastl — o(1) of them, must
> Mb (e + 0v/€2) (77) be (1 —o0(1))Vb.



How big is the energy of the off diagonal entries?s]
for almost all of the rows, i.e(M — o(M)) values
ofi=1,..., M we have

> (w2, )

The proof of Lemma 1 is thus complete.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(9]

(R)m’ - ((R1/2)ii)2

b—(1—o0(1))b
o(1)b

J
(92) 10

(93)
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