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Abstract—The acquisition of a multipath channel profile (in-
cluding the leading delay) for ultra-wideband pulse position
modulation (PPM) communication systems is considered in the
limit of large bandwidth. Optimal acquisition is defined by the
maximum likelihood detector whose performance can be assessed
via order statistics. Four channel scenarios are examined: deter-
ministic or Gaussian channel taps, uniform or exponential power
delay profiles. For these four channels, the rate of growth of the
multipath as a function of bandwidth which leads to acquisition
failure is determined. Acquisition is not even partially possible
on multipath channels with deterministic path amplitudes, if the
number of paths diverges too fast. Furthermore, if the number of
independent Gaussian paths increases without bound, but slower
than the bandwidth, then the system cannot even partially ac-
quire in the limit. These negative results are shown for somewhat
idealized environments, implying that multipath delay profile
acquisition will fail under more realistic conditions.

Index Terms—Channel uncertainty, multipath channels, order
statistics, pulse position modulation (PPM), ultra-wideband
(UWB), wideband communications.

I. INTRODUCTION

ULTRA-wideband (UWB) impulsive systems have gained
recent interest for communications, as well as channel

imaging and positioning. While significant diversity is achiev-
able given the large amount of multipaths in UWB channels,
methods for harnessing such diversity when the channel is
unknown remain a challenge. In fact, the fundamental limits
of UWB signaling in the presence of channel uncertainty have
not been fully established. In this paper, we consider a specific
form of channel uncertainty: unknown multipath delay profile.
In particular, we assess the challenge of learning the multipath
delay profile in the limit of large bandwidth in the context of
pulse position modulation (PPM) systems. Our main contribu-
tion is a negative conclusion: acquisition of the delay profile
cannot be even partially achieved, even if all system resources
are devoted to estimating the delays of the multipath.

While our approach is based on detection theory, we are in-
formed by prior information theoretic approaches which en-
deavor to establish the capacity of wideband communication in
the limit of large bandwidth [12], [17], [20], [23], [31], [32],
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Fig. 1. Number of significant channel paths versus bandwidth. The paths ac-
counting for 60%–90% of the energy were counted in two separate measurement
campaigns. The Intel data were taken from [27] and the time-domain data from
[21].

[34]. Several observations can be drawn from these works: un-
known path delays have a more significant impact on wideband
capacity than unknown path amplitudes and flash signaling can
sometimes counteract the effects of channel uncertainty in the
wideband limit. We examine flashy PPM systems and ask what
is the maximum rate of growth of the multipath as a function of
bandwidth which enables acquisition of the multipath delay pro-
file. Recent wideband channel-propagation measurements sug-
gest that the number of channel paths grows with bandwidth,
an almost linear rate is reported by [29], and a sublinear rate
is shown in [23] and [28] (see Fig. 1). Flash signaling enables
spread-spectrum signaling to achieve channel capacity even in
the presence of an unknown multipath delay profile so long as
the rate of growth of the multipath with increasing bandwidth is
not too large. However, flash signaling does not appear to com-
parably assist PPM. An intuitive interpretation of our results is
as follows: the relatively low spectral efficiency of PPM does
not allow strongly bursty (very flashy) signaling which is nec-
essary to overcome the noncoherent nature of the channel, in
contrast to direct-sequence spread-spectrum signaling.

Knowledge of path delays is essential for proper operation of
PPM systems, and timing errors seriously degrade PPM system
performance [19], [33] as well as that of spread-spectrum sys-
tems (see [5] and references therein). The relatively low power
per Hertz considered for UWB systems implies that it is neces-
sary to acquire a significant subset of the multipath delay pro-
file to ensure reasonable energy capture; however, in practice,
not all paths are acquired for complexity reasons [36] and thus
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a “selective RAKE” is implemented. Classical UWB channel
synchronization is often performed by a correlation operation
followed by a threshold decision [9], [13], [15], [37]. We have
shown that in the limit of large bandwidth, threshold synchro-
nization fails [22]. A similar conclusion is drawn in [35]1 for
high SNR. We observe that there has been significant interest in
determining high performance channel estimation methods for
both the channel taps as well as the multipath delay profile for
UWB systems [2]–[4], [11], [14], [18]. In providing a result for
a simple system, we do not treat some of the practical aspects
considered in this prior work; however, as it is a negative re-
sult, our work implies that multipath delay profile acquisition
for flashy PPM in the limit of large bandwidth is not possible
for practical systems.

We assume all system resources are devoted to training, the
use of guard bands to avoid inter-symbol interference and no
pulse distortion [8], [25], [26]2. We consider several channel
models based on uniform or exponentially decaying energy pro-
files and deterministic or Gaussian distributed channel tap co-
efficients, in contrast to [20], [23], and [32], which considered
only uniform energy profiles. The objective is to consider math-
ematically tractable models which still capture key features of
real UWB channels. Thus the “sparse” nature of multipath pro-
files (presence of nonzero taps due to clustering [7], [10]) and
nonuniform multipath delay profiles ( e.g., [7]) are both cap-
tured within our family of examined channels. Consistent with
[23] and [32], we consider a scenario with an average power
constraint per transmitted symbol. For narrowband systems, the
Gaussian model for channel taps is derived from invoking the
Central Limit Theorem (see e.g., [24]); it is not clear whether
such arguments can be made for the UWB case [38] as the
number of paths which can be combined within a resolution bin
may decrease as a function of increasing bandwidth. However,
we believe such models can still provide useful intuition for real
systems.

Our method of proof is based on exploiting properties of uni-
form energy multipath profiles for both the deterministic and
Gaussian scenarios. For these two cases, the maximum likeli-
hood multipath delay acquisition algorithm can be cast into a
method based on order statistics [6]. We show that in the limit
of large bandwidth ( ), it is impossible to acquire the delay
corresponding to the path with the largest magnitude and thus
we cannot acquire any of the path delays. The exponential delay
profiles cases are treated by examining a corresponding uni-
form delay profile case which provides performance superior to
that of the exponential profile case. When acquisition fails for
the corresponding uniform profile, it also fails for the exponen-
tial profile. We examine regimes where the bandwidth diverges

and the number of multipaths ( ) also grows without
bound . For both deterministic profiles if
where , acquisition fails. For the Gaussian profiles, the
condition ensures that the multipath delay profile
cannot be acquired. We emphasize that acquisition fails for any
growth rate lower than that specified above. In particular note

1The same authors offer a review of UWB channel acquisition in [1].
2We observe that maximum-likelihood based channel estimation methods

with proper channel modeling exhibit robustness to pulse distortion which is
unknown at the receiver as we have shown in [3].

that for , the implication is that multipath that grows
logarithmically with bandwidth also results in an acquisition
failure.

Our results show that for many cases of interest, the re-
ceiver will be unable to acquire the multipath delay profile
at large bandwidths. The implication of these results for
achievable rates of noncoherent PPM systems is consistent
with the numerical analysis of [30], which suggests that the
communication rate decreases as the bandwidth increases.
Direct-sequence spread-spectrum systems operating over a
channel with a uniform power delay profile, with multipath
delay profile knowledge at the receiver, achieve the channel
capacity in the limit if , but without this knowledge
the condition becomes . For PPM, the effect
of knowledge of the path delays converts the conditions for
achieving capacity from with knowledge of
the delays to , or possibly a decreasing number of
multipath, without this knowledge. Thus, the knowledge of
the path delays enables the removal of a factor of from
the rate of increase of the number of paths which allows the
system to achieve the channel capacity [23]. The underlying
reasoning is that with i.i.d. paths, the amount of information
needed to describe the channel path delays is . This
information cannot be applied to the system’s achievable rate
for communication.

This paper is organized as follows: Section II describes the
transmitted signal, channel model and received signal. The op-
timal receiver is discussed in Section III along with preparatory
calculations. The main results, for channels with a uniform and
an exponential power delay profile, are provided in Sections IV
and V. Discussion of the result and final conclusions are pre-
sented in Section VI. The Appendix derives a simple equivalent
form of the maximum likelihood multipath profile acquisition
algorithm for the case of uniform energy profile for Gaussian
channel coefficients.

II. SIGNAL MODEL

A. Transmitted Signal

We consider power limited PPM, where the transmitted signal
is a concatenation of symbols of the type

else
(1)

The symbol duration is given by and the number of pulse
positions is dictated by the transmission bandwidth . The data
symbol is denoted where . The
average transmitted energy per symbol is —it is bandwidth
independent and ensures an average power constraint. The entire
transmitted waveform (multiple symbols) is denoted by .
We shall assume that the symbol duration does not diminish with
increasing bandwidth.

The flash parameter in (1) controls the duty cycle of com-
munications. With the use of flash signaling, transmission is
bursty and communication occurs over a fraction of the total
communication period. During the active periods, symbols of
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the type (1) are used and at other times the transmitter is silent.
is known at the receiver and furthermore, the receiver is aware of
the on-periods of communication. Note the distinction between
flashy transmission and PPM modulation. For regular data trans-
mission, the receiver must detect which one of the
pulse positions has been employed in each symbol; in contrast,
with flashy transmission, the receiver is synchronized to the
on-periods of communication. We note that if is small, then
the transmitter is predominantly silent. We require a positive
(nondiminishing) data rate with increasing bandwidth. Thus, the
parameter must be large enough so that does not di-
minish, since the data rate with flash signaling is proportional to

. The requirement on can be written as

(2)

with fixed , that are independent of the bandwidth.
Several features of our setup should be underscored. The

first is that there is no constraint imposed on the number of
PPM positions that are employed for data signaling. Thus,
a guard time can be implemented by limiting the positions
employed. Second, we emphasize the employment of a lower
bounded symbol time, where the lower bound does not depend
on the signal bandwidth. We do not consider schemes where
the symbol time diminishes with bandwidth. Thus, the number
of bits that can be transmitted in a single coherence period (that
is equivalent to the spectral efficiency) depends logarithmically
on the bandwidth. Note that systems that use a guard period
between symbols that depends on the channel path delays, have
a natural lower bound on their symbol time.

B. The Channel

We assume a tapped delay line model for the channel ,
thus

where the channel amplitudes are given by , denotes the
Dirac delta function and represent the path delays which
are assumed non-negative integers between 1 and . We as-
sume an average power constraint: .

The maximal possible number of resolvable paths is given
by , where represents the delay spread of the
channel, and thus the number of multipath satisfies

. Given possible values of the path delays, we assume
that the realizations of the path delays are uniformly distributed
over possibilities. Note that our de-
scription is general in that the leading delay is unknown. The
channel model is of the block-type: the channel is fixed over the
channel coherence time ; channel realizations at different co-
herence periods are statistically independent. Channel variation
over time is immaterial to our results, that hold as long as the
average power per channel realization is finite and the channel
is static over finite lengths of time.

In the sequel, we shall consider four different channel types
which differ in their path amplitude model (deterministic versus

random) and in their profile (uniform power delay profile and
exponential delay profile). As such, we treat a large class of
channels. While specific practical channel models as specified
in the IEEE 802.15 standard are not exactly examined, many of
the key features are considered herein such as “sparse” channels
and those with a decaying power delay profile. We begin with an
explicit treatment of the deterministic uniform delay profile case
as the proof technique is easily illustrated. Key differences be-
tween the deterministic and random uniform delay profile sce-
narios are outlined. For the remaining exponential delay pro-
file cases, the deterministic case is sketched out and the explicit
proof for the random case is provided.

To highlight the differences between the four channel models,
we list the statistics of their channel taps as follows:

uniform ( ) average power delay profile, with equal
and deterministic ( ) path amplitudes

(3)

uniform ( ) average power delay profile, with random
( ) i.i.d. Gaussian path amplitudes

(4)

exponential ( ) average power delay profile, with
deterministic ( ) path amplitudes, that depend on the
delay

(5)

note that is a normalization constant such that
. The variable controls the decay

rate of the profile. Recall that the are the path delays.
exponential ( ) average power delay profile, with
random ( ) Gaussian path amplitudes

(6)

The notation , , , and is used throughout to de-
note the four channel models.

C. Received Signal

The received signal is given by
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where is a zero-mean, unit variance, white Gaussian noise
process. At the receiver, the received signal is pulse matched
filtered and sampled at yielding the following discrete-
time equivalent signal:

(7)

where

if and mod
else

signifies the largest integer such that , the
condition means that the PPM symbol is chosen.

is the value of the symbol. The signal is zero-valued
except at the positions corresponding to the transmitted PPM
pulse; recall that is the number of positions within
a symbol. indicates the position chosen for the symbol.
The noise samples are zero-mean with unit variance, and
the average signal to noise ratio is given by .

In order to assess the challenges of acquisition of PPM in
multipath, we analyze a further simplified system. We assume
no intersymbol interference (achieved, for example by using
a guard time) and knowledge of the PPM symbols (training).
Under these idealized conditions, we show a failure to acquire,
implying statements about more practical systems.

Given our assumptions about the channel noise and the mul-
tipath coefficients, each observation sample is Gaussian. If we
define as the event that a multipath component is present at
a sample of the received signal and is the complementary
event, that is the event of noise only, then under the four channel
models, we have , where

(8)

and .
Given that we know the PPM symbol, the observation vector

is of length and of the possible positions, correspond
to the multipath. The remaining positions correspond to
noise.

III. MAXIMUM LIKELIHOOD ACQUISITION

Recall that the position of the transmitted PPM symbol is
known; however, the initial multipath delay and multipath pro-
file are unknown. The acquisition problem can be posed as a
multiple hypothesis testing problem for which there are

hypotheses with non-zero channel taps out of pos-
sible positions. The received signal under each hypothesis can
be written as a vector of length

(9)

(10)

To facilitate the description of the optimal, maximum likelihood
(ML) detector we define the multipath location vector, that is,
for each particular multipath profile vector , we have an
long vector

(11)

For both the and scenarios, the ML detector is a
correlator

(12)

Due to the fact that the signal vectors in the case are
equal energy and each non-zero path has equal amplitude, the
maximum likelihood detector is a simplified correlator
structure

(13)

Given the form of , we can see the following equivalence.
Let be the largest components of .
The most likely multipath profile is the one that corresponds to
the delays of these components, thus

(14)

Thus the maximum likelihood detector is equivalent to deter-
mining the multipath locations by selecting the positions/sam-
ples with the largest signal values. This equivalence is critical
as it enables the use of order statistics to analyze performance.

For the random path scenarios, and , the ML de-
tector is an energy detector. This is due to the fact that the vector
observations are zero-mean Gaussian vectors with co-

variance matrices,

(15)
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For the case in particular, we have
. And thus the de-

tector simplifies to

(16)
which follows from the fact that

.
After some manipulation (see the Appendix), it can be shown

that the ML detector is equivalent to

(17)

where is a vector whose components correspond to the
absolute values of the components of the vector . With this
perspective of the maximum likelihood detector, we can develop
a method for evaluating the likelihood of an error through order
statistics. In order to upper-bound the detection performance in
the exponential power delay profile (PDP) case, we analyze a
specific uniform PDP; the acquisition performance of this pro-
file bounds that of the exponential PDP.

In analyzing the random path amplitudes, we apply order sta-
tistics on the signed values rather than the absolute

values, . The final result is shown by exploiting the
symmetry of the order statistics about the mean [6] and noting
that if the highest positive signal position is dominated by noise,
then the lowest negative signal position is also dominated by
noise, in the sense that the noise is more negative.

The proofs of the four theorems are very similar, they follow
from simple observations of the events leading to an error for
the maximum likelihood detector over a channel with a uniform
PDP. We consider the particular error event where none of the
paths are correctly detected. For this error event, we show that
with reasonable growth rates on versus , its probability is
unity in the limit of large and . As is proportional to the
bandwidth of the system, we ultimately obtain a large bandwidth
result which shows that multipath delay profile acquisition is not
possible for channels where the effective number of paths grows
with the bandwidth.

A. Key Formulas From Order Statistics

We next review useful formulas on order statistics that will be
employed repeatedly in the proofs of our results. From Cramér’s
book [6, Section 28.6] we have the mean and variance of the
order statistics of Gaussian variables. We order identically
and independently distributed Gaussians with mean and vari-
ance . The variable from the top, with , has mean

(18)

and variance

(19)

where is Euler’s constant, and for

(20)

(21)

Note that . In fact, as shown

by Euler. For (the largest of the variables), we have
from [16, Sec. 21-4]: .

The moments of the order statistics with are sym-
metric around [6], thus

(22)

(23)

(24)

We next provide an application of these formulas to determine
the statistics of the noise-only scenario, which is common to all
four channel models considered.

B. Largest Noise Variable

We show that the largest of the noise variables equals
in the limit of large ,

, if . We use (18) and (19) with random
variables, and consider the largest variable, i.e., there
are variables larger than the one we investigate. Recall
that and , which yield the following mean for the
variable of interest, that holds for :

(25)

and variance

(26)
We observe that is finite for any , thus

. Therefore, in the limit of
large and , the largest variable approaches a constant
that equals its mean.
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To further investigate the mean, we employ the simple ap-
proximation above [see (21)] for , for large , to achieve

(27)

(28)

Observe that , and
. The noise variable

does not strictly converge in the mean-square sense because its
mean is not defined; however, convergence in distribution to
the constant mean is achieved.

IV. UNIFORM DELAY PROFILE

A. Deterministic Path Amplitudes

We begin by focusing on deterministic, uniform delay profile
channels, and provide the following theorem:

Theorem 1: case. Consider independent, Gaussian
random variables with the following distributions:

(29)

(30)

is a constant that does not depend on or ; .
We order the such that

and ; similarly, ,
and is the largest of

. Then

(31)

Proof: We first determine the mean of the largest signal
variable, and show that this random variable converges to the
mean in distribution in the limit of large and . We use (18)
and (19) again, with random variables, and examine the
largest variable, that is . Recall that
and , yielding the mean

(32)

(33)

where the latter statement follows for large and .
The variance is

(34)

As in Section III-B, , and
. We wish to determine the con-

ditions for which . This goal is accomplished
by manipulating (28) and (33) to yield the inequality below.
We use to indicate that the difference between the two sides
is unbounded in the limit, and denote by inequalities that
we attempt to prove

(35)

To facilitate this comparison, we compare each of the three
terms on the right hand side of (35) with three terms of a de-
composition of the left-hand side. That is, let

(36)

where , and are positive constants that are not functions
of and . We next evaluate three comparisons. For the first
term of (35), we square both sides of the inequality of interest

(37)

(38)

The left-hand side of (38) dominates over the right hand side
for any positive , if and , for a constant

.
For the second term of (35), we also square both sides,

yielding

(39)

(40)

(41)

Examining the final term of (35)

(42)

(43)

(44)

We wish to consider the weakest constraints on and such
that acquisition fails. Thus, we wish to maximize the smallest of

. This implies that .
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Fig. 2. Illustration of the distribution of the strongest signal position in the
uniform PDP with deterministic amplitudes case (ud) and the L strongest
noise position. Note that both variances diminish, while the mean of the L
noise diverges faster than the mean of the strongest signal.

We next invoke our sum constraint: . Our first
inequality holds for arbitrary if .
Thus, solving the quadratic equation: , yields our
maximal exponent on to be , where is a small
positive number. We observe that . Thus,
for the appropriate growth rates on and ,
the mean of the largest noise variable dominates over the
mean of the largest signal variable. To clarify the comparison,
see Fig. 2.

We assume the required conditions above, and form
a new random variable .
As the signal and noise variables are independent, we
can determine that and

. Furthermore,
and . From the

Chebyshev inequality, we can show

(45)

In the limit of large and , this difference variable ap-
proaches its mean with probability 1; recall that this mean
value is infinity. Thus, the limiting distribution of the difference
variable, is a delta function. Fatou’s theorem enables the
interchange of limits and integration, and we determine that

Thus, we note that for any rate of growth of multipath that
is less than , we cannot acquire the multipath delay profile
or any of the paths.

B. Random Path Amplitudes

Recall that our maximum likelihood detector considers the
ordered absolute values of the observations. We first provide a
result for the original observations (without taking the absolute
value).

Theorem 2: case. Consider independent, Gaussian
random variables with the following distributions:

(46)

(47)

where is a constant that does not depend on or ;
.

We order the such that
and ; similarly, ,

and is the largest of
. Then

(48)

Theorem 2 is proven in a manner similar to Theorem 1. The
statistics of the largest signal variable after suitable approxima-
tion are,

The decomposition required to show the dominance of the
noise statistic over the signal statistic is somewhat different from
that required in the deterministic case; however the principle is
the same.

To complete the scenario of path detection for the Gaussian
channel taps with uniform delay profile, we note that due to the
fact that the observations are zero-mean under both cases (signal
or noise only), the smallest signal variable, which is the most
negative signal variable converges in distribution to the mean
value with variance .

Similarly the smallest noise only statistic, which is
also negative, converges in the mean to . Thus,
if we define as the largest absolute noise
statistic and as the largest absolute signal statistic, then

for the conditions as stated

in Theorem 2 above.

V. EXPONENTIAL PROFILE

We begin by further characterizing the exponential profile
scenario. Our results for the exponential profile cases are based
on analyzing a related a uniform profile scenario, over which
performance is superior to the exponential profile; thus, by
showing for this modified uniform profile case that the noise
dominates in the limit of large bandwidth, we conclude that
the noise also dominates in the exponential profile case. As we
shall see in the simulation results (Fig. 3), the acquisition of a
channel with an exponential profile is not possible for a larger
class of channels than Theorems 3 and 4 describe.

A. Deterministic Path Amplitudes

First, we consider the deterministic, exponential profile
channel. We plug in the value for the channel normalization
factor, , and also specify the strongest path (for delay

)

(49)
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Fig. 3. Simulation results (probability of error) of ML acquisition with M =

2L. The plotted results are the average error of (12) and (15). The SNR is set at
15 dB and the flash parameter is set at � = 1=lnM .

As means of calculating a lower bound on the penalty of error
in channel acquisition we consider a uniform profile channel
where all paths have .

The probability of acquisition for the deterministic scenarios
is determined by the set of distances, ; this
collection is termed the distance spectrum. It is straightforward
to show that the distance spectrum of this uniform profile is
superior to the original exponential profile – basically this is due
to the increased energy in each active tap along with the specific
model for the delay profile that we employ. Thus, detection of
the strongest paths of the uniform profile affords an improved
probability of acquisition versus the original profile.

We provide, without proof, the result for the new uniform
profile case for deterministic channels. The proof is very similar
to that of Theorem 1. The modifications of the proof are due to
the fact that is a function of both and .

Theorem 3: case. Consider independent, Gaussian
random variables with the following distributions:

(50)

(51)

where is a constant that does not depend on or ;
.

We order the such that
and ; similarly, ,

and is the largest of
. Then

(52)

B. Random Path Amplitudes

We next consider random, exponential channels. As in the
uniform case , we first focus on the signed, ordered obser-
vation statistics. We look at a virtual uniform random profile sce-
nario which achieves performance superior to that of the expo-
nential random case and show that even over this new channel,
the communication system fails to acquire in the limit of large
bandwidth. Our new uniform profile has Gaussian i.i.d. ampli-
tudes, that are equivalent to the strongest possible tap of the orig-
inal exponential random profile. Thus, we look at the strongest
path of the exponential profile at delay and get from (6)

(53)
Theorem 4: case. Consider independent, Gaussian

random variables with the following distributions:

(54)

(55)

where is a constant that does not depend on or ;
.

We order the such that
and ; similarly, ,

and is the largest of
. Then

(56)

Proof: We first determine the statistics of the largest signal
position. We use (18) and (19) again, with random vari-
ables, and examine the largest variable, that is . Recall

that and .
In the sequel, the variables , , and are constants

which do not depend on the bandwidth. Taking such i.i.d.
variables, the largest has mean

(57)

and variance

(58)
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For a large bandwidth and a large number of paths, we get

(59)

(60)

Now we wish to compare and . We manipulate
(28) and (59) and proceed with a decomposition as before, as
shown below. The positive constants and are not functions
of and satisfy . We seek the conditions for the
following inequality, in the limit of large and :

(61)

We next follow steps similar to Section IV-A. The first term
of (61)

(62)

(63)

and (63) holds in the limit for any positive if .
The second part of (61):

(64)

and this holds for .
Summarizing the conditions for (61), we need to determine
and such that (a) , (b) and (c) .

Any choice of ensures that for any rate of increase for
, as long as it diverges more slowly than the bandwidth, the

mean of the largest noise variable dominates over the mean
of the largest signal variable. Note that in our model, the number
of multipath cannot increase faster than the bandwidth, thus
the fastest possible increase of is . The relationships
between the strongest signal and the noise are illustrated in
Fig. 4.

Considering the negative paths, the situation is symmetric: the
mean of the smallest (most negative) signal variable is higher
than the the most negative noise variable. To complete the
proof, note that the noise variable converges to its mean

because its variance diminishes. This mean dominates
over the mean of the largest signal variable , and over
any constant multiple of it, in particular . We proceed to
show that the probability of the largest signal variable exceeding

diminishes even though its variance may diverge (recall
that ).

Fig. 4. Illustration of the distribution of the strongest signal position in the
uniform PDP designed to bound performance over the exponential PDP with
random amplitudes (er), and the L strongest noise position. Note that the
noise variance diminishes while the strongest signal variance may diverge
slowly. The mean of theL noise diverges faster than the mean of the strongest
signal.

Recall that is the largest signal variable. We have

(65)

Apply the Chebyshev inequality to (65) to get

Simple manipulation yields

Thus, we can conclude that

And the desired result is shown.

VI. CONCLUSION

To concretely show the effects of increasing bandwidth, we
provide results of a small scale simulation. Fig. 3 shows the
probability of acquisition for maximum likelihood detection for
the four scenarios considered herein. We assume that
and thus a less restrictive case is examined than dictated by our
theorems. We simulate an environment where the SNR is 15 dB.
Our theorems state that as the number of noise positions out-
number that of the signal positions, acquisition becomes more
challenging. Due to this result, the exponential profiles yield
worse performance than the uniform profiles due to the pres-
ence of more signal positions with relatively low signal energy
in the exponential profiles. In addition, as to be expected, en-
ergy detection for random signals yields performance inferior
to correlation detection for deterministic signals. These trends
are clearly displayed in Fig. 3.
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In this work, we have considered the problem of multipath
delay profile acquisition for the PPM modulation in ultra
wideband communication systems. Even under the idealized
conditions of no inter-symbol interference and perfect knowl-
edge of the transmitted symbols and channel gains, the optimal
acquisition algorithm fails in the limit of large bandwidth if
the number of paths diverges, but is sublinear with respect to
bandwidth. We have considered four types of channels based
on deterministic or Gaussian channel gains and uniform or
exponential power delay profiles. The failure condition for
the deterministic channel gains is where ;
whereas for the Gaussian power delay profiles, we need

. Any slower rate of growth on the multipath with
respect to bandwidth will also lead to a failure of acquisition
due to the relative increase in channel uncertainty.

Our results indicate that the achievable rate of synchronous
PPM systems over rich multipath channels diminishes as the
bandwidth increases. The underlying reason is the low spectral
efficiency of the PPM modulation that allows it only moderate
peakiness, namely its bursts of transmission cannot be very en-
ergetic. PPM is an orthogonal modulation, thus its spectral effi-
ciency depends on bandwidth via . In order to main-
tain a high data rate as the bandwidth increases, the PPM system
must become more and more peaky, in other words it must be
“flashy” [34]. However, the low spectral efficiency does not
allow the PPM system to concentrate a lot of data per transmitted
burst. Thus, the system is forced to transmit frequent bursts of
signal. The system is power limited, thus each of these bursts
of communication cannot be too strong. As the bandwidth in-
creases, the bursts of signal gradually sink into the noise, until,
in the limit, acquisition becomes impossible.

APPENDIX

DERIVATION OF UNIFORM RANDOM CHANNEL

EQUIVALENT ML DETECTOR

Considering the uniform random channel gain case, recall
from (16) that we have

where , and denotes the Schur

product (component-wise multiplication). Since is di-

agonal, the vector contains the diagonal elements of ,
where its element is

if

if

Thus, , where .
Recall that is the multipath location vector and that its com-
ponents are either zero or unit valued. Then

Let . Given the arguments em-

ployed to show (14), for any we can order the com-
ponents of which contribute to . The ordered

components corresponding to dominate over the ordered
components of any other , and thus we have that
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