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Abstract— The acquisition, or synchronization, of the multi-
path profile for ultra-wideband pulse position modulation (PPM)
communication systems is considered. The rate of increase of the
number of paths (as the bandwidth grows) determines whether
synchronization can occur. It is shown that if the number of paths
increases without bound, but slower than the square root of the
bandwidth, then the system cannot synchronize in the limit. This
result holds for an exponential or a uniform power delay profile,
for 11D Gaussian paths or deterministic paths.

I. INTRODUCTION

Ultra wideband (UWB) impulsive systems gained recent
interest for communications, as well as channel imaging and
positioning. While significant diversity is achievable given the
large amount of multi-path in UWB radio channels, methods
for harnessing such diversity when the channel is unknown
remain a challenge. In fact, the fundamental limits of UWB
signaling in the presence of channel uncertainty have not been
fully established. In this paper we consider synchronization
of pulse position modulation (PPM) systems in the limit of
large bandwidth and show that it cannot be achieved on many
channels, even if all the system resources are devoted to it.

We focus on the uncertainty in determining the multi-
path profile (including leading delay) of the UWB channel.
Knowledge of the channel path delays is critical for the
operation of pulse position modulation systems over large
bandwidths, and timing errors as small as fractions of nanosec-
onds can seriously degrade system performance as reported in
[5], [210]. Synchronization, or channel acquisition, is normally
performed by a receiver that applies a correlator followed
by a threshold decision [2], [4], [12], [3]. For a review of
UWB channel acquisition see Aedudodla et al. [1]; the same
authors suggest [11] that threshold-based synchronization does
not perform well even in asymptotically high SNR, implying
that the performance of pragmatic synchronization methods
could limit their UWB potential. We have shown in [6] that
in the limit of large bandwidth, threshold based synchronizers
cannot achieve synchronization.

This work shows that pulse position modulation is very
sensitive to the knowledge of path delays. In fact, even a mild
increase (with bandwidth) of the number of independently
distributed paths composing a channel will cause a PPM
system to fail in the limit of large bandwidth. We prove that
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synchronization is not possible in the limit of large bandwidth
if the number of multi-path L diverges as the bandwidth in-
creases (limyy .o, L = 0o) and in addition limyy_ o LW =0.
This additional condition does not appear to be inherently
significant, and we conjecture that our result holds for any
channel with a diverging number of multi-path.

This work completes [7] by characterizing PPM perfor-
mance over a channel that is unknown both to the transmit-
ter and receiver. Table | summarizes the conditions on the
rate of increase of the number of channel paths, that allow
PPM and direct sequence spread spectrum (DSSS) systems
to communicate at the channel capacity in the limit of large
bandwidth, over channels with 11D multi-path. L is the number
of identically distributed multi-path in the channel’s impulse
response and W is the bandwidth. Note that the channel
capacity in the limit equals the additive white Gaussian noise
(AWGN) channel capacity; it does not depend on the number
of multi-path or on its rate of increase. The table lists the rate
of increase of L that allows different systems to achieve the
channel capacity, the transmitter does not know the channel
realization and receiver knowledge is as listed. The shaded
block shows the new result presented in this paper, the other
results where shown in [7].

Note the effect of knowledge of the path delays which
enables the removal of a factor of log W from the rate of
increase of the number of paths that permits the system
to achieve the channel capacity. Thus, DSSS with delay
knowledge at the receiver achieves the channel capacity in
the limit if % — 0, but without this knowledge the condition
acquires a log W factor and becomes % — 0. For PPM,
the effect of knowledge of the path delays is similar, relaxing



the conditions for achieving capacity from L — 0 with
knowledge of the delays to L ~ const without tﬁis knowledge.
The underlying reasoning is that with L 11D paths, the amount
of information needed to describe the channel path delays is
Llog W. This information cannot be applied to the system’s
achievable rate for communication. Our new result extends
to more complex channels than the model of [7]; herein we
consider both uniform delay profiles as well as the more
realistic exponential delay profiles.

An information theoretic perspective is shown in
I(X;Y)=I1(X,D;Y) - I(D; Y]X) 1)

where X is the transmitted signal, Y is the received signal and
D holds the multi-path delays. The first term on the right of (1)
describes the mutual information of an artificial system which
can optimize both the source signal X and the path delays D
of a multipath, additive white Gaussian noise channel. This
can be viewed as a ‘multi-position’ PPM system where each
symbol corresponds to L non-zero pulses versus a single non-
zero pulse in a standard PPM system.

The second term on the right is the mutual information
between the input and output of a system which optimizes
the channel path delays alone conditioned on the source. This
is another ‘multi-position’ PPM system, with L pulses per
symbol. However, in this case, the number of possible symbols
is smaller than in the first case due to the conditioning of the
source. The original input signal X serves as a delay to the
entire multi-path profile, that is known both to the transmitter
and the receiver. The difference in (1) is between the rates of
two similar systems, the second has a lower rate because of the
lower cardinality of the effective alphabet of the source. We are
interested in this difference, and in particular in its behavior
as the bandwidth increases. Our result essentially shows that
in the limit of large bandwidth and large L, I (X;Y) — 0 and
communication is not possible. The limiting rates of the two
multi-position systems represented in the right hand side of (1)
are identical.

This paper is organized as follows: Section Il describes the
transmitted signal, channel model and received signal and the
main results are provided in Section I1I.

Il. SIGNAL MODEL

A. The Transmitted Signal

We consider pulse position modulation (PPM), where one
transmitted symbol can be written as

z(t) = p <t - %b[n]) te[0,Ty)
p(t) = { \/% te o)
0 else

The symbol duration is given by T's and the number of pulse
positions is dictated by the transmission bandwidth W, i.e.
N = WT;,. The data symbol is denoted b[n] € {0,1,--- , N —
1}. € is the average transmitted energy per symbol that is
bandwidth independent (thus an average power constraint is

maintained). Thus, in a symbol duration, there is a single
rectangular pulse of duration TW The symbol 6 represents
a flash (duty cycle) parameter to be explained shortly. Our
goal is to investigate performance of such a PPM system as
the transmission bandwidth increases. We shall assume that
the symbol duration does not diminish. With the use of flash
signaling, transmission is bursty and communication occurs
over a fraction 6 of the total communication period. The flash
parameter 6 is known at the receiver and furthermore, the
receiver is aware of the on-periods of communication.

Note the distinction between flashy transmission and PPM
modulation. For regular data transmission, the receiver must
detect which one of the N = WT, pulse positions has
been employed in each symbol; in contrast, with flashy trans-
mission, the receiver is synchronized to the on-periods of
communication. We note that if 6 is small, then the transmitter
is predominantly silent.

The fraction of time utilized for transmission may decrease
as the bandwidth T increases, but it cannot do so too fast.
In order to maintain a positive (non-diminishing) data-rate,
the parameter 6 must be large enough so that #log W does
not diminish. The reasoning for this is straightforward: up to
log, W bits are transmitted per symbol, but only a fraction
of the possible symbol periods are employed and thus the data
rate is proportional to 6log, WT,. The requirement on 6 can
be written as:

kq
0> ————
~ log (Wk2)

with fixed kq, ko that are independent of the bandwidth.

Several features of our setup should be underscored. The
first is that there is no limit imposed on the number of PPM
positions that are employed for data signaling. Thus, a guard
time can be implemented by limiting the positions employed.
Second, we emphasize the employment of a lower bounded
symbol time, where the lower bound does not depend on
the signal bandwidth. We do not consider schemes where the
symbol time diminishes with bandwidth. Thus, the number of
bits that can be transmitted in a single coherence period (that is
equivalent to the spectral efficiency) depends logarithmically
on the bandwidth. Note that systems that use a guard period
between symbols, that depends on the channel’s delay spread,
have a natural lower bound on their symbol time.

O]

B. The Channel and Received Signal

We assume a tapped delay line model for the channel h(t),
thus

0 = Sas(i- )

where the channel amplitudes are given by g¢;, 4(-) denotes the
Dirac delta function and {d;} represent the path delays which
are assumed non-negative integers between 1 and M.

The maximal possible number of resolvable paths is given
by M = WTy, where T, represents the delay spread of
the channel. Thus the actual number of paths L must satisfy



L < M. Recent wideband channel propagation measurements
suggest that the number of channel paths grows with band-
width, an almost linear rate is reported by [9], and a sub-linear
rate is observed in [8], [7]. Given M possible values of the
path delays, we assume that the realizations of the path delays
are uniformly distributed over (}/) = I ML possibilities.
The channel model is of the block-type: the c?1annel is fixed
over the channel coherence time 7T.; channel realizations
at different coherence periods are statistically independent.
Channel variation over time is immaterial to our result, as
long as the average power per channel realization is finite.
We assume an average power constraint:

L
E Z g?] =1 ©)
=1

and consider four different models for the path amplitudes:

(ud): A uniform (u) average power delay profile, with
equal and deterministic (d) path amplitudes

wh_ Ly 4
gl \/Z 9 ) ( )
(ur): A uniform (u) average power delay profile, with
random (r) 11D Gaussian path amplitudes
, 1
gt >~N<o,—) l=1,....,L  (5)
L
(ed): An exponential (e) average power delay profile, with
deterministic (d) path amplitudes, that depend on the
delay
. F(ed)
(ed) e e I=1,....L (6)
where F(ed) = /M= 22T el/WT s a constant
that maintains the normalization (3).
(er):  An exponential (e) average power delay profile, with
random (r) Gaussian path amplitudes
er er 2 H er 2 F(@T)
gl( )NN(07J§ ) ) with af T
oo

where F(¢) is a normalization constant equivalent
to F(c?) above.
The notation () (ur) (ed) and (v7) js ysed throughout the
paper to denote the four channel models.
The received signal is given by,

Zgla: (t - —) + 2(1),

where z(t) is a zero-mean, white Gaussian noise process.
At the receiver, the received signal is matched filtered with
the pulse shape and sampled at v yielding the following

discrete time equivalent signal:

L
Y, = > aXia+7Zi ®)
=1
£ ifIn:i+-N=n
Xi = and ¢ mod N = b[n]
0 else

i+ N signifies the largest integer « such that kN < i. The
signal X; is zero-valued except at the positions corresponding
to the transmitted PPM pulse; recall that N = WT, is the
number of positions within a symbol. The noise samples {Z;}
are zero-mean with unit variance, and the average signal to
noise ratio is given by £.

In order to assess the challenges of synchronization of
PPM in multi-path, we analyze a further simplified system
that operates under two additional conditions. We assume a
sufficiently large guard time that ensures that no inter-symbol
interference takes place. And we assume knowledge of the
PPM symbols at the receiver, essentially assuming training
information. The receiver sums over all the symbols per
coherence period before it begins processing. Given that we
show a failure to synchronize for an optimal detector under
these idealized conditions, we effectively make statements
about more practical systems as well.

The statistics of the signal positions and the noise positions

are Gaussian and given by,
[ &
v (ogz+1) o

9 signal location ~ < (de) 1) (11)

oen? 4 1) (12)

4 |signal location

2

v, ") |signal location ~

Yi(‘”’) |signal location ~ 0,

¢
0
Y;|noise position ~ A (0,1)

Given that we know the PPM symbol, the observation vector
is of length M and of the M possible positions, L correspond
to the transmitted signal. The remaining M — L positions
correspond to noise.

I, MAXIMUM LIKELIHOOD SYNCHRONIZATION

Recall that the position of the PPM symbol is known;
however, the multi-path initial delay and multi-path profile
are unknown. The synchronization problem can be posed as a
multiple hypothesis testing problem for which there are (I‘f)
hypotheses with L non-zero channel taps out of M = WT,

possible positions. The received signal under each hypothesis



can be written as

YVH, = \/%ﬁ() +Z (13)
T
§() = 07"'799707"'79;)7'”7997"'70 (14)
L gains at corresponding delays
Z ~ N(0J) (15)

To facilitate the description of the optimal, maximum likeli-
hood (ML) detector we define the multipath location vector,
that is, for a particular mulitpath profile vector §§), we have

T

p, = 0,--+,1,-+-,1,---,1 (16)

L ones at corresponding delays

= sign (s!)

Due to the fact that the signal vectors for the (ud) case are
equal energy and each non-zero path has equal gain, the
maximul likelihood (ud) detector can be simplified to,

H(ud)

(17)

= argmax Q?X(“d) (18)
For the uniform random (ur) path scenario, the ML detectors

are energy detectors, that is
Flur)

= arg maxg? ’X(“T) (19)

where |z| is a vector whose components correspond to the
absolute values of the components of the vector z. The
maximum likelihood detector in the uniform PDP case is
equivalent to determining the multi-path locations by selecting
the L positions with the L largest signal values for the
deterministic case, or the L largest absolute values for the
random case. With this perspective of the maximum likelihood
detector, we can develop a method for evaluating the likelihood
of an error through order statistics. In order to upper-bound
the detection performance in the exponential PDP case, we
analyze a uniform PDP, where the path gains are equivalent
to the strongest path gain for the deterministic case or are 11D
paths with energy equivalent to that of the strongest path gain
for the (ur) scenario.

We present the main theorem of the work, that applies to the
(case) channels. Similar theorems apply to the (ud), (ur) and
(ed) cases, they are omitted due to limited space. The proof
is also omitted.

Theorem 1: Consider M independent, Gaussian random
variables with the following distributions:

Mloe M (1 — —2/M Ty4/T
}/i(er) N N(O,/ﬂ og ( Le )+1 20)

i=1,2,--,L

727'
Wi ~ (0,1), i=L+1,L+2,--- M (21)

k is a constant that does not depend on L or M; L < M.
We mark the largest of the {Yi(‘”’)} by B = max Y,".

The {W;} are ordered so that Si.p—; = maxW; and
Syv—L:M—r1 = min W;. Then,
lim P {SL.M,L > B(”)} 1 it Lo
M,L =00 : 1:L /M

A. Discussion of the Result

Theorem 1 shows that even with very modest growth rates
on the number of multipath with respect to bandwidth, the
maximum likelihood detector fails to detect any of the posi-
tions corresponding to a non-zero path. Thus, the maximum
likelihood detector will always detect noise variables and none
of the correct paths will be detected in the limit if % —0
as L, M — oo. This statement holds irrespective of whether
we consider deterministic or random path gains; uniform or
exponential delay profiles.

We conjecture that a similar result holds for any L — oo,
as it is more difficult for the communication system to handle
a large number of paths, where each is weak.
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