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ABSTRACT whereT is am x m known channel X is am long random
This paper analyzes the efficiency of spreading modulationgector representing the transmitted signals them long re-
over wideband multipath channels. We bring asymptoticeived signal and is an additive white noiset? [TT7] =1,
wideband results, and focus on the ISNR regime. Inco- g {IIXH; = m andSNR is the signal to noise ratio. The
herent systems |IoNR implies efficient communications

. . length of X, m, is the number of channel usages per transmis-
but in a non-coherent communications tB8R should be 9 " gesp

sion. If we maintain the average power while the bandwidth

high enough in order to enable decoding the message evell L
: . creases, the number of channel usages which is the product
though the channel is not known. Too higR, reduces the of the bandwidth and time length of the symbol, increases

efficiency of the modulation. For a channel model where patmnearly with the bandwidth. As a resiNR decreases. such
gains are not known while thé path delays are known to g '

the receiver. and for spread trum modulations that that in the wideband limitSNR diminishes.
€ receiver, ana for spread spectru odutations that USg hasic result regarding coherent communications over a

the entire bandwidt®” at each transmission, one can Com'channel represented byra x m matrix is this given by [8],

municate efficiently in the wideband limit §NR = w (). for modulations that obey
t

If both path gains and path delays are unknown, efficien
communications using spread-spectrum modulations are pos _ |E[X] Hg
sible if SNR = w (log(W/L)/W), given that the specific 0 s B 0
modulation is still efficient for suctsSNR. However, if E {HX”z}
SNR o (log(W/L)/W), communications are not effi- _ . i
cient. sFates. that if th&sNR tends to zero, the modulation is effi-
keywords: Information rates, Fading channels. cient, i.e.
1. INTRODUCTION lim ! (X; SNRTX + Z|T) _1 (2)
SNR—0 mSNR, 2

This paper analyzes the efficiency of spreading modulation$he mutual information measures the rates and after normal-

over wideband multipath channels. We bring asymptotiGzing theSNR we have the energy per nat of information
wideband results, and focus on the IGNR regime. We

check the behavior of the achievable rate of spread spectrum lim 1 —9 ©)
modulations over two multipath channel models, both with SNR—0 I(Y;VSNRTX+Z|T)

exactly L paths: In the first channel the gains are i.i.d. and mSNR

are unknown, however path delays (that are distributed uniFhis is well known to be the minimum energy per nat [6].
formly) are known to the receiver. In the second channelMinimum energy per bit i2/ log; e.

both path gains and path delays are unknown. The goal is téarious modulations have different behavior in IGNR
find a refined division of the loNR into different ranges, which is still a little higher than zero, or tends to zero de-
according to their energy requirement per bit, in channgls opending on the number of path delays. Meffl] analyzes the

both types. behavior of the spectral efficiency

we start by reviewing the mutual information between I (X s VONRTX + Z \T)
the transmitted signalX and the received signat’ = SEF(SNR) = - (4)
VSNRTX + Z

in the lowSNR regime using the second derivative of spectral
I (V SNRTX + Z;X\T) (1)  efficiency around the poiffNR = 0. For each modulation



the first derivative equals 0.5, and the second derivativajon.
which is always negative, (since spectral efficiency is a conwhen can we communicate efficiently over non-coherent
cave function oSNR, in a known channel) is at most -0.25. channels in terms of both time and energy? Zheng et al [9]
For example, Gaussian signaling over the AWGN channehvestigate a model in which every unknown eigenvalue, i.e.
has a first derivative of 0.5 and second derivative of -0.85. | a channel gain per single carrier, repeats many times. In suc
modulations with a small absolute value of second derigativ a case, the uncertainty about the channel is small, and using
the spectral efficiency increases significantly in the MR 'rich modulations’ (i.e. modulation that are not restritte a
regime. However, there are modulations where the secorgmall subspace of eigenfunctions), scaling with an appropr
derivative is very negative, resulting in a very large egerg ateSNR, yields efficient communications. THNR. should
requirement per bit, foBNR that is a little more than zero.  be high enough in order to overcome the uncertainty of the
Generally, the ability to communicate efficiently in termfs o channel, however not too high, in order to remain in the ef-
energy, in a relatively hig8NR depends on the modulation ficient range of the modulation. If each eigenvalue repeats
and in particular on the spread of energy of the differentimes, therSNR should be much higher thary's, but still in
transmitted signals over a constant spanning base, i.excewhethe lowSNR regime, which means that in order to communi-
almost every transmitted signal is projected onto a redgtiv cate efficientlys should be very high.
small subspace of the constant base. Examples of such mo@Qencentrating on the block-constant channel with coherenc
ulations are FSK, PPM and Time-Frequency [1]. As a resulttime T,, we use the term number of apparent degrees of free-
the range of efficierfiNR for such modulations is very small. dom to denote the number of different values a system of
The ability to communicate efficiently in terms of energy, in bandwidthW can transmit during a single coherence time.
a relatively highSNR depends on the modulation. The number of apparent DoF equdlg7.. The number
Considering incoherent communications, the channel modeif effective degrees of freedom denotes the number of pa-
is often structured so that its eigenfunctions, i.e. the sigrameters needed to characterize the channel realizatian, t
nal that pass through it undistorted, are known ahead of there unknown to the receiver before communication starts.
time. this is the case for block constant channelswith long’he number of effective degrees of freedom depends on the
blocks. The channel behaves as a linear time invariantsystechannel model, and on the knowledge the system has of the
during each block, and its eigenfunctions are harmonic. Amrhannel. Another channel model is the sparse fading channel
extension offered by [1], characterizes the eigenfunstioih a fading channel with exactly. paths that are sparsely and
underspread channels using Weyl-heisenberg set of onthonainiformly spread over the duration of the impulse response.
mal functions that are localized both in time and frequency. The maximal time delay of the impulse response is denoted
Incoherent communications over channels with a knowrY,;, The bandwidth i$¥ and the coherence time of the chan-
structure, i.e. known eigenfunctions, limits the channel u nel, in which the channel remains constanfljs such that
certainty to the channel eigenvalue, that vary on the cHann¢here are exactly<. = WT,. channel usages during each
realization. A natural basis for the transmitted signal iscoherence period. We assume that
formed by the channel eigenfunctions.
In non-coherent communications one can achieve minimum L<<WTy<WT,
ey e o e ko e il 0N The ao et and, s consan, and.is su
. o . linear in W, asW increases, such thdt is sublinear in the
ample of such a channel, its eigenfunctions are known to bﬁumber of channel usages [7] [3] [10]
the harmonic functions and its eigenvalues depend on t £the path dela K fo th - but path qai
realization. In these channels, one way to communicate ef- P yS are Known fo the receiver bult path gains are
ficiently is using for each symbol very few eigenfunctions not known, the_n the number of effective degrees of freedom
. 'of the channel i.e. the number of the unknown parameters of
as in FSK over block constant channels [7]. The advantag

of such modulations is that although the number of pathﬁ]e channel is much smaller than the number of apparent DoF

. . X - %VTC, similarly to the case of [9]. Porrat et al [3] show that
may be very large, one can still communicate with minimum. : : wWT.

. ) ) if the number of effective DoF i4, and =< = s, then the
energy per bit. The problem is that using a small subspace

' . . s . results of [9] about the ability to overcome the uncertak
of the eigenfunctions for every transmission, implies ayver (9] Y aty

. o - valid, so in order to communicate efficien should be
negative second derivative of spectral efficiency as a fanct BNR

- o ; much higher thar4-.
of SNR, so efficient communications requires extremely lowy o path delays are not known, the number of effective de-
SNR, which causes very slow communications. Using higher

SNR requires enormous energy per bit. We get a trade—oﬁgrees of freedom equal¥'T, (each index may be path delay

between fast communications and efficient communications: not) which is proportional to the number of channel usages
L . SWTC, however if the ratio between the number of paths and
fast communications consume much more energy per bit. A

other problem with FSK and similar modulations may occurr][he number of channel usages tends to zero as the bandwidth

it there is a phvsical restriction on the ener or eigeafun increases, the entropy of the channel does not grow linearly
phy ayp 9 with the bandwidth, while the entropy of the modulation can




grow linearly with it. As a result we can communicate effi- our loose treatment of edge effects at the beginning of each
ciently in terms of both time and energy. The reason is thatoherence period.

the uncertainty of the channel is not affected exclusively b We consider the signal to noise ratio per active transnissio
the number of degrees of freedom but also by their distribuso there is no need to explicitly address the impulsiveness
tions. used by the system (duty cycle ratio). Moreover, we assume
In [7]itis proved that if the delays are not known and tends tahat each active transmission, we use about the same amount
infinity with bandwidth and th&NR is inversely proportional of energy:

to the bandwidth as a result of maintaining the same average

power per coherence period, then spread spectrum modula- P ( ||X||§

tions achieve mutual information 6f (1-) per transmission. Hm - 1) =1-0(1) 8)

In other words, ifSNR = O () the spectral efficiency

is O(SNR)? = O (315), even thoughL is sublinear inf’, ~ (7) ensures tha8NR in (5) is the signal to noise ratio, per

as a result of using too Io®NR. [3] show that ifSNR is  active transmission.

much higher thark log /- one can achieve minimum per bit

with spread spectrum modulations, depending on the spectra Spread-spectrum systems are such where almost every
efficiency of the modulation, at the specifigNR. Our work  transmitted signal obeys:

closes the gap between the two results by showing that in the A

channel case, the threshold for incoherent spread spectrum ’<Xi7Xj>‘ =0VK, (9)
communications iSNRy, = % log .

W—oo K.SNR

i#j=1,2,.., K. The notatiox, ) is used for the inner

product of vectors, and the notatiofi is used for a vectoX

hat i licly shif —1 itions:
2 CHANNEL MODEL that is cyclicly shifted by positions

X2
The system bandwidth i) and the channel is a block- X(2 ‘)
. . . A (83—1)
coherent multipath channel. We approximate the continuous Xi= i (10)
channel by a real discrete model after sampling it with rate :
W. The model over one coherence period is given by X(K +1-1)
Y — VSNRH + X + 7 5) where (-) indicates a mod& . difference. Condition (9)

ensures that for almost every burst of transmission, theasig

WhereY’, the received signal per coherence period,i§.a= IS SPread spectrum, i.e. itis not spanned by a small subspace
WT. long vector. Thek.. long vectorX is the transmitted Qf th_e har_momc_fu.nctlons. Any |.|.d.. modulation (a modula-
signal and the multipath channel is represented byithieng ~ tion in which X; is independent oX;; if < # j), obeys (9).
impulse response vectéf. The impulse responsé is com- . ) .

posed ofL paths distributed uniformly ovél’T;; positions, If there is uncertainty about path gains, however path de-
wherelV' Ty, is the maximal index for a path delay. The gainslays are known to the receiver, the channel is denoted by

are i.i.d. random variables with zero mean and variances: Hzgains- If bOth path gains and path delays are unknown, we
) denote the channéf ,,¢ns.

E[H} =< (6) We assume that the number of pathgliverges as the
’ L bandwidth increases in a sublinear manigg; ... — oo

Since the gains are i.i.dZ [HH!] = I. Z is white stan- andL = o(W) [5] [4]-

dard Gaussian noise, ardnarks convolution.

We setSNR to be the signal to noise ratio per active 3. RESULTS
transmission, so there is no need to explicitly address the
impu'siveness used by the System (duty Cyc|e ratio)_ The mutual information betWeen transmitted and I’eceived
signal in incoherent setting is broken in two:
The transmitted signal satisfies the energy constraint
I (\/SNRH « X + Z; X) (11)
EX|? =K. 7
X1z 0 =1 (\/SNRH*X+Z;H,X) (12)
The model (5) neglects side effects at the edges of of coher-
ence period. The channel is block constant with coherence -1 (\/SNRH*X + Z; H\X) (13)

timeT,, i.e. it has i.i.d. realizations over different coherence
periods. We assumg; << T, and thus justify to an extent We know that the coherent rate is upper bounded



the connection between mutual information and the minimum
mean square error (I-mmse connection) [2], adapted to the

I (V SNRH x X + Z; H, X) fading channel:
1
< —K.SNR nats (14)
2 I (H; VSNR * X + Z|X)
Since the mutual information in nats cannot exceed the 1 [
channel capacity, i.e. half of the received energy. =3 /O Ex [mmse(SNR)] dSNR (20)
From (13) and (14) we get that When the mmse is given by

1 Ex [mmse(SNR
I (\/SNRH X + Z; X) < SKSNR x [mmse(SNR)] )
— Exnz MX wH— X % H(Y; SNR)H } (21)
.y (\/SNRH X +Z; H|X) (15) 2
. . AndHisth i iven X andY.
So one way to upper bound the mutual information in nd His the mmse estimate ¢f given X' and

non-coherent communications, is to lower bound the penalty . - A

L The mmse in (21) quantifies the inability to recovex X .
term (15). This is the base of Theorem (1) and theorem (3). The mean square error of increases the integral in (20),es0 th

o . penalty term (19) increases. K is a narrow band modu-
d ( SNRH » X + Z; H|X) (16) lation and the transmitted signal is known, all the energy of

functions where the sign& is projected, so we can estimate

note that: J < .
H x X well. However, if X is a spread spectrum modulation,
we cannot overcome the additive noise of the syste®iNiR
I (\/SNRH « X + 7 H, X) - is too low.
I (\/SNRH X + 2 H)
1. The Hyains Case
+1 (VSNRH « X + Z; X|H) 3.1. The Hyuins
In the Hy.ins channel model the threshold for efficient com-
>1 (v SNRH x X + Z; XlH) (17)  munications using spread spectrum modulations is
Replacing (12) by the lower bound (17) yields a lower SNR = % (22)

bound on the requested term (11).
Theorem 1 In the Hyins channel model, if SNR = o (&)

I (x/ﬁH *X+7Z:X ) and the modulation obeys (9)

> T (\/SNRH « X + Z; X|H) (18) I (\/WH «X + 7 X) .
lim =0

— 1 (VENRH + X + 7; H|X) (19) W= KSNR

Proof 1 see[10].

By computing the mutual information over a known chan-
nel (18), and an upper bound (19), we can achieve a lowe3.1.1. Discussion of Theorem 1
bound on the incoherent mutual information. This is ate bas

of Theorem (2) and theorem (4) L .
: : : energy per bit if theSNR is much lower than the thresh-
Using (17) we can lower bound the mutual information by Id (22). This result is valid for any spread-spectrum mod-

%Wihﬁﬁgrd;?gdg;g:: il;[);rteeerzjno(rig(?ﬁlggzi ((j:gss :, l_Jrsr:r;g th(l(}"lation, SO communications yvith a smalNR are possible
orem (2)) which decreases the uncertainty, or by proving thaOnly by narrow-band modulations.
the statistics of the sparse fading channel reduce its gntro Theorem 2 In the H,,ins channel model, spread-spectrum
(in the Hpacns Case, Theorem (4)). IE is sublinear iniW/, the  modulations with SNR = ¢ = w (%) that obey (9) and
entropy of effective DoF is much smaller, so incoherent comachieve minimum energy per bit over an AWGN channel for
munications are possibi?). SNR = ¢, also achieve minimum energy per bit over the
In order to upper bound the penalty term in (19), we use{.ns channel, and SNR = c.

?23) means that as the bandwidth diverges, we need infinite



Proof 2 see[3].

3.1.2. Discussion of Theorem 2

depends on the modulation. Since in that rang8MR the

SNR the penalty term (19) is negligible, narrow-band mod-
ulations are not preferable to spread-spectrum modukation
Moreover, narrow-band modulations lose their efficiencg in

smallSNR, so spread-spectrum modulations may be better.
We see that non-coherent communications are possible with

SNR that is much higher than the threshold (1), but efficiency
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