QUANTUM COMPUTATION - EXERCISE 3

(1) Define two types of unitary operations - a translation T_l, and a phase rotation P_l: T_l |x⟩ = |(x + l) mod N⟩ , P_l |x⟩ = w^{xl} |x⟩ . Show that F T_N · T_l · F T^{−1}_N = P_l.

(2) Consider two functions, f and h, from the Abelian group modulo N to the complex numbers. Define a third function g, called the convolution of f and h, and denoted g = f ∗ h, by g(x) = f ∗ h(x) = N−1∑ y=0 f(y)h(x − y). Denote by f̂ the Fourier transform of f, i.e. f̂ = F T_N · f. Prove that for every x it holds that ^ (f ∗ h)(x) = f̂(x) · ĥ(x). (3) let a, b such that a|q and b|q and gcd(a, b) = 1. Let S = {0 ≤ x < q s.t. a|x or b|x}, and define the state |ϕ⟩ = 1 √ |S| ∑ x∈S |x⟩ . What is the Fourier transform modulo q of |ϕ⟩?

Date: 2.12.2004 - 16.12.2004. Submission in pairs. 1