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Abstract

In this work | investigate spatio-temporal information ivideo sequence. The advantage of consid-
ering a video sequence as a 3D spatio-temporal functiontesitiporal continuity (rather than merely
a discrete collection of 2D images) is demonstrated by twoper vision techniques which | have

developed.

View Synthesis: Each frame of the video sequence is an intersection of thiéosiganporal
video volume with a spatial plane. When a video sequenceocaisfto certain geometrical constraints,
intersecting the video volume with other planes or surfa@esbe used to easily produce new views
of the scene. This powerful view synthesis technique isdaséely on captured data and does not
require scene reconstruction, as the constraint on the gmera motion make it invariant to the
scene structure in some respects. This technique is deratmtstvith real sequences, giving visually

appealing results.

The technique gives rise to a novel projection model Ghessed-Slits projectigrihat can be seen
as a generalization of the perspective projection and akeéiner models. A Crossed-Slits camera
is de ned by two lines which all rays must intersect. Hereudst this new projection model and its

epipolar geometry, which are shown to be quadratic equitslef the perspective model.

Crossed-Slits images are not perspective, and thus thesaagistorted. These distortions are
studied, and two frameworks are developed for handling tHeinst, assuming that a coarse approx-
imation of the scene structure is known (which is used toter@arealtime omnidirectional virtual
environment); Second, without any knowledge about theesdemsed only on the set of rays. In both

cases distortion is reduced by approximating the perspeptijection.



The work on view synthesis and the Crossed-Slits projectiorsented in Chapter 3 and 4, is based
on work published in [1-6].

Motion Segmentation: Analysis of anunconstrainedzideo sequence in general motion reveals
a highly regular spatio-temporal structure, where movibjgcts appear as continuous structures in the
temporal domain, broken by occlusion. Based on this obtenyd developed a novel motion segmen-
tation algorithm from a video sequence in general motiorickvis based on differential properties in
the spatio-temporal domain.

| present a differential occlusion detector, which deteciser-like features that are indicative of
motion boundaries. Segmentation is achieved by integyétia response of this detector in scale space.
The algorithm is shown to give good results on real sequetaes in general motion. Experiments
with synthetic data show robustness to high levels of naigkillumination changes; the experiments
also include cases where no intensity edge exists at thédoaaf the motion boundary, or when no
parametric motion model can describe the data

Next | describe two algorithms to determine depth orderhnognftwo- and three-frame sequences
based on observations about the scale space charactedttise motion boundary. An interesting
property of this method is its ability compute depth ordgfirom only two frames, even when no edge
can be detected in a single frame.

Finally, experiments show that people, like my algorithmn compute depth ordering from only
two frames, even when the boundary between the layers idsibtevin a single frame.

The work on motion segmentation and depth ordering, predantChapter 5, is based on [7, 8].
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Chapter 1

Introduction

This introduction reviews previous work on multi-perspextmosaicing leading to results on the
Crossed-Slits projection, and also provides introductdmotion segmentation.

The rest of this thesis is organized as follows: Chapter 2warizes the mathematical tools used in
the inference of this work, including projection models,ltiple view geometry and scale space. Next,
my work on view synthesis and the Crossed-Slits projectiopresented — in Chapter 3 | elaborate
on the geometry and algebra of the Crossed-Slits projectiad in Chapter 4 | describe different
approaches to Crossed-Slits view synthesis. Finally, iap®r 5 my work on motion segmentation

and depth ordering is presented.

1.1 View Synthesis and the Crossed-Slits Projection

Perspective projection forms the foundation of imagingwcBiour eyes, as well as most of our cameras,
observe the world through a pinhole (via a lens whose effesitisll ignore), we are used to viewing
images that are generated by perspective projection. fdiergechniques for the generation of new
views are designed to achieve the effects of perspectijeqtian. What happens if this requirement
is relaxed? Can we do better computationally when not lighiitg the perspective projection, but are
free to use other projection models?

In Chapter 3 | introduce and study an alternative projectiwodel, de ned by two slits - the



Crossed-Slits (X-Slits) projection. In the X-Slits mod#ie projection ray of every 3D point is de-
ned by the line that passes through the point and interdaatis slits. The image of a point will be the
intersection of the projection ray with the image surface.

Curiously, a physical X-Slits camera was designed in thé t8ntury by one of the pioneers of
color photography, Ducos du Hauron [33], under the titlarisformisme en photographie”. Ducos du
Hauron thought that X-Slits images would be used in the Wahg (20th) century to “create visions
of another world” [46]. A century later, Rudolf Kingslakeviewed this device in his book [33]; in his
analysis Kingslake concludes that “the pair of slits wogkingether thus constitutes a pinhole camera
in which the image is stretched or compressed in one dimectiore than in the other”. This should
make this exotic device rather useful for the new emergiogrielogy of wide-screen cinematography.
However, as | show below, the X-Slits projection does muchaneimages than horizontal stretching.

Independent of the physical device, | argue that the X-Blitgection model is useful and worthy
of our attention. This is because new X-Slits images can biyagenerated by mosaicing a sequence
of images captured by a translating pinhole camera, andubedhose images look compelling and

realistic.

1.1.1 Mosaicing and Multi-Perspective Images

Mosaicing is a technique by which strips are taken from frawfe video sequence and pasted together,
creating a new image, or “mosaic”. Mosaics are usually usexhasual summary of the video [11,28]
or for 3D visualization [57]. In the simplest form, a mosaccbomposed of vertical strips taken from
the center of the frame where the input camera rotates abaania that is perpendicular to its optical
axis and passes through the optical center. Such mosaistitate a perspective projection of the
scene onto a cylinder, and are used for creating panoranaigam

Usually mosaics do not represent a perspective projedtenthey cannot be modelled as a pro-
jection through a single point, as different strips may bguéred from different camera locations.
Such mosaics are known asilti-perspectivémages. A simple example of such mosaicing technique

is thelinear pushbroomwhich samples the central strip of each frame where the icpuotera trans-
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lates sideways, thus “scanning” the scene with a line cam&hés method is used to create highly
detailed images of a large scene, typically in satellite amagal imagery, where the camera motion is

approximated as linear.

Another multi-perspective technique uses an input canmatingoff-axisso that its optical axis is
perpendicular to the (circular) camera path. In [64], sudsaics based on concentric circular camera
paths are used to construct a 3D plenoptic function for thpgee of image-based rendering (IBR).
Sampling a certain strip from each frame for one mosaic arnffieaeht strip for another can be used to

produce a panoramigereo pair[29, 54]. Stereo mosaicing models are further investigat¢l, 61].

In [76], the input camera motion is unconstrained, and theaimwis used to summarize a video
captured by a moving robot. In [55], the strips are projeatatb a manifold that is adapted to the

motion trajectory.

The present work uses a similar mosaicing technique withirapertant difference: the mosaiced
strips are sampled from varying positions in the input insagehus it is called “non-stationary” mo-
saicing. Mosaic images obtained in this way are more sinilgrerspective images than traditional
mosaic images. As | show in Chapter 4, using non-stationargaiaing can be used to generate X-
Slits images, where different strip-sampling functionsrespond to different slit locations. Altering

the parameters of the sampling function makes the generatigirtual walkthroughs possible.

In many image-based rendering techniques rays from a seipat images are collected and a
new image is rendered by resampling the stored rays [22]13.7]d order to create new perspective
images of reasonable quality, the requirements becomebired: the number of stored rays becomes
larger than available memory, and those rays are derivexl drgery large collection of carefully taken
pictures. There are attempts to make IBR more ef cient andengeneral [10, 17, 66], or to use such

approximations as moving the camera in a lower dimensiqgeades[64, 68].

The present work is mostly related to [17, 64, 66, 68] withesal/differences: First, rather than
trying to approximate the perspective projection, | aclyade ne the projection geometry of the
resulting images, and analyze the model limitations. Saicihve rendering tool | present is very simple

- slicing of the space-time volume obtained by a simple nmotiba perspective camera. Consequently
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the most important feature of my technique is the fact thatseampling for the generation of new
views does not require detailed accounting of the parasetethe generating images. As | show
below, if the camera’s motion is sideways and constant,yevertical planar slice of the space-time
volume givessomevalid X-Slits image.

The study of X-Slits mosaicing presented in this work is baze work published in [1-3].

1.1.2 Crossed-Slits Geometry

While, as | show, the pinhole camera can be seen as a spesw@lofdahe X-Slits projection, the
geometry underlying the X-Slits projection in the genemde is different from the geometry of the
pinhole camera. | show that the pushbroom projection is alspecial case of the X-Slits projection
model, and in some sense it is the most distorted limiting cas., the deviation from perspective
projection in X-Slits images is maximal in the pushbroomiting case.

In Section 3.2 | present an analysis and characterizatidheokpipolar geometry of the X-Slits
projection. The motivation for doing this is twofold: Firébr the purpose of visualization, it may give
a theoretical foundation to X-Slits stereo pair generati®econd, understanding the epipolar geometry
can aid image correspondence; in particular we would likeetable to match images of different kinds
to each other, including X-Slits images, pushbroom imagegspective images with barrel distortion,
and ideal perspective images. This can be used for suchcapptis as 3D reconstruction, image
warping, or animation.

Previously, the epipolar geometry of the pushbroom cam&sdoben analyzed in [23]. A calibrated
linear pushbroom camera was modeled as an orthographiecionj in one axis (the input camera
motion direction) and as a perspective projection in thesiotdxis. It was encoded in& 4 non-
homogeneous matrix with 11 degrees of freedom, allowingtian, translation, scaling and rotation of
the scanning plane. A study of camera retrieval, epipolanggry and scene reconstruction manifests
the quadratic nature of this projection, which | show to bbaracteristic of the (more general) X-Slits

model.

The epipolar geometry of X-Slits cameras resembles theofgrgpipolar geometry in some ways,
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but has its own unique properties. In analogy with the pialuase, there existséa 6 matrix which

I call the fundamental matrixand denotd-. F gives a second order relation between corresponding
image points, i.e., a correspondence between points imatjgecond order epipolar curves (conics).
Moreover, | show that the rank &f is 4; this result can be used to derive constraint&dn be used
during the computation of its components.

The main novel feature of the X-Slits epipolar geometry &sfdict that the epipolar conics do not
usually match. In the pinhole case, all the image points anapipolar line correspond to points on
asingleepipolar line in the second image. In the X-Slits case thimisgenerally the case; typically,
each point on a certain epipolar conic in one image will irdadifferentepipolar conic in the second
image. There are only two special cases where epipolar €omatch each other uniquely in the X-
Slits projection: (i) when the two cameras have a commonislivhich case the epipolar geometry is
identical to the pinhole case, i.e., all epipolar curvesliaes and all epipolar surfaces are planes; (ii)
when the slits of the two cameras intersect each other intihdigoints, in which case the epipolar
surfaces are quadratic but unique.

The study of X-Slits geometry presented in this work is base@ork published in [4].

1.1.3 Omnidirectional Image-Based Rendering

New view generation is an emerging application which carelddrom both image-based techniques
and graphics. The traditional approach to new view germrasi to render a 3D model of the scene
from different viewpoints. Unless the model is known a grititis approach requires the recovery of
the scene structure, which is a hard task. Moreover, théstieatynthesis of optical effects such as
specularity, re ections and transparency is an involveabjam.

The alternative approach, image-based rendering, achetia use of raw images instead of 3D
models. New views of the scene are generated based on a sequiemages, without a model of
the scene, by sampling light rays. If the set of input imagedeinse, then the rays necessary for the
synthesized image can be sampled from the input imagespuwtithowledge about the scene and

without attention to optical effects. However, the inputimes must be very precisely calibrated, and
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together should contain all possible rays of the scene.

The set of all rays, as the plenoptic function [9], can bearably represented as a four-dimensional
function. Using the full plenoptic function would requirevary large amount of input data to produce
synthetic views with good quality. The amount of data candmiiced using information about the
scene or with some restrictions on the viewer's movement42,/30, 37, 41]. However, a more signif-

icant reduction (from 4D to 3D) can be obtained by using Xs3tosaicing.

If, rather than generating perspective new views of theescae can settle for X-Slits views, we
can do IBR with a much smaller plenoptic function. The inmutdaken from a perspective camera
moving along a 1D path, and thus only a 3D subset of the 4D plméunction is sampled — all rays
that intersect the camera path. X-Slits views of the scenebearendered, with the horizontal slit at
the input camera path, and the vertical “virtual” slit mayiwith the viewer. Although the images are

not perspective, the sense of depth and occlusions istieaisd appealing.

In order to create a complete virtual environment, it is seaey to have rays in all directions,
which leads to the choice of a circular camera path and pamongerspective cameras [45]. | describe
a setup in which a calibrated panoramic camera rotatesxadfia a circular path, so the set of rays
thus collected is suf cient for generating X-Slits viewstvihe vertical slit anylocation inside the

circle [13,61, 64, 65, 68]. This is described in Section 4.2.

Since X-Slits images are not perspective, they may appstortéd. The main difference between
X-Slits images and perspective images is that in the forimeaspect ratio of fronto-parallel surfaces
is not preserved, but rather it depends on depth. Thus ségeet®may appear elongated or condensed
depending on their depth and the virtual slit's locationisTdffect can be reduced by normalization —
the image is transformed so as to cancel these distortiora! fobjects on a chosen surface; as long as
this surface crudely approximates the scene structurgrttoeint of distortions decreases. Essentially,
normalization provides a compromise between model-basddrage-based rendering: we render
based on a partial set of input rays, but approximate a petigpeview using a coarse model of the

scene.

Using an approximation surface was proposed in [67], whizhek distortion in non-central im-

6



ages as the disparity between an image point and the condisigopoint in an optimal perspective
reprojection of an approximation surface. Given a non+egminage, distortion is minimized by opti-
mization.

It is often desirable to add virtual objects to the scene. (éog interaction or animation). When
doing so, the objects must be rendered according to the sesjextion model as the image-based
background, in order for them to blend into the scene geacadiir. | show how to modify the geom-
etry of the augmented objects to follow the distortions af ¥aSlits projection. This allows us to use
perspective rendering tools to augment the images, ahdlstdin consistent and compelling scenes.

The study of omnidirectional X-Slits rendering presentethis work is based on work published

in [6].

1.1.4 Optimal Mosaicing

Mosaicing provides a method for imaging large scenes whiali be impossible to capture in a sin-
gle perspective image. However, multi-perspective imagesnherently distorted (i.e., they are not
perspective), and eliminating these distortions in theegarcase is only possible by perspective repro-
jection, which requires scene structure information. igeél of such information is computationally
demanding and ill-posed (due to occlusion, re ectionspsgarency, etc.), therefore an alternative ap-
proach would be to try to minimize distortion without knowtge about the scene, based solely on the
geometry of the multi-perspective mosaicing.

The liberty to choose any strip sampling scheme for mosgicises the following question: Given
a sequence taken by a calibrated camera moving on a knownottygj, and amnknown scenevhat is
the best multi-perspective image that can be generatediffom other words, which strips should be
copied from the images and how should they be pasted into dsaim such that the result image will
contain the maximal amount of visual information and mirligeeometrical distortions? This subject
is discussed in Section 4.3.

| de ne the necessary conditions for a good multi-perspecthosaic and a criterion quantifying

the geometric distortions, and derive the least distortedaic under this criterion. The criterion is
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justi ed theoretically as well as empirically. It turns otltat the mosaic with the minimal distortion
also has the maximal eld-of-view. By minimizing the distmns of multi-perspective images, it is
possible to generate a visually satisfying image with migeometric distortions. These distortions
may in many cases be practically negligible, especiallydmparison with artifacts in perspective
panoramas due to errors in depth estimation.

The study of optimal mosaicing presented in this work is Hasework published in [5].

1.2 Motion Segmentation and Depth Ordering

The goal in motion-based segmentation is to partition irmdgea video sequence into segments of
coherent motion. This problem, which is a fundamental lagenany vision tasks, has been studied
extensively and several approaches to accomplish it haae figgested.

One popular approach is to assume that video motion is @nett by some global parametric
motion model and the segmentation is according to valuekeofriodel parameters. In [49, 73], the
image is partitioned into 2D layers assuming af ne motiomgsvIRF-based methods, while [32] takes
advantage of the low dimensionality of the linear subspdb®mographies representing planar motion
and extracts layers by clustering. Other works, such as fa0pel the video using 3D perspective
geometry. Note that these two approaches represent diffarelerstandings of the term “segment”,
as multi-layer rigid objects would be considered a singtgrsent by the latter while subdivided by the
former.

An alternative approach assumes motion is piecewise smeotthat motion within a segment
is smooth and motion discontinuity occurs only at boundalbietween segments. [72] uses a prior
distribution on ow elds to obtain smooth dense ow elds foall segments. The MRF-based tech-
nique of [16, 34] nds an optimal ow assignment which perzas for unsmooth motion between
neighboring pixels with similar color. The tensor votingheique [47] extracts smooth structures in
space-time-velocity domain, yielding a piecewise-smooti eld.

Assuming only piecewise smoothness is a potentially moneigd approach, compared with ex-

plicit geometrical constraints, and it lies at the base efrttethod proposed here. Note that piecewise

8



smoothness represents a different understanding of “segine a non-rigid moving object would be
subdivided by a geometry-based algorithm while outlined amgle segment by a piecewise smooth-
ness algorithm; on the other hand, a self-occluding objettievbe subdivided by a piecewise smooth-

ness algorithm while outlined as a single segment by a gegrbased algorithm.

Motion discontinuities can be identi ed by clustering ayimisly computed motion eld (e.g., [50,
73]). The problem is that such discontinuities are foundxat#y those locations where the compu-
tation of the motion eld is least reliable: since all opticaw algorithms rely on the analysis of a
region around a point (even if only to compute rst-orderidatives), the optical ow must be contin-
uous within the region to support reliable computation.sT¢hicken-and-egg problem makes motion
segmentation particularly challenging. On the other haimel successful computation of motion dis-
continuities can be useful for a number of applicationsuiding motion computation (by highlighting
those areas where the computation should be consideretiable® and object segmentation from
multiple cues. Here | propose a motion segmentation methatddoes not require a reliable optical

ow to begin with.

Having segmented the image, we next want to determine thiesion order of objects in the
image, as the rst step in 3D scene understanding and obgecignition. In principle, any depth-
retrieval algorithm (e.g., [34]) would also provide deptidering. However, full 3D reconstruction is
usually only practical in static scenes, and it relies oruegte geometric calibration which remains
a hard task. In this work | present a method to compute demtrimg from occlusion cues without
explicit scene reconstruction. The most surprising chargstic of this method is its ability compute

depth ordering from only two frames.

The problem of depth ordering is similar to gure/ground sEgation, an issue which has been
studied extensively in the context of Gestalt psychologgnllpossible spatial cues may contribute to
gure perception from a single image, includirgnvexity[52], junctions[59], andfamiliar con gura-
tions[58]). However, depth ordering from a single image may bgeuilve and prone to ambiguities,

whereas motion gives a very powerful and usually unambigume.

Given an image sequence, the accretion and deletion ofreegtaments [31], as well as tlhkem-
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mon fateof texture and edge [19, 75], have long been recognized asfoudepth ordering. There are
several methods for depth ordering from three frames or pege, by tracking disappearing texture
elements [44], optical ow lling [50], detecting T-junctins in space-time [12, 48], matching the mo-
tion of surface and boundary [18,20,70] and localizatioarodrs in ow computation w.r.t. monocular

segmentation [15].

However, when given only two frames, it is impossible to deiae depth ordering from motion
alone, without additional assumptions or prior knowledghis is because the motion of pixels that
become occluded cannot be determined, and thus they maygolceither side of the motion edge,
leading to more than one valid order assignment. One salwtimuld be to assume that the occluded
pixels belong to the layer that is more similar in appearaneg determine depth ordering by matching
the motion of color and motion edges [71]. However, coloresdare often unreliable as edges between

layers, since the gure and ground may have similar colors.

1.2.1 Motion Segmentation

My work is based on the extraction of motion boundaries, Whace de nedlocally as boundaries
between different motions (since many real video sequedoa®t obey any global motion model).
While some methods are based on color or texture boundagi@gebn the moving object and the
background (e.g., [21, 34, 69]), | restrict myself to saus which do not rely on such boundaries.
This is motivated by humans' ability to segment objects fammtion alone (e.g., in random dot kine-
matograms), and by the need to avoid over-segmentation@ftstwhose appearance includes varying
color and textures. Finally, | only consider local propestdf the temporal pro le of motion, in order
to be able to deal with pairs of frames or stereo pairs (butfeeexample, [63]).

In my approach | start by considering the video sequence patigemporal intensity function,
where the goal is to extract information from this spatioy®ral structure. Video sequences have
highly regular temporal structure, with regions of coh¢rantion forming continuous tube-like struc-
tures. These structures break where there is occlusioatimgespatio-temporal corner-like features.

Using a differential operator that detects such featuraeievelop an algorithm that extracts motion
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boundaries.

Speci cally, my algorithm is based on the occlusion detedescribed in Section 5.1, which is
used to extract a motion boundary at any given scale. Sirfteratit scales may be appropriate for
different parts of the image, a cross-scale optimal boyndgaromputed, based on the response of the
detector. At the end, a closed contour is built along the mabént boundary fragments to provide
the nal segmentation. The algorithm was evaluated on tlutealenging real sequences, as well
as several synthetic examples which are particularly dit dor some commonly used algorithms,
in order to demonstrate the robustness of this method. Seswdts from other algorithms, whose
implementation was made available by the authors, are ¢edvfor comparison. In Section 5.3 |
analyze the behavior and mathematical properties of treitign.

The motion segmentation algorithm presented in this woldaised on [7, 8].

1.2.2 Depth Ordering

My computational approach to the problem of ordinal deptimfitwo frames utilizes the principle of
common fate of texture and boundary, though without attemgpb extract the boundary explicitly.
The spatio-temporal partial derivatives in each frame Heeted by both the motion of the layers (i.e.,
their texture), and the motion of the motion boundary. Whangimy occlusion detector, which relies
on these derivatives, a bias towards the occluded side eppp€he bias depends on the density gap
between the two layers (this bias disappears when the llgeesthe same local density). Moreover,
when measuring this bias in scale space, it can be seen @ag&as the scale is increased.

From this observation | derive an algorithm in Section 5.4jol computes the ordinal depth of
two layers based on the trend of the bias in scale space. @itk sninor modi cations, | show that the
same algorithm can be applied to three-frame sequencdmwiitelying on local differences of density
between the layers. The algorithms are shown to performameleal sequences. The performance of
the algorithms is compared with the performance of humajestson two- and three-frame sequences
of random-dot textures of varying density and to an ideakoles model in Section 5.5.

The depth ordering algorithm presented in this work is base[8].
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Chapter 2

Methodology

This chapter summarizes the mathematical tools used imfbesnce of this work. In Section 2.1 |
give an introduction to the geometry and algebra of prapecthodels, and in Section 2.2 | introduce

epipolar geometry and the fundamental matrix. Section &&scn brief introduction to scale space.

2.1 Projection Models

For simplicity, | describe a camera as a device that projg@B scene onto an image surface. Each
scene point has one ray that passes through it, and the inidige scene point is the intersection of
this ray with the image surface. Thus, all points on a ray aogepted onto the same image point,
which also implies that every image point is the projectibs@mescene point. A well-de ned camera
has exactly one ray passing through every image point (ainan this work | tolerate cameras that

have a few singular image points that do not ful | this requirent).

2.1.1 Pinhole Camera

The most commonly-used cameras, as well as our eyes, candmaddy thepinhole Er perspective)
cameramodel. For such a camera, all rays intersect a single pdiet ‘Phinhole”) and the image
surface is usually a plane (although panorama photografibg ases cylinders or spheres). For this

presentation | ignore the issues of occlusion and camezatotin and the effect of the lens and aperture.
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A simple algebraic representation of the pinhole camera fslfows: a 3D scene poirfiX; Y;Z)

is projected onto the 2D image poifX; y) given by

(xy) = (X=Z;Y=2Z) (2.1)

In homogeneousoordinates, this is expressed as

2 3
1000

P’§01002p 2.2)
0010

wherep 2 P? is the image of the scene poipt 2 P 2. In this representation, referred to as the
calibratedpinhole camera, thg axis is referred to as thaptical axisof the camera, and the origin is
the optical center The most general representation of a pinhole camera, arrtbalibratedpinhole
camera, is given by
2fxsc><3210002 3 h [
p/ § 0 f, ¢ ZE 010 024 ROT Rth 5p=K RT; RTt p=Mg3zp (2.3
0O 0 1 0 010
whereK 3 3 is theinternal calibration matrix andR3 3 andt 2 R?® represent, respectively, the

rotation of the camera and the translation from the origin.

The internal calibration consists of ve parameters th@resent characteristics of the camera:

fx (resp.fy) is the ratio between thiocal lengthand the horizontal (resp. vertical) pixel size.

The ratiof x=f, is theaspect ratig and is usuallyl.
s=tan ,where istheskew anglewhich is usuallyO.
(cx; ¢y) is theprincipal point which is usually(0; 0).

Theexternal calibrationconsists oR andt, which determine the camera location and orientation
in the scene coordinate systeR.is a rotation matrix, i.e RR T = |. Thus, the uncalibrated pinhole
camera is determined by 11 independent parameters. Angegenerate matri¥ represents some

pinhole camera (note thé is a homogeneous entity).
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Given two scene pointg1;p»> 2 P2, the set of all points on the line joining; p» is given by
f 1p1t 2p2) 1, 2 2 Rg. Thusthe projection of this line is given by 1Mp 1+ 2Mp 5 1; 22 Rg,
which is the line that join#1p ,; Mp , in the image. Therefore, the pinhole camera projects scee® |

onto image lines.

2.1.2 Afne Camera

The af ne (or orthographic) camerds a camera where all rays are parallel. The calibrated af ne

camera can be represented simply by
xy)=(XY) (2.4)

and in the general (uncalibrated) case by

2 3
| 4A23 bs 25
p 9. 1P (2.5)

Itis determined by 8 parameters. Itis often used as an appation of the pinhole camera, especially
for large focal lengths. Algebraically, it can be seen asexigth case of the pinhole camera (where the

bottom row ofM is (0; 0; 0; 1)).

2.2 Multiple View Geometry

2.2.1 Homographies

If scene poinp / (p";1)" liesonaplane / ( T;1)",then Tp = 0. Thus, the scene point can

be expressed in homogeneous coordinates as
2 3

p/ 41s25p (2.6)
and it is projected by the camdi@ 3 3;a] onto

p/ (A aT)p =Hp (2.7)
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whereH is a homography, i.e., it describes a mapping from one plaa@dther (in this case, from
to the image plane).
Denoting the homography that maps points from plan® camera asH;, one can map image

points from camerato camerg through the reference plane with the homography
Hij = HjH; ! (2.8)

It is easy to see that when the cameras have the same opintaf,ddis homography is independent
of ;in other words, when there is no translation between twergitameras, there is a mapping that

transforms one image to the other.

2.2.2 Epipolar Geometry

Next | shall derive the relation between corresponding ienagjnts in two uncalibrated cameras based
on concepts introduced in [25]. By de nition, every ray ofhtarai passes through its optical center.
Denotingeji to be the projection of the optical center of camieiacamerg , it follows that every ray

of camera is projected by cameraonto a line that passes throug}h Given a pointp; in cameral,

the line that joins it with the epipole! is given byl; = e{ p;i. It can be shown that the plane given
by / Ml passes through the optical center of camexad the projection of every point onlies

onlj. If p is a scene point whose imageiiis p;, then
0=(Mip)Tli=p™™ ]l =p" (2.9)

i.e.,p lies on . Inthe same way, it can be shown that the optical center obcamalso lies on .
Thus, , which is called arepipolar planeg joins the optical centers of both cameras and the scene
point. Itis easyto seethat/ M (g p)= MIj, wherep corresponds tg; in camerg (i.e.,
they are both projections of the same scene pp)nat This means that corresponding points in two
different cameras have a single epipolar plane.

The linesl;; l; are called epipolar lines. From the discussion above ib¥dl that every point on

the linel; in camera corresponds to a point that lies hnn camerg . Denoting the pseudoinverse of
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M asM *, it can be shown that
T T T Y T
i/ My ML= M Ml p Fp (2.10)

where [e!] denotes the skew-symmetric matrix representing the crosdupt. It follows that for
every pair of corresponding poinp]%pri = 0. The matrixF is called thefundamental matrix It
maps every point in one camera to a line in the other camernahvamy corresponding point must lie
on, and vice versa. The fundamental matrix is a homogen&ou8 matrix, and sinc&fe! =0, and

thusdetF =0, it follows thatF has 7 degrees of freedom.

2.3 Scale Space

Scale space theory deals with representation and analiysigrals at different detail levels. The
notion of scaledetermines the level of details, so that ne structures aogessively suppressed at
coarser scales.

A canonical scale space representation that is commonty insgignal processing and computer

vision is thelinear scale spacepresented and discussed extensively in [39]. The linesle space

L(Xg;:ixg;8) =1 gs (2.11)

wheres 2 [0;1 ) denotes scale andys denotes the convolution with thedimensional Gaussian
function with variances (or “smoothing”). Thus, the scale space representati¢d-sl) -dimensional

— it has an additional scale dimension. Linear scale spabe isolution of the diffusion equation

%I;: %r 2L L (X1;:::3Xg;0) = T(X1;::05Xq) (2.12)

The intuition behind this choice is easily observed in 1Dnalg — as we progress towards higher
(coarser) scales, concave regions are decreased and cegies are increased. In fact, in 1D signals
it can be shown that local extrema are not created as scalerésaised.

This stems from the notion @fusality which requires that features in a coarse scale originate fr

features in a nerscales, or in other words, features arematted in coarser scales. In signals of higher
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dimension it is not necessarily the case that local extremaat created; instead, causality requires
that local extrema are not enhanced. Other features ofrlisegle space include shift invariance,
rotational invariance, scale invariance and of coursatite Throughout this work by “scale space” |

will refer to linear scale space.

2.3.1 Feature Detection

Since differentiation commutes with convolution, diffeti@tingL can be done simply by applying

!
AL(s) _ @ &) . Dgs

o8 oF o | (2.13)

Using derivatives of the image signal, there are severalifedypes that can be detected, such as
edges and corners. Applying the same differential opesdtothe image representation at different
scales would give different results — ne scales tend to beentetailed and accurate, and perhaps
more noisy; while coarser scales tend to represent only mmifeatures, albeit with a less accurate
localization.

Consider edges in an image. As suggested in [38], one way & @& edge is points where
the gradient magnitude is maximal in the gradient directi@his can be expressed as a differential
operator as

8

1210 +21xlylyy + 121y, =0
yiXxy yy

. y (2.14)
: 3 2 2 3

|x|xxx +3|x|y|xxy +3|x|y|xyy + Iylyyy <0

This operator can be appliedliq ; s) for any scales. Since there are advantages and disadvantages
to both ne and coarse scales, it is desirable to develop aptag: scale-selection mechanism, which
would determine the optimal scale for edge extraction imevegion of the image. An image may
contain sharp edges as well as diffuse edges, and their r@moeachanges considerably with scale —
sharp edges may become smooth or even disappear at codese wtale diffuse edges may bifurcate
at ne scales.

The rst problem is how to compare operator values betwe#arént scales. Since the amplitude

of then derivatives at decreases with scale by a fact@"of, a common heuristic principle is to use
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scale-normalized derivativegiven by

@ (s) heoy @
— S — 2.15

for some positive normalization parameter In the case of edge detection, a good choice for this
parameter is = 1=2. To see this, suppose we have a synthetic image with a stey diffyised by a

Gaussian with variancs,, given by

1Y) = he(x) lx Gy (X9 x° (2.16)

It is easy to see that the operator (2.14) will detect the edgectly atx = 0 at all scales for any. If
we consider the magnitude of the gradient as a measure ofireggsity, then it can be shown that this
measure assumes maximum at seate —sp. If = 1=2, then the edge is detectedsat sp — the
“scale” of the edge. In other words, this mechanism enaldds automatically select the scale where
the edge “resides” — sharp edges would be detected at neseaald diffuse edges would be detected
at coarse scales.

To summarize, edge detection in scale space is done byentarg the set of points detected
by (2.14) over all scales, with the set of points where thesestgength measure assumes maximum

over scale, given by

8
2 @29 4 | 29)y =

939 + 159 =0 217
29 4 |29 < o

&

Other edge strength measures have given similar resultge tRat the introduction of the scale
normalization does not affect the outcome of the edge omefat14). This property of the edge
operator is present in a large class of operators that ack foseletecting various image and video

features such as corners, blobs and ridges.
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Chapter 3

The Crossed-Slits Projection

In this chapter | present the Crossed-Slits (X-Slits) ptigm and study its properties. The X-Slits
projection is de ned by two non-intersecting lines whichralys intersect. This projection is generally
non-perspective, as there is no single point which lies brags, though the perspective projection can
be seen as a special case of the X-Slits model. A conciseraigebrmulation is given, from which
various properties of this projection model can be inferrékis representation is then used to derive

the epipolar geometry.

3.1 Projection Model

Fig. 3.1a shows the basic design of the X-Slits camera aslipuiDucos du Hauron in 1888 [33]. A
more general design is shown in Fig. 3.1b. A X-Slits camematha slitsl;; |, which should be two
different lines in 3D space, and an image plangéhat does not contain any of the slits. For every
3D point not lying on either of the slits there is a single ralyieth connects the point with both slits
simultaneously. The intersection of this ray with the imatgme de nes the projected image of the 3D
point. The camera in Fig. 3.1a is a special case of the X-&litsera, where the two slits are orthogonal
to each other and parallel to the image plane. | call thisiagpacrangement the Orthogonal X-Slits
camera.

The X-Slits model is a valid 3D to 2D projection, de ning a nyatw-one mapping from the 3D
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Figure 3.1: (a) A design of a X-Slits camera where the slits are orthobtmaach other and parallel to the image plane

(Orthogonal X-Slits camera). The projection ray of a 3D p@ire ( X;Y;Z) is shown, with circles showing its intersection
points with the 2 slits. (b) A general X-Slits design, withaarbitrary slitsl1;12. Note that the camera is de ned by the
speci ¢ con guration of the two slits and the image planeyaf these three factors can change independently, givegy ri

to a different X-Slits camera.

world to the 2D image plane. Below | develop the speci c edureg of the camera mapping as a

function of the slitd; > and the image plane and discuss this model's properties.

3.1.1 De nition

Consider the camera con guration as shown in Fig. 3.1b. ffogction rayof a pointp 2 P 2 (repre-

sented by homogeneous coordinates) intersects the twaaaifitel1; 1,. It is thus the intersection of
two planes, de ned by joining the poimt with each of the slits. The image pfis the intersection of
this projection ray with the image plane. Furthermore, alhfs on a projection ray will project to the

same image point (unless the ray lies on the image plane).

More formally, letu;; v; denote two planes iR 3 which contain slit;, fori 2 f 1; 2g respectively.
For any , ! the plane given byi; + v; also contains the slit; and vice versa, every plane that
contains the slit can be described iyy+ v; for some . Thus, for each scene poipt2 P 3 and

i 2 f1;2g, there exists 2 R such that(u; + v;)p = 0. Eliminating , we get the following

1 denotes a projective parameter as in [62] page 43.
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expression for the plane:

(uf IO)
(va)

Let us de ne the skew-symmetric matrix

(vipui  (Upvi = (uivi viul)p (3.1)

S, = ujvi viu/ (3.2)

Matrix S; is actually the dual Plicker matrix representation of the I; [26]. It can be shown to
be independent of the choice of;v;. The elements of such matrices must satisfy one non-linear
constraint (since a line has only 4 degrees of freedom upaie)sc

From (3.1) and (3.2) it follows that the plane which contapmint p and slitl; is S;p. The
projection ray of the scene poiptis therefore de ned by the intersection of the two plaggp, and
S,p de ned in (3.2).

Next, observe that the image of scene pgii the intersection of the projection ray with the image
plane . Letm 2 P 3 denote a point on plane, and lej; k 2 P 3 denote two distinct points at in nity
which also lie on plane . Every point on can be expressed &g+ yk + wm. The projection ray of
p intersects plane at a certain poingj / xj + yk + wm such tha{S;p)"q =0 and(S,p)"q = 0.

This gives us a set of linear equationsxiny andw (the homogeneous image coordinates of pgint

namely:
0 1
2 35 x
TS TSk Tsm
ﬁp 1 P > P o1 g%ygzo (3.3)
PTS;i pTSk pTS,m
De ne the following skew-symmetric matrices
Qi=kmT mkT' Qz=m" jmT Qs=jk™ KT (3.4)

the solution of the linear system (3. 33 is

0
p SlQlSZp
% g %p Slesng (3.5
pTS:1Q3Sp

2The solution is a unique point unlegsesides on the line joining the intersections of the twasliith the image plane.
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andp is projected tq;; %). Note thatS; depends only on the slif, while Q1; Q2; Q3 depend only
on the plane of projection. Q1, Q2, Q3 are the Pliicker matrix representations of the intdgaxis,
the imageY axis and the image line at in nity, respectively (all in 3minally, note that the choice of
j andk to be points at in nity limits the internal calibration to a@f ne transformation of the image.
The camera projection model in (3.5) is a quadratic mappiom P 2 to P2, and therefore a X-
Slits camera cannot be described b$ a 4 projection matrix oveP. Let : P23 ! P ° denote the

Veronese map given fqr = ( py; p2; ps; pa)’ by

(P) = ( P%; PLP2; P1P3; P1Pa; P5; P2P3; P2P4; P3; PapPa; P3) (3.6)

Using this notation, the transformation in (3.5) can be txalg written as

p/ A (p) (3.7)

whereA isa3 10 matrix determined by the two slits and the image plane (arivatently, the ve

camera matriceS;; S,; Q1; Q2; Q3).

3.1.2 Orthogonal X-Slits camera

A con guration of special interest is when the slits are oghbnal to each other and parallel to the
image plane. | will refer to this con guration &rthogonal X-Slit{see Fig. 3.1a).

Without loss of generality | x the slits by assigning; = (1;0;0;0)", vy = (0;0;1; Z1)T,
us, = (0;1;0;0)T, andv, = (0;0;1; Z,)'. This de nes a vertical slitaKk = 0,Z = Z, and a

horizontal slitaty =0,Z = Z,. lalsodenote= Z, Z;.Plane istheX Y plane atZz =0,

and therefore | assigm = (0;0;0;1)7,j =(1;0;0;0)",k = (0;1;0;0)". From (3.5) it follows that
0 1 0 1
X 7z _X_
B k=B TTEK (3.8)
y Za27 YZz

This projection equation is identical to the model rst armdd in [1], where it was called bi-centric

projection.
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Figure 3.2: Simulated X-Slits images of an arti cial scene. (a) A regydahole image. (b) Orthogonal X-Slits image using
the projection equation from (3.8). (c) Same as (a), but withvertical slit rotated about theé axis. (d) Same as (a), but

with the vertical slit rotated about thé axis.
3.1.3 Properties

It follows from (3.5) that the X-Slits projection is de ned/three4 4 matricesor& 4 4tensor.
It is a homogeneous object, so it is de ned up to a scale. Fpmaatrix A and any anti-symmetric

matrix B
p'(A+B)p=p'Ap (3.9)

and therefore the anti-symmetric part of the matrices d)(Bas no effect on the projection. This
means that the projection is de ned only up to its symmetactp by 29 variables . However, the
number of degrees of freedom is much smaller - each slit hagreds of freedom up to a scalar, the
plane has 3 degrees of freedom, and there are additionalréedegf freedorhfor the choice of the
origin and the axes in the image plane, yielding a total of dgrees of freedom.

To get some intuition for X-Slits images, Fig. 3.2 shows egbas of X-Slits images as compared

with pinhole images of the same scene. | also show the efféatarying the relative geometry of the

3The three pointg; k; m 2 P 2 are con ned to a plane, leaving 2 degrees of freedom for ageho scaling.
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slits and image plane. Next | demonstrate algebraicallyarigeresting properties of X-Slits images.

Projection of Lines

In X-Slits images, the image of a 3D line is a conic. Given a liapresented by the Plicker matkix
that does not coincide with either of the slits, considergbhadric surfac&,LS,. The projection ray
of a pointp 2 P 3 not on either of the slits is the intersection of the plangs S;p fori = 1;2, and
the lineL intersects ; atL ;. Thereforep lies on the quadri&,; LS, if and only if its projection ray
intersectd. .

In other words, this quadric is the surface of all projectiays of points or.. Since the intersection
of a quadric with a plane is a conic, the X-Slits image of a lifealways a conic.

If L intersects the slit, at some point, then it can be shown thaS,p = q for anyp 2 P 3.
Therefore, the quadric degenerates to the plywe Equivalently, ifL intersects the slit; atq, then
the quadric degenerates to the pl&3g. Hence, the projection of a line that intersects one of tite sl
is aline.

In the special case of the Orthogonal X-Slits camera, if iddiBe is perpendicular to thé axis,

e, itis of the form(a+ c;b + d;e), then its image is the cunvecy) = Z1 &5, Z,2°9-

which is a line; if the 3D line imot perpendicular to th& axis, i.e., itis of the fornfa+ c;b+d; ),

then its image is the curve

a+c b+ d
o Z 3.10
7, 2272, (3.10)

xy)= Z1

Solving for , we nd that the line is projected to the hyperbola given by

(Z1 Zo)xy + Zo(b+ Z1d)x  Zi(a+ Zyc)y + Z1Zo(bc ad)=0 (3.11)

ForZ, 6 Z,, this hyperbola degenerates to a line if and onlgg # Z;,c =0 orb+ Z,d = 0, that is,
only if the line intersects one of the slits.
The distortion of straight lines is illustrated in Fig. 3.2h practice this distortion is not very dis-

turbing, as can be seen in the examples in Section 4.1.4.elmahous scenes | have experimented
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with, this distortion was rather minor. Many scenes, paléidy natural scenes, do not have very dom-
inant straight lines, in which case this distortion is hamibticed. Furthermore, people are accustomed

to similar effects caused by lens distortions.

Aspect Ratio Distortions

The most apparent aspect of the distortion in Orthogonaliis-hages is the variation of aspect ratio
(especially in pushbroom images [23]). The apparent agpéotof objects in the image depends on
their depth. This is unlike the perspective model, in whioh distortion in aspect ratio is constant for
all objects.

From (3.8) it follows that an object at depithwith aspect ratio ofl. would appear on the image

plane to have an aspect ratio of

y 2o Z 27,
X Z1 Z Zp

(3.12)

In practice, | found this distortion to be typically rathasigni cant. If the range of depth values of
scene objects is not too large, we can normalize the imagentpensate for this distortion by scaling.
Speci cally, if we cancel the aspect ratio distortion fons®intermediate depth valug), the distortion

at depthZ would be

Z Zi1 Zo Z
Z Zy Zo Z1

(3.13)

To demonstrate the magnitude of the distortion, considerfoflowing example: Suppose the
depth range of objects in the scene3is 5 meters (measured from the horizontal slitzat, i.e.,
3m < Z Z; < 5m), and assume that the images are normalized so that oljetite depth of
3:84m appear undistorted (i.eZg Z1 = 3:84m). If the vertical slit is behind the horizontal slit at

= 2:5m, the aspect ratio distortion would not excdéds

Tilted Slit

Departing from the Orthogonal X-Slits camera, suppose lwvéhg vertical slit sideways. Assigning

all substitutions as with the Orthogonal X-Slits con gucat, except thati; = (1;a;0;0)" for some
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a2 R, we obtain 0 1 0 1
X+aY

Z ZoY
%JXX:%J 1z e fary X (3.14)
y Zg—Y
Z Zy

By substitutingx®= x + ay, y’= yandX%= X + aY, Y%= Y,Zz%= Z, we get the simple
model of (3.8) for the projection X ¢ Y% Z9 to (x®y9. In other words, we get a skewed image of

a skewed scene. Such a projection is demonstrated in Fig(13oke that the skew is 3-dimensional).

Relation to Other Projection Models

The pinhole camera model is a special case of the X-Slits mod&ined when the two slits intersect.
Let there be three planesvi; Vv, de ning the slits so tha; = uv] v]u (i.e., both planes lie on

planeu). SinceQ; (3.4) are anti-symmetriaT Q;u = 0 and therefore

PTSiQiS,p = p'(UiQiuvy uviQivaul +viu'Qivau')p =
= (p'u) (viQiuvy viQivau' + u'Qivavi)p (3.15)
and thus (3.5) becomes
0 1 0 1
X viQuuv) vIQuvouT + uTQyvov]
y &/ B viQouv] viQovouT +uTQavovi &P (3.16)
w viQsuv] v{Qavoul + uTQavavy

which is a projective transformation, and the pinhole isititersection of the slits. Note that this is
true only wherp™u 6 0, i.e., whenp does not lie on plana. If p does lie oru, then its projection
is (0;0;0)T, which is not a point. Geometrically, the projectionpfs the line where the image plane
intersects plana.

The linear pushbroom projection is also a special caseseo{@thogonal) X-Slits projection,

obtained when the vertical slit resides on the plane at ig.Andeed, setting, = 1 , (3.8) becomes
0 1 0 1

B¥g-8 © g (3.17)
y

Za7 Yzz
It was shown in [23] that a 3D line is projected by the lineashtaroom projection model to a hyperbola

in the image. This is a special case of the result shown in@esdtl1.3.
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3.2 Multiple View Geometry

Next | study the relation between two X-Slits images, takgmvio X-Slits camerad andT ©

3.2.1 Image Plane Transformation

Let us consider two X-Slits images which were obtained bystrae slit con guration but with differ-
ent projection planes and ° Note that the set of rays intersecting the image plane assrdimed
by the two slits. Thus, there exists a mapping between thaérhage planes which is invariant to the
3D structure of the viewed scene, similarly to the case @ftian in pinhole cameras.

Speci cally, | derive the relation between a poit®y® w9 on ©and a point(x;y;w) on
both of which are the projection of the same scene ppintRecall that the 3D point which cor-
responds tax;y;w) on isq / xj+ yk + wm. Similarly, (x%y®w® on © corresponds to
q°/ x9%+ y%%+ win® By de nition q lies on the planes;p and S,p, and thereforey is also

projected ta(x%y® w9 on © Denoting
M= j k m p=(xy;w)' (3.18)

it follows thatg = M p. We now projecM p on °to obtain
0 1 0 1

x° pP'MTS,Q%S,Mp
% y° g / % p'MTS,Q%S,Mp g (3.19)
wo PTMTS,Q%S,Mp

Note thatM depends only on plane, S; andS, depend only on slit; andl, respectively, and
Q%;Q%; Q% depend only on plane®.

Now, similarly to the notation used in (3.7), we can writesttransformation as
p°/ H (p) (3.20)

where denotes the Veronese map P? ! P ®andH isa3 6 matrix.

27



Figure 3.3: lllustration for the derivation of the fundamental matror fwo X-Slits cameras.

3.2.2 Fundamental Matrix

I now study the relation between two X-Slits images, takeriviny arbitrary X-Slits camera$ and
TO Given a pointp 2 P 2 on the image of camer&, the 3D point on the image plane corresponding
topis given byp; = M p, whereM is the4 3 matrix de ned in (3.18). The plane that joims to
slit |1 is given byS;p1, see Fig. 3.3. This plane intersetjsat the pointp, = S;S;p1 (note thatS,
is the Plucker matrix representihgandS, is thedual Pliicker matrix representinig). The pointp,
which is not seen by since it lies orl,, lies on the rayL that projectg1 to p. This ray is given by

the Plucker matrix
L = p1p2  P2P7 = P1P1S:S2  S2Sipapi (3.21)

As explained in Section 3.1.3, the projection of a line repreed by the Pliicker matrixon T %is
a conic given by the intersection of the image plane with tedgicS% LS. Therefore the projection

of the ray througtp on the image of camerRCis given by

P M T SO LSOM GO

o
1

PTMI SO (MpPPTMTS;S;  S25;M pp'M T)SEM §P° (3.22)

This equation de nes a bi-quadratic relation between apoading pointg andp®in camerasT and
T Orespectively.

Using the Veronese map: P21 P 5, (3.22) can be rewritten as

M'F (p=0 (3.23)
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whereF isa6 6 matrix whose components depend on the values of the camériaesdl ;S;; S,
andM ¢ S ; S%. For each image pointin T, F de nes the conic on which the image pojpftin T©°

must lie, and vice versa. | shall refer to such conicsisibility curves

De nition 3.1 The two conics on which two corresponding image pging® must lie, as determined

by Eq. (3.23), are calledisibility curves.

As will be shown below, these curves play a role similar togpgoolar lines in the perspective model.

In analogy with the pinhole camera, | de ne thendamental matrixf a pair of X-Slits cameras:

De nition 3.2 Matrix F in Eq. (3.23) is called théundamental matrix of a pair of X-Slits cameras

T andT?®

Clearly, F always exists. It is similar to the conventional fundamemtatrix in the sense that it
captures the relative position of two X-Slits cameras, drad it makes it possible to get the visibility
curves in one image from points in the other image.

SinceF depends on camerds and T it is determined by 34 free parameters at most. The
real number of free parameters is, however, much smallese€ahis, suppos& is a4 4 matrix
representing a projective transformatipn7! Ap . It can easily be veri ed that this transformation,
when applied to a Pliicker and a dual Pliicker matrix, isgtweS 7! ASA TandS 71 A TS A 1
respectively. By substituting these mappings into (3.28) obtains the same equation, and therefore
(3.22) is invariant to a projective transformation of a#l élements. Note, however, that due to the
construction of matriM with 2 points on the plane at in nity, we are only free to che@s3D af ne
transformation to change the coordinate system; this resm&2 degrees of freedom, leading us to the
conclusion thaF is fully determined by 22 free parameters at most.

We can deriveF directly from the camera parameters as follows. peind p® denote the corre-
sponding projections of 3D poimqt in the two images. As discussed above, the projection rayiof
cameral is de ned by the intersection of the two plan8gM p andS,M p. It follows thatp must lie
on the two planes, namelg,”S;Mp = 0 andp™S,M p = 0. A similar argument regarding camera

T %allows us to conclude that" S4M $°=0 andp™S,M $°=0.
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Let us de ne thed 4 matrix B whose columns are the vector representations of the 4 planes

namely
B= SMp S,Mp SOM%° SOM GO (3.24)

Clearlyp™ B = 0. This implies that the null space & is not empty, and thus the determinant
of B must be 0. The equatiotet(B) = 0 gives us another expression for the bi-quadratic relation
between the image points described by the fundamentabnfatiWith some algebraic manipulations

of det(B) = 0, we can arrive at the following form
O=det(B)= (p' H G (9 (3.25)

whereH andG are two6 6 matrices which depend eaohly on the camera$ andT °respectively.
Let us take a closer look a{p)T H. For any matrixX , | use the notatioiX ¥ to denote thé-th

column ofX . By construction we have

(MTHY = pTMTISH(SHT  (SH(SHTIMp
(MTH2 = p"MTESHSHT  (SH(SHTIMp
(MTHE = pTMTESH(SHT (SH(SHTIMp
MTHY = p"MTSE)(SH)T  (S3)(S3)"IMp
(MTHS = pTMTESH(SHT (SH(SHTIMp
(MTHE = pTMTESH(SHT (SH(SHTIMp

(3.26)

This de ned matrixH ; moreover, it can be shown that the rank-bfis at most 4 given that thé 4
matricesS,; andS, are anti-symmetric and of rank & is de ned in a similar way for camer&® and

its rank is therefore also 4. Since the fundamental mé&rix H G, we can conclude the following:

Proposition 3.1 The rank of the fundamental matrix of the X-Slits project®# at most.

This proposition immediately gives us 4 independent cairds on the elements &f. For example,

we can choose four differebt 5 sub-matrices oF , and require that the determinant of each equals 0.
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(@) (b)

Figure 3.4: Visibility quadrics: (a)Q%p) is the collection of projection rays df° passing through line , while Q(p°) is
the collection of projection rays &f passing through °. (b) When the cameras have a shared klit{ 1%), the visibility

quadrics intersect in a plane.

3.2.3 Visibility Quadrics

Let L denote the projection ray of camefapassing through image poipt Let Q{p) denote the
quadricS% LS wherelL is de ned in (3.21); thusQ{p) is the projection oL in cameral'. This

quadric is a double-ruled surface that is ruled by the familgll rays of camerd °passing through
the lineL (see Fig. 3.4a). Similarly, I€t % denote the projection ray of camefd passing through

image point®, and let the quadriQ (p%) = S,L %, denote the projection df’in cameraT .

De nition 3.3 The quadricQqp) (resp.Q(pY) for any image pointp (resp.p? is called avisibility

guadric

Visibility quadricsplay a role similar to epipolar planes in the pinhole camelawever, unlike the
perspective model, these quadrics are not necessarily symorwith respect to the two cameras. For
a given scene poirg that is projected tp andp®in T andT respectively, the corresponding surfaces
of rays of T andT YareQYp) andQ(p9 respectively. These quadrics do not usually coincide.

WhenQ%p) andQ(p% do coincide, | refer to this quadric as apipolar quadric The property

of an epipolar quadric is that all points on it are projectec tsingle conic in each camera, and the

corresponding conics can be used for matching in the sameasvapipolar lines are used in perspective

images. | shall describe next the camera con gurations irckvthis occurs for all scene points; in these
cases theisibility curvesin both cameras can be matched with each other, similarlpifmdar lines

in the perspective camera. This notion will be made moreipeatext.
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Figure 3.5: lllustrations for the proof of Lemma 3.2.

Epipolar Quadrics

In this section | assume thalits are not visible by their camerdecause otherwise epipolar quadrics
are not well de ned for points on the slits To make the diseusgrecise, let us start with a few
de nitions : We say that twdines intersecif they have a common point. We say that lines disgoint
if they do not intersect. Ldt be a set of lines. Denote Ay(L) the set of lines that intersect every line
in L and callT (L) the transversabf lines inL. Adopt that a seR of lines is calledregulusif there
are three pairwise disjoint lindsg; I2; 13 such thaR = T (fl1;12;130).

Let T denote a X-Slits camera with slitg; |,. We say that lind is a projector of a pointp in
cameral if | is transversal to slitk;; 1>, andp isinl n(I1 [ 12). A nonempty quadri® is said to be
anepipolar quadricof two X-Slits camerad ; T °if for every pointq 2 Q all projectors ofy in T and

T %are contained ig.

Lemma 3.2 Letly;l5; |3 be three distinct lines, out of which at least two are digjoirhen transversal
R = T (fl1;12;130) is either the union of two planar pencils of lines that have tine in common, or

a regulus.

Proof: Let w.l.0.g. 11; 1, be disjoint. Then one of the following 3 possibilities hold4) |3 intersects
bothly; 1, (see Fig. 3.5a); (2 intersects eithel;, or I, be itl; w.l.o.g. (see Fig. 3.5b); (Ay;12;13
are pairwise disjoint (see Fig. 3.5¢).

case 1:Denotel; \ 13 by py andl>\ I3 by p,. The set of lines transversal kg; |3 is the union

of the setl 1 of all lines passing through; and the set , of all lines in the plane spanned by, |3.
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The lines inL ; that intersect, form the pencil of lines with centgr; in the plane spanned by; | 3.
The lines inL , that intersect, form the pencil of lines with centgr, in the plane spanned by; |3.
Clearly linels lies in both pencils.

case 2:Denotel1 \ I3 by p;. Linel; intersects the plane spannedlhyl; in a pointp,. Now,
the set of lines transversal tg; I5; I3 is the union of two planar pencils of lines that have one lime i
common by the same argument as in the previous case.

case 3:In this caseR is a regulus, see [56, p. 42] for the proof. [

Theorem 3.3 LetT (resp. T9 be a X-Slits camera with disjoint slitg; I, (resp. disjoint slitd?;19).
Then, every point in the s&t of all points that have a projector in both cameras is conggirin an
epipolar quadric () the cameras either share a slit, or sllts |, intersect with slitd9; 13 in four

pairwise distinct points.

Proof: (=) ) One of the following must be true: (1) all projectors Ofintersect at least one of the
slits19 or 19; (2) there is a projectdrof T so thatl;19;19 are pairwise disjoint.

case 1:The set of projectors of is the union of two sets of lines

A

fm is a projector off jm \ 196 ;g = T(fly;12;199)

B

fm is a projector of jm \ 196 :g = T(fl1;12;199) (3.27)

It follows from Lemma 3.2 that transversakfl;|,; Ig) for alinel 8 11;1, is either a planar pencil of

lines or a regulus. Therefore, from
T(fly;l20) = A B = T(fly;12190) [T (Flg;12;130) (3.28)

it follows thatl$ 2 f11;1,gor19 2 f1y;1,9. This is becausd (fl1;1,g) is not a surface (but rather a
volume), since for every poirg there is a line ifl (fl1;1,g) passing througip.

case 2:Takep 2 I\V . There is an epipolar quadn@ containingp. Thusl is in Q and also the
regulusR = T (f12;19;19) is in Q by whichQ is a regular double ruled quadric. Either (2.1) there is a

line s 2 R which doesotintersect bothy; I, or (2.2)I1; 1 intersect all lines iR .
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case 2.1: ReguluB(flq;l2; sg) is in Q and therefore linek ; I, are inQ. Linesl; 1, are disjoint
and consequently are in the same regulus. The same holtls i Line s intersectd?; 19 but
does not intersedt; I, and thud; |, are in the opposite regulus to the regulus contaihintp
(in other words, they are in different rulings on the surjageonsequently, slit;; |, intersect

with slits19;19 in four pairwise distinct points.

case 2.2: Lines$y; |, are in regulusT (R). Sincel;13 2 T (R), all fourly;15;19;13 are in the
same regulus and are pairwise distinct becduisgersectsl1; 1, but does not intersedf); I9.
Then, however, no poiny 2 V n Q is contained in an epipolar quadric due to the following
argument. Denote by (resp. n9 the line fromT (resp. T 9 that passes through a poigt2

V. Assume that there is an epipolar quadgi€ containingg. Then bothT (fl4;12;n%) and
T(f19;19;ng) are inQ® and thus ally;1,;19;19 are inQ% However, nowQ = Q%since every

four distinct lines from a regulus are exactly in one regullisereforeg 2 Q.

(( =) By the assumption one of the following holds: (1) the camestame exactly one slit; (2)
the cameras share both slits; (3) the cameras interseattimfstinct points.

case l:Letw.lo.g.1; = 19. A pointq 2 V is not contained iy and therefore there is exactly
one plane throughl, andq. Every projector froml or T which containgy, intersectd; and is
therefore in ; thus is an epipolar quadric.

case 2:Letw.l.o.g.l; = I andl, = 1. Then every poing 2 V is projected in botT andT °by
the same projector. Every2 V and its projectof are contained in, e.g., the regular epipolar quadric
that contains regulus (fI1; 1,;1%) for some linel%that containgy and does not intersett, | ».

case 3:Every pointg 2 V is contained in exactly one projectbfrom T and in exactly one pro-
jector1%from T © We assumed thai; |, are transversal t;19. Line| (resp.l9 is transversal tb;; 1,
(resp.19;19). Linel is transversal té° since both contain. Linesly;1,;1°(resp.19;19;1) are pairwise
disjoint. Thereforegq is contained in a regular epipolar quadric that containsleegl (f11;15;1%). =

We can now conclude the following:

Corollary 3.4 If two X-Slits cameras share a slit, then every point is ciorgd in an epipolar plane,

see Fig. 3.6b. Moreover, the epipolar planes form a penqilanes.
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Figure 3.6: Epipolar quadrics of a pair of X-Slits cameras with nonisésting slits. (a) The slits intersect in four

pairwise disjoint points. (b) The cameras share a slit.

Vice versa, when the epipolar quadrics are planes in genénal cameras must have one common

slit.

Corollary 3.5 If the slits intersect in four pairwise distinct points, thevery point is contained in a
regular epipolar quadric, see Fig. 3.6a. Moreover, the gbgp quadrics form a pencil of quadrics.
3.2.4 \Visibility Curves

One property of visibility curves is that they must all irgect two speci ¢ points, which are the points

where the slits intersect the image plane.

Proposition 3.6 In cameraT , denote the image points where slitsand |, intersect with the image
plane asc; andc, respectively; then all scene lines are projected into cetiat pass througl; and

Co.
Proof: The lineL is projected into the conic given by
Ta T -
p'M S;LS;Mp=0 (3.29)

Fori = 1; 2, the 3D point corresponding t® is M ¢;, and since this point lies on sli, it follows that
S,Mc = 0. Therefore, (3.29) holds fgr = ¢, which meang; ¢, both lie on the conic which is the

projection of the lind.. [

Corollary 3.7 ¢ andc; lie on all visibility curves.
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The projection of a ray is the intersection of the image plaitle a subset of a quadric double-ruled
surface containing the slits of the camera and the ray of ther @amera through the scene point, as
discussed above and in Section 3.2.3. When this set is a, glangisibility curve degenerates into a

line. This gives us the following result:

Proposition 3.8 When two X-Slits cameras share a slit, visibility curvesliames and can be matched,
i.e., points on a visibility line of one camera can be matcteefoints on the corresponding visibility

line of the other camera.

This proposition shows that in the case of a shared slitetisagreat similarity to the epipolar geometry

of the perspective projection. The following lemma chagdezes this similarity:

Lemma 3.9 For two camerasT, T if the cameras have a common slit, then each visibility eurv
is composed of a pair of lines, one of which is the projectiba singular point; excluding singular
points, the remaining family of lines is the family of linesliiced by the perspective fundamental

matrix.

Proof: Since a slitis shared, let us assume w.l.0.g. jat SY. It can easily be shown th&; S,S, =
S,, for some 2 R. From (3.22) it follows that for each scene point projecteg,tp®in T, T°

respectively,

0 = P"MISYMpPPMTS;S,  SS;Mpp' M T)SLM §°
= P"MTS,Mpp'MTS;S; Mpp M T)SELM GP
= pP"MTSEMppMT(S,S, 1 )SOM G°

p"Ap p'Bp° (3.30)

SinceM p andM $°are 3D points on the image planesTofand T °corresponding tp andp®respec-
tively, p™ A p = 0 if and only if p andp®are coplanar with the common slit.
Imagine that instead of the two X-Slits cameflasind T °we have two perspective cameras with

focal centers orq; clearly the same relationship would exist between comedimg image points.
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This means that the rst constraint, denotedpsA p is equivalent to the constraint on matching
points between two perspective cameras that lig,on

On the other handS;S; | )S;=( S; S;) =0. Thereforep™™ (S;S, 1 )S; =0,
which means thap"M 7(S;S, | ) is a point on slitl;, and therefore the visibility lin@ " p is a
projection of a point on a slit. This projection is singulargoint is projected to a line), and therefore

we exclude it from the set of points feasible for matching. [

3.3 Summary

| presented a hew non-perspective projection model, wiide ined by two slits and a projection sur-
face. This model can be physically realized, and has bednibtine late 19th century. Algebraically,

| showed that this model corresponds to a second-orderforamation from three-dimensional space
to two-dimensional space (while perspective projectioaligear, or rst order, transformation).

The second-order nature of the X-Slits projection is furthieserved in its epipolar geometry. |
studied the multiple view geometry and described the matietween two X-Slits images with the
same slit con guration and different image planes, whichhis equivalent of homographies in the
perspective, as well as the relation between two arbitra§li®é cameras, which is the equivalent of
the fundamental matrix. In both instances, correspondirage points have the same relation as in the
perspective model, except that here the constraints adrafi@rather than linear.

Consequently, epipolar planes and epipolar lines becomvedun the X-Slits projection. | de ned
visibility surfaces, which were shown to be double-rulecdics, and visibility curves, which were
shown to be conics. Interestingly, unlike the perspectieeleh here visibility surfaces and curves need
not correspond, except for certain special cases. In oneesktcases, when the cameras share a slit,
the epipolar geometry exhibits some similarity with thegpexctive epipolar geometry. This particular

con guration turns out to be useful for image-based remagédpplications, as presented next.
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Chapter 4

Non-Perspective View Synthesis

In this chapter | describe how to synthesize X-Slits imagemfa sequence of perspective images
acquired using a sideways-moving perspective camera. éwrsin Section 4.1, a simple column-
sampling method that does not require any knowledge abewgdbne can be used to generate X-Slits
views with one slit coinciding with the camera path and thHeeotat arbitrary locations. This method
is also extended to non-linear slits.

In Section 4.2, this technique is used for creating an onmeictional virtual environment, where
the point-of-view is moved by moving one of the slits. Sinlee X-Slits projection is not perspective,
it appears distorted, and | present a method for reducirggtdestortions by perspective reprojection
using a coarse approximation of the scene structure.

In Section 4.3 | consider the problem of optimal mosaicinggobonly on the available set of rays,
without any information about the scene by approximatingespective camera based on the set of

rays alone.

4.1 Crossed-Slits Image Generation

| now consider the issue of synthesizing new X-Slits vievesrfr‘regular” perspective images. The
input sequence is assumed to be captured by a pinhole carmeskating along a horizontal line in 3D

space in roughly constant speed, and without changingiéatation or internal calibration. As | show
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below, in the simplest case we can generate a new X-Slitsdmémgre the two slits of the underlying

virtual X-Slits camera are de ned as follows:

1. A horizontal slit that lies on the path of the optical cemtethe moving pinhole camera.

2. A vertical slit that is parallel to the image's verticaligsxand whose location is determined by

the parameters of the mosaicing process.

In practice, new view synthesis is performed by non-statiprmosaicing. Basic non-stationary

mosaicing is de ned as follows:

From each framg, sample the vertical column (strip) centered on the hotalaoordinates(t).

Paste the strips into a mosaic image, as in [55].

In the general case we may sample slanted strips rather #rdéinal columns (strips), and the
orientation may also change as a functiort.oin this case the “vertical” slit of the underlying virtual
camera may not be parallel to the image's vertical axis. Hewdor clarity of presentation and without
loss of generality, | will continue calling one slit of theweirtual camera “horizontal” and the other
slit “vertical”. Typically the “horizontal” slit is alignd with the path of the camera, while the second
“vertical” slit is not constrained a priori and need not bthogonal to the rst slit.

The parameters of the strip sampling functifh) determine the location of the vertical slit of the
virtual camera. A virtual walkthrough is obtained by getieigaa sequence of X-Slits images via non-
stationary mosaicing, while moving the vertical slit aloamgplanar path. Adjusting the image plane
orientation is done by warping the mosaiced image, as destin Section 3.2.1.

In Section 4.1.1 | show how to sample vertical strips fromitipait images in the sequence in order
to generate a valid X-Slits image. | also discuss the relditween the sampling functist) and the
parameters of the virtual X-Slits camera. In Section 4.1distuss implementation issues, including

the treatment of deviation from constant speed and aspein@malization.
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sampled column

vertical slit

Figure 4.1: The non-stationary column sampling routine which is usesitihesize new images.

4.1.1 Non-Stationary Strip Sampling

| start my analysis with the simplest case where the inpugarsequence is generated by a camera
moving sideways in a direction parallel to tixe-axis of the image. The camera is also assumed
to be internally calibrated. In this simple case the newlsssized image is an Orthogonal X-Slits
image (see Section 3.1.2), and the non-stationary strippkagnis a linear function. | show below
the exact relation between the parameters of the linear Isagrioinction and the parameters of the
corresponding virtual X-Slits camera. In Appendix A it isogin that even when the camera is not
internally calibrated, any linear strip sampling functi@sults in a X-Slits image (but not necessarily
Orthogonal X-Slits). When the motion of the camera is nogpalrto the image plane, the sampling

function is not linear anymore.

When the basic assumptions of the analysis are violatedelyathe camera changes its orientation
and internal calibration arbitrarily along the input seqees we need to preprocess the sequence. One
solution involves registering all the images with each otiing the homography of the plane at in-
nity. This computation requires, however, either (pditiaternal camera calibration or some domain

knowledge (such as parallel lines in the scene) [26].

40



sampled ray

f rt sampled ray

/7 i r s
) o t | N4

1 It |

-r r

D X0Zo)

|
©-47)

(a) (b)
Figure 4.2: New image formation with two possible positions of the \e&tislit (see text).

Mosaicing by Linear Strip Sampling

Let our input be a sequence of images captured by a pinholereamanslating in constant speed along
the X axis from left to right. We generate a new panoramic imagedstipg columns from the input
images, as illustrated in Fig. 4.1. We start by sampling éfiedolumn of the rst (leftmost) image,
and conclude by sampling the right column of the last (righgthimage. In between, intermediate
columns are sampled from successive images using a linegalisg function.

A schematic illustration of this setup is given in Fig. 4.2aa top-down view. A sequence of
positions of the real pinhole camera is shown, together Wighcorresponding eld of view. The
moving input camera, whose optical centers are locatedsitignusc(t) = ( X¢; 0; 0), generates images

according to the following mapping:

p=(XY:Z) =) p=(xy)=(f2 th;f;) (4.1)

Denote the range of columns)(in each pinhole image 4s r; r ], and the range of camera pinhole
positions K;) as[ [;1] (see Fig. 4.2a). The new synthesized image is constructpadiing columns
from the input images. The range of columns in the synthdsimage ig (r + 1);r + 1]. For each

t 2 [ 1;1], we assign to thél + r)t column of the new image the image values atrtheolumn of
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the pinhole camera positioned (#; 0;0) (i.e., X = It, see Fig. 4.2a). It now follows from Eq. (4.1)

thatrt = f xz—'t In addition, for each columr 2 [ (r + 1);(r + )] in the new imaget = *- and

I+r

therefore

X="z4nt=x
f I+ r

+ | —
-

or

|+ r X
X = f |
r Z+fr

Observe that this de nes a vertical slitat= f :— (see Fig. 4.2a). The horizontal slit isAt= 0
(all pinhole camera centers arezat= 0). Eq. (4.1) can therefore be rewritten as

p=(Xi¥iZ) =) p=(xY)=(frg—ifys) @2)

wheref, = '*Trf is the horizontal focal lengtfi, = f is the vertical focal length, and= f :— is the
distance between the two slits.

Suppose next that instead of taking thecolumn from the camera dtt; 0; 0), we choose an
arbitrary linear column sampling function. More specilgalfort = s + , we take thas column
of thelt camera, see Fig. 4.2b. (Recall thdt are xed, whilet; s are free parameters). Let the eld
of view of the original pinhole camera t2. It can be shown as above that such a choice of columns

de nes the mapping

I X Y
Gy)=((f + m)ﬁ,f z) (4.3)
an
This can be written simply as
L X Xo., Y
(X1y)_(fx2+77fyz) (4.4)

whereXo= 1, = &—, f,=f andfy="f +
The method described so far produces images which do natwfdle perspective projection
model. They do, however, follow the X-Slits projection mbd€o see this, observe that all the rays

which participate in the generation of each new image, rmistsect the following two lines:
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1. The line of camera motion; this is because each projecéipmust be collected by some camera

whose optical center is on this line.
2. The vertical line located &K o; Zo) (as in Eq. (4.4), wherég= Z + ).

The projection model is therefore de ned by a family of rapsersecting a pair of lines'glits” ),
projecting 3D points onto a plane. Moreover, the model i©i@gbnal X-Slits (compare Eq. (4.4) with
Eqg. (3.8)).

In the derivation leading to (4.4) | effectively showed tlzaty linear sampling function yields
a valid new Orthogonal X-Slits image. Furthermore, we cantlse location of the vertical slit to
(Xo0;Zp) by xing = Zl—otan and = ¥ This result enables us to synthesize new views of

the scene with any vertical slit of our choice, by sampling ¢blumns of the original input sequence

accordingta = s + ,with and assigned the appropriate values.

4.1.2 Implementation Issues

In this section | address the case when the motion of the eadeiates from constant speed, and how
the aspect ratio of the resulting mosaic is determined.d pisesent an alternative implementation of

mosaicing, namely the slicing of space-time volume.

Variable Camera Speed

When the camera moves in a linear trajectory but varyingntaien and speed, we compensate for
this variability by estimating the camera motion (see [2&}d by derotating the image planes. |
found that when the changes in camera orientation are smalinple approximation is suf cient.
Speci cally, we compute the 2D rotation and translationvien consecutive input frames using the
method described in [14], and warp the images to cancel 2&tioot and vertical translation. The
residual 2D translation is used as a rough approximatiohd®@D velocity of the translating camera,
and determines the thickness of the vertical strip. This@ggh is similar to the pushbroom mosaicing

technique described in [55].
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Aspect Ratio Normalization

The most apparent aspect of the distortion in X-Slits imagése variation of aspect ratio, as analyzed
in Section 3.1.3. To reduce this distortion, we verticaltale the new images. This normalization is

essential for achieving compelling results.

Speci cally, the distortion on thémage planeof objects at deptlz given in Eg. (3.12) can be

written aszf I—i in the notation of Eq. (4.4). In order to keep the horizon&ld-of-view angle con-
stant in the walk-through animation, we sample all the caisiftom left to right (from the appropriate
frames, according to the column sampling function). Withaay scaling, this process generates an
image in which only the plane at in nityZ = 1 ) appears undistorted. Therefore, in order to cancel

the distortion at depté, we scale the image vertically by the factor:

1+ 7 (4.5)

The Space-Time Volume

In Section 4.1.1 | described how to synthesize a X-Slits inlag sampling columns from the input

images using the following linear sampling formula:
t= s + (46)

wheret denotes the camera translation. Recall that are free parameters which control the location
of the vertical slit.

A useful representation for the visualization of this psxés the Space-Time Volume (or the
epipolar volum& which is constructed by stacking all input images intoragkd volume. In case of
constant sideways camera motion, any vertical planar siitee volume according to (4.6) is a X-Slits
image. This process is illustrated in Fig. 4.3; it assumasttie input sequence has high frame-rate and
negligible spatial aliasing, so that simple interpolat{gsnch as bilinear or bicubic) of the volume is

suf cient. Thus rendering new X-Slits images is as simplslasng a plane in the space-time volume.
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Figure 4.3: A schematic description of images generated as slices ispghee-time volume. (a) Changing the orientation of
the slice moves the vertical slit inside and outside theecfr) The central slice gives a pushbroom image (the “iiadit”

mosaic). Sliding parallel slices in the space-time volugmilts in different viewing directions of oblique pushhbmoonages.

4.1.3 Non-Linear Slits

One of the slits in the synthetic X-Slits images is the trajac of the camera. When the camera's
trajectory is not linear, a X-Slits view can be generatedvidiich one of the slits is curved. An
interesting family of such views has one circular slit ane dinear slit. One way to generate such
images is to use a camera rotating off-axis on a circle, aontentric mosaics [64]. Concentric
mosaics allow the generation of images in which the viewemsave continuously in a circular region.
Each image generated from concentric mosaics is consisfémta circular X-Slits projection: One
slit is the horizontal circular path of the camera cented, e second slit is a vertical linear slit placed
at the location of the viewer. To generate an image from auwdifft viewing position, the vertical slit is
placed in the new location.

While images generated from the concentric mosaics poitward, and the viewer location is
inside the circle, it is also interesting to generate inwaiaking images from locations outside the
circle. This can be realized by moving the camera in a cingerd an object, or by having a stationary
camera viewing an object rotating on a turntable. Now thatioa of the viewer in the synthesized

images can be as far or as close to the object as we wish, ims@éside the circular slit.

The column sampling function which generates circular XsSinages is not linear. It is easier to
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vertical Iit

Figure 4.4: Synthesizing new views using the circular slit model

express it in angular terms, so | denote columns by theireafigm the optical axis, and frames by
the angular position of the camera. Assume that the images taken by a pinhole camera rotating
off-axis at radiusRg. In order to synthesize a X-Slits image with vertical slitratliusR1, we take
column from the pinhole camera atand paste it as columnin the new image, as shown in Fig. 4.4.
It can readily be seen that the following relation shoulddhol = arcsin( g—é sin )and =

The distortions of such images are more complicated to aealidowever, in practice, since the
eld-of-view angles of cameras tend to be rather small, tineutar slit in the relevant region is nearly
linear, and therefore the distortions are approximatedysghme as with linear slits. Using the same

aspect ratio normalization method as with linear slits,résults we achieve are quite convincing.

4.1.4 Results

In all my experiments | used a camera moving in the horizoptahe. As discussed above, new
view generation in this case is done by sampling verticgstirom successive images and pasting
them together into individual X-Slits images. The paramgetd the strip sampling function determine
the location of the vertical slit of the X-slit camera. In myperiments below, | manipulated the
parameters of the sampling function so that the locatiohefvertical slit moves according to the
desired egomotion. A very compelling impression of cameddian is obtained, even though the
horizontal slit of the X-slits camera, which is the trajegtof the input camera, remains xed.

In addition, | also simulated a change of camera orientatiging the equations derived in Sec-

tion 3.2.1. Note that the slits are left as are, changing tdmyorientation of the image plane. This
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is because the full rotation of the slits would change theo§eisible projection rays, and therefore
cannot be performed by a 2D transformation of the image.

Next | discuss two applications: the generation of a virimalkthrough from a sequence of per-
spective images, and 3D object visualization. The inpué@idequences used in these examples, as
well as the synthesized walkthrough movies, are currentylable on the web at

http://www.cs.huji.ac.il/ daphna/demos.html#xslits

Virtual Walkthrough

In the rst experiments (Figs. 4.5-4.8) | synthesized newusces which correspond to a camera
motion that has forward motion component, with visible araand lighting effects. In addition, the
direction of the image plane was changed.

Another example used a sequence taken by a helicopter \lomgeaa rocky coast in an unknown
path and viewing direction (Fig. 4.9). Here | synthesizedew rsequence which corresponds to a
forward moving camera. This sequence was more challengimg she input sequence was taken in
free motion with random disturbances (e.g., the effect afdji and thus motion compensation was

required (see discussion in Section 4.1.2).

New Views of Extended X-Slits Images

In this example | show how to generate new views from a sequeh@ rotating object, where the
new sequence demonstrates forward motion with parallax @F10). The projection model of the new

images correspond to non-linear slits, as discussed ifdBettl.3.

Object Visualization

Here | demonstrate the use of the X-Slits projection for abjésualization — an object can be “ at-
tened”, revealing several of its sides simultaneously, dsitipning the vertical slit behind the object
(Fig. 4.11). Since the image is a valid X-Slits image that loarcharacterized and analyzed, we need

not worry about such issues as duplicate images, whichlysesgjuire hand-crafted stitching.

a7



(a) (b)

() (d)

(e) (f

Figure 4.5: This scene is located in a small room where moving backwarapbure the whole room is impossible. The
scene was Imed by a sideways moving camera, total of 591 ésrane of the original frames is shown in (a). | show three
new images: one where the vertical slit is located in frortheforiginal track (b), and two where the vertical slit isdboed
behind the original track (c-d). For comparison, | took amak (pinhole) picture from the same location as (c), wheregfa
the scene is obscured by the wall; this picture is shown iraf&] it demonstrates the ability to make images from imjtessi

camera positions. Finally, (f) shows a simulated image wliee camera was translated and rotated.
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(@) (b) ()

Figure 4.6: This scene was Imed by a sideways moving camera in our lah| &6 567 frames. | generated a X-Slits movie

where the virtual camera rotated about an object in the S@ehg and then translated ahead in a diagonal (c).

(@) (b)

() (d)

Figure 4.7: Virtual walkthrough from a translating camera. (a), (b) Tinames from the input sequence. (c), (d) Two images

rendered in forward motion. Note the apparently realidt@rges in parallax and re ection.
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Figure 4.8: This scene was Imed by a sideways moving camera, total offe@%es. | generated a movie which included
both rotation about the person and forward motion. Threeadsof this movie are shown above; note the changes in the

window re ections, which appear realistic.

(a) (b)
() (d)
(e) ®

Figure 4.9: Virtual walkthrough generated from a sequence taken byedyfrging helicopter. (a), (b) Two frames from the
input sequence. (c), (d) Two images rendered in forwardondidiagonal slices). (e), (f) Two images rendered in differ

viewing angles (parallel slices).
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(@) (b)

(c) (d)

Figure 4.10: A rotating object: (a), (b) Two images from the original seqee of a rotating object. (c), (d) Two synthesized

images from a forward moving viewpoint.

(@) (b)

(c) (d)

Figure 4.11: Object representation. (a), (b) The original input imag@&s, (d) Visualization with the vertical slit located
behind the object. The object is seen as if “opened” insigte-giving a cubist effect: multiple sides are seen in a gingl

picture.
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4.2 Omnidirectional Crossed-Slits Mosaicing

| adopt here the circular X-Slits camera model, in which ohhe slits is a circle inth&X  Z plane,

and the second is a linear slit in tifedirection. In this case, each scene point de nes a planetivéh
linear slit, which intersects the circular slit o points, and thus each scene point has two rays. Of
the two intersections with the circular slit, we choose the that is closer to the scene point, and the
corresponding ray is de ned to be the unique ray through temes point (this is the “outgoing” ray,
emanating out of the circular slit). To complete the de aitiof the circular X-Slits camera model,
the image surface is chosen to be the sphere at in nity, nmgathiat the correspondence between a
ray and a point in the image is de ned only by the azimuth ambaion angles. Such an image is
onmidirectionaj as rays in all directions are imaged.

We synthesize such images from a set of images taken by ahdamera rotating off-axis. The
input camerais a central camera, thus all the rays captured by the canassatprough a single point
(its center of projection). Unlike regular perspective eaas which sample these rays on a planar rect-
angle (the image plane), the input camera samples the ragdhiemisphere at its center of projection.
Generating a new omnidirectional X-Slits view of the scenasists of generating a spherical view
from a chosen slit location, i.e., an image of the rays pgsirough a virtual slit.

The path of the input camera is assumed to be a circle of rddiutheX  Z plane. Thevirtual
slit is a vertical line passing through the point ( xe; 0; z¢), which is de ned to be the location of the
virtual “eye”. The new view at each slit location is sampladtbe output spherecentered about the
virtual eyee. With this de nition, moving around the scene is a matter afuing the virtual slit and
generating the X-Slits image corresponding to each newipnsi

Omnidirectional X-Slits rendering is done, as in the linease, by means of mosaicing. Strips are
taken from each input image, and stitched together into aimage. The strips are selected according
to the location of the virtual eye, and the result is a X-3iitage that looks as if it were taken from
that location.

Speci cally, given a virtual slit location, we need to deténe which rays should be sampled from

which input camera. Each input camera centde nes a plane . with the virtual slit; all the rays on
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meridian

camera
sphere

(@) (b)

Figure 4.12: Omnidirectional X-Slits mosaicing. (a) Overview: the rgassing through the virtual slit and the input camera
center form a plane of rays, which intersects the input heheige in a meridian. (b) Top view: determining which strip of

pixels is sampled from which input image.

this plane pass through the virtual slit and a point on theutdr slit (the camera centej. Thus this
plane includes all the rays that should be sampled from cao@ivene. The intersection of . with
the input camera hemisphere is a meridian (see Fig. 4.12als, Bach input camera contributes a strip

of rays that lies on an input meridian.

The sampled strip is pasted as a strip on the output spheree,3iy de nition, . passes through
the center of the output sphere)(its intersection with the output sphere is also a meridisiote,

however, that the sampledysgenerally do not pass through

It follows from the discussion above that meridians fromitigut cameras are pasted as meridians
in the output cameras. Hence, it would be bene cial to usenaaige representation that is based on
latitude and longitude (Fig. 4.13b,c). In this represeatatthe coordinates of a pixel are its longitude
and latitude on the sphere, so each meridian on the spheredlimn in the image. Generating

omnidirectional X-Slits images becomes a matter of mosgigvertical strips, as in linear X-Slits.

How do we determine which strip to sample from each input cafh&iven a vertical slit passing

. p
throughe, let us de ne the polar coordinatas= xe2 + zez, e = arctan §—: As can be seen from

Fig. 4.12b (and triangle geometry), for evenry, the strip to paste at thg meridian of the output
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(@) (b) (c)

Figure 4.13: Spherical images. (a) An image from the input sequence, @srad with a panoramic lens. (b) The same

image in latitude-longitude representation of a hemisphf@) An output spherical image.

sphere should be taken from themeridian of the input camera a¢, where

i arcsin(dsin( v ) 4.7)

c - r i
4.2.1 Distortion

In this section | analyze the nature of X-Slits distortiosaused by the absence of a single center
of projection. Speci cally, | compare between X-Slits imegcorresponding to the model described
above, and the regular perspective image correspondingamaidirectional camera centered around
the virtual “eye”e.

Recall that the plane of rays; determined by (4.7) is the same as if it were perspectiveption,
but the rays within the plane do not intersecejrbut rather in the input camera centersvhich are
different for each plane ¢. As a result, a scene poiptthat is seen at some elevation angleby
the input camera, would be seen at a different elevationeangby the virtual eyee (see Fig. 4.14a).
Without correcting the elevation angle of each ayyould appear shifted vertically at a false location
(Fig. 4.14a).

In order to cancel out this distortion, we need to determimedorrect elevation angle for each
input ray, estimating how the scene point would have beemfsem e. This would produce the correct
perspective view of the scene, but it requires a dense andatedknowledge of the 3D structure of the

scene.
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Figure 4.14: (a) Distortion: the object is seen at a different elevatingle from the input camera and from the virtual eye.

(b) Normalization: cancelling out distortion by correditne elevation angle of the input ray, using a normalizasiariace.

When accurate depth information is not available or hardbtaia, we can still produce appealing
images by using a coarse estimation of depth. In general,enved normalization surfacewhich
crudely approximates the scene structure, and use it tojegpithe rays before pasting them into the
mosaic. This allows us to generate images that look conmgelivithout relying on an elusive depth

map. The normalization procedure is described next.

4.2.2 Normalization

In general, normalization is done by intersecting each $sdngy with the normalization surface,
and reprojecting this intersection through the virtual esancentee. Given an input ray of azimuth

r and elevation [, the input camera's position on the circle (denotellis determined by (4.7),
see Fig. 4.12. The sampled ray is de nedas r, wherec = ( sin ¢ 0;cos ¢)' denotes the

input camera location and= ( sin , cos ,;sin ,;cos ; cos ;)T denotes the ray direction (see
Fig. 4.14b). Given a normalization surface expressed itlylias N (p) = 0, the intersection is at

minf jN(c+ r)=0; > Og.

To begin with, let us consider sphericalnormalization surface. Thud| (x;y;z) = x2 + y? +

2

7?2 R?,whereR is the radius of the normalization sphere. Substitutifg r into N gives

2rTr+2 rfec+c’c R%2=0 (4.8)
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Figure 4.15: Normalization — a view of the synthesized scene without m@dization (a), and with normalization using a

sphere (b) and an ellipsoid (c). Note how the aspect ratidferent for objects at different depths in the sphericaleca

Solving for > 0 yields the intersection of the ray witN at = Kk + P k?2+ R2 1, where
k = cos | cos i. From Fig. 4.14b one can see that the ray should be reprdjéateugh the virtual
camera center at an elevation angle of

sin

, = arctan
cos | + |

(4.9)

wherel = cos ; + dcos( e ) is the distance between the slit and the input camera (see
Fig. 4.12b). Note that unnormalized omnidirectional XtSimages (, = ) correspond tdR ! 1
Normalization onto a sphere is appropriate for scenesitat h relatively constant distance from
the viewer, e.g., a room viewed from its center. If the rooml@mgated, however, the sphere provides
a poor approximation of the scene's structure (Fig. 4.18b}his case, normalizing onto an ellipsoid
may be more appropriate.
For an ellipsoid (or any quadric), let us rede seandr as homogeneous coordinatesPiA with
the forth coordinate set tband0, respectively, and ¥l (p) = pT Qp whereQ is the4 4 matrix

. . . . p
that describes the quadric. The intersection is then=at k+ = kZ m where

c'Qr _¢'Qc

- - m = - -
rTQr rTQr

and the ray is reprojected according to (4.9). Fig. 4.15wides an illustrative example, and some

k = (4.10)

comparisons between the different normalization methods.
In general, one can use an estimated sparse depth map toucbaggeneral normalization surface,

and use ray tracing techniques to reproject the rays.

56



scene virtual

normalization °
object surface . e?g\ slit
virtual oBject
disto_rted' slig
object Dp*—

. De
virtual \
eye D

(@) (b)

Figure 4.16: Distortion under normalization. (a) Overview: when themalization surface is incorrect, reprojection makes
the object appear shifted vertically. (b) Side view: theeaspatio distortion as it is related to the distances betvibe input

camera, the virtual eye, the normalization surface and biect

4.2.3 Measuring Distortions

Since the normalization surface gives only a crude appration of the scene structure, it is not likely
to eliminate all distortions, and in some cases it may evendoce new distortions.

| propose to measure distortions in X-Slits images by thenghdn aspect ratio. In perspective
projection, aspect ratio is preserved, and any rectangleeiiscene that is parallel to the image plane
would be projected into a rectangle with the same propastinetween width and height. In X-Slits
projection, this is usually not the case.

Normalization corrects this problem for objects that ar¢h@normalization surface, since they are
projected as if they were perspective. As | show below, thiaéa an object is from the normalization
surface, the more distorted its aspect ratio would be.

Consider a poinp on an object in the scene. We would like to estimate the aspgotdistortion
in a neighborhood arourqlin a normalized X-Slits image, whemis not on the normalization surface.

The pointp and its neighborhood is captured by rays passing througinthe cameras. These
rays intersect the normalization surfadeatpy , and are reprojected during normalization (Fig. 4.16a).
This normalization is correct only for a poipt on N ; otherwise the object appears to be in a false

location.
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As we shall see, aspect ratio distortion is not necessanihstant, so we will estimate tHecal
aspect ratio distortion gt. Assume that the normalization surface aroppdis parallel to the object
surface aroung. Denote the plane that contains the virtual slit and theleyughp by , (Fig. 4.16b
shows a view of ;). If the length on ,, of the patch aroung is p, and the length of the patch as it

is projected orN is pn, then it follows from triangle similarity that

p —_ de
= P 411
PN den (4.11)

whered., is the distance on , betweenc and the plane tangent to the objectpatandd.y is the
distance between and the plane tangent bd atpy . For the same reason, ifp is the length of the

false object, then

dep ch
—ep 4.12
dcp deN ( )

P
p

Since the X-Slits projection only introduces distortionghe vertical direction, and since normal-
ization also deals only with the vertical direction, thesend horizontal change in the way the patch
aroundp is projected. Therefore, the ratias the aspect ratio distortion that pomtundergoes when
projected with a X-Slits projection nhormalized by surfa¢gcompare to the result in Section 3.1.3).

Denoting the distance between the normalization surfadepaasD (henceden = dep + D and
dev = dep + D), when the virtual eye iehindthe camera path (i.edep > dp), the aspect ratio
grows withD: whenD is positive — the object will appear taller, and vice versiéh{worrect aspect
ratio whenD = 0). This is reversed when the virtual eye is in front of the cearpath.

When the normalization surface is not parallel to the scdnectd and there is a difference in

elevation angle between them, it can be shown that the asgtexbecomes

- p_ % den Sin pi Sin( po pN) (4.13)

p - dep @ sin po  sin( pi pN)

where pi; po are the angles between the object plane and the input armjeeted rays, respectively,

and pn is the elevation angle difference between the object pladetize normalization surface.
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4.2.4 Discussion

As the distance between the scene and the normalizatioaceudecreases, so does the aspect ratio
distortion. Thus, in order to achieve correct aspect ratmneed to approximate the scene as well as
possible. However, this may lead to other, often worse distts.

Speci cally, Equation (4.12) states that the aspect rati@ ifunction of the distances between
the normalization surface, the scene surface, the virymlaad the input camera. Variation in these
distances across the image causes variation in aspect &ttiong variations in aspect ratio may be
caused by abrupt variations in the depth of the normalimagiarface, if these do not correspond to
real variations in scene depth. It is usually hard to obtagdepth map that ts the scene structure
accurately, especially where depth changes abruptly, @.depth edges); in these areas in particular,
abrupt changes in the normalization surface may causegstraticeable distortions.

In contrast, depth discontinuities in the scene withoutesponding variations in the normalization
surface pose less of a problem, since the arising aspeoctvatiation will occur over a few pixels
spanning the edge in the image. It is therefore often prefert®a simply use a smooth normalization

surface, which provides only crude approximation of thetllepructure of the scene.

4.2.5 Augmented Reality

Generating realistic views of a precaptured scene in nealts useful for virtual reality. A user's head
motion may be tracked and the appropriate views of the scanébe generated and displayed at a
reasonable rate. However, the rendered scene is statid, rmagl be desirable to add virtual objects to
the scene, which would be rendered and superimposed on 8lésxdmage. | shall discuss only the
geometric issues of augmented reality with the X-Slits gtpn.

Since the rendered scene is a X-Slits image, the added ohjestt also be projected according
to the same projection model in order to appear consistentolfject added in a certain place in the
scene should appear in the same position when viewed frdaratit viewpoints, and this can only be
accomplished if the object is projected using the same gtioje model as the rest of the image.

Most computer graphic renderers generate perspectiveesnag order to use such engines for
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normalization
surface

Figure 4.17: Augmented Reality. Scene poiptis reprojected into the virtual eye through pom¢ on the normalization

surface, so if a virtual object is augmentegait should be shifted vertically to appear correct.

the rendering of X-Slits images, we must rst transform thegented objects in a manner similar
to the reprojection discussed above, so that when projectied) the regular perspective projection,
they would appear correct in the X-Slits image. As shown abdive distortions and normalization
associated with the X-Slits projections are in the vertidiaéction alone, so only vertical shifting

needs to be done when transforming the augmented object.

Speci cally, suppose an object is augmented at ppinand the ray throughp intersects the nor-
malization surface giy . In order for the object to look as if it were pt it must be on the reprojected
ray throughpy (see Fig. 4.17). Shifting the object's location verticgtisior to imaging, so that it is
on this ray, would give this effect.

Given a point(x; y; z) where we wish to add an object, and given a sliKat Xe¢;Z = Ze, the

azimuth of the object is; = arctan ZX where X=X Xe Z=Z Ze andthe elevation angle

relative to the input camera is

r = arctan LL (4.14)

wherel is the distance between the slit and the input camera as9j) @ndL = P X2+ Z2is

the horizontal distance between the slit and the objectowt follows that the distorted location of
the augmented objectis = L tan ., where , is given in (4.9). If we shift the object's position
vertically to this height, it can be projected normally anqpear as if it were in the X-Slits image of
the scene at the desired location (Fig.4.18).

Since the distortion is variable, this transformation dtidae applied separately to every point on
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Figure 4.18: Augmented Reality. (a) The image-based views of the scetieangmented objects. (b) The same scene from

a different viewpoint. (c) Without vertical correction gtlobjects' locations are not correct.

the augmented object. In practice, it is usually suf ciemtiove the object according to just one point,

e.g., the point where it is supposed to touch some real oipjelce scene.

4.2.6 Implementation Issues

Using the latitude-longitude representation of sphericalges, the rendering of omnidirectional X-
Slits images is just a matter of sampling columns from imagess pasting them in the output image,
like linear X-Slits rendering. Normalization requires tieal transformation of each pixel, which may
be a costly calculation for a realtime application. Howewenen the input camera path is small in
relation to the normalization sphere, is nearly linear in , and a (much faster) linear transformation
is suf cient.

Speci cally, the top and bottom pixels in each input colunamrespond to elevation angles =

61



. Substituting these values in (4.9) gives the normalizesiation angles of, =  arctan |, so
normalization can be done approximately by scaling eaalneollinearly according to this formula.

Displaying the omnidirectional X-Slits images with a depldevice involves projecting the spheri-
cal image on a plane. Graphic engines that handle perspgutijection are abundant, so this mapping
can be done ef ciently by mapping the rendered image on arsptentered about the virtual eye. Fur-
thermore, if the sphere is approximated as a mesh, the neatiah can be done on each vertex of the
mesh, instead of on each pixel of the X-Slits image.

The same graphic engine can be used for augmented objeotsdd&t their position is corrected
according to (4.14), they can simply be rendered along wighnesh.

The scene shown in Fig. 4.15 and Fig. 4.18 is rendered fron af §29 panoramic images (size
2500 1024. Rendering is done in realtime at a rate of 20 frames pemgb(sze1024 1024 on a
Pentium IV 2.8GHz. Captures from my implementation can legved online at

http://www.cs.huji.ac.il/ daphna/ibr

4.3 Optimal Mosaicing

Consider a perspective video camera moving continuouslg amrved segment with its image plane
orientation tangent to the curve. Assume w.l.0.g. that #gment length is 1, and lét 2 [0; 1]
be a parameter describing the location of the camera in tpmexat. A multi-perspective mosaic is
generated by selecting a vertical line in each frdrftg according to essampling function (t), and
pasting it into the mosaic. (t) denotes the location of the line sampled from franf®. Let (t) be
the plane joining the camera center of projection at locatito the sampled line (t). The pasting
location in the mosaic is de ned by the intersection dt) with the mosaic manifold. In case the
camera moves on a linear trajectory, this manifold is a pl@thaerwise, the manifold is determined by
the camera trajectory. As in [55], the distance of the maahii® set to be equal to the camera'’s focal
length, in order to maintain the vertical resolution of thege.

It is assumed that the camera motion and internal calibratre known, or were estimated from

the video (for a review, see [26]), and that the horizontddl-ef-view angle of the camera is
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Figure 4.19: Mosaicing by (a) a constant sampling function and by (b) edirsampling function.

| rst analyze mosaics generated from linear camera trajges, and nd the optimal mosaic an-
alytically. Two useful examples of sampling functions fmrelar camera trajectories, depicted in Fig-
ure 4.19, are the linear sampling functioft) = t + and a special case of it, the constant sampling
function (t) = (where =0). It was shown in Section 4.1.1 that in the former case, g @ass
through a vertical line in the plane

Z,=7,+ % (4.15)

whereZ is the the plane of the camera trajectory &nd cot( 5); in the latter case, this plane is at
in nity.
General smooth trajectories are analyzed in Section 4s3n§ Uocal linear approximations.

4.3.1 Necessary Conditions for a Good Mosaic

LetV f (X;Y;Z)jZ > 0gbe the set of viewed scene points, i.e. the points in frontheftamera. |

de ne the following necessary conditions for a good mosaic:

Unique Projection:Every 3D pointP 2 V is projected to a single point in the mosaic image.

Continuous ProjectionConnected sets of scene points are projected to connediedf smage

points.
Data Utilization: Strips are taken from all images.
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Figure 4.20: 3D object representation by mosaicing with a monotonic ekesing function. Mosaic (a) was generated by
a linear sampling function, so every point on the object soamted with a single point on the image. Mosaic (b) was

generated by a non-linear sampling function, and as candse seme scene points appear twice in the mosaic.

Unigue projection is important in order to avoid duplicateages of an object in the mosaic image.
In Section 4.3.2 | show that for linear camera trajectorikis, condition holds if and only if the sam-
pling function is monotonic non-decreasihdn Section 4.3.3 | relax the unique projection condition
by allowing a set of points of measure 0 to violate the uniqueness conditisholv that in this case,
G must be a line, and in case the camera moves on a linear tngjeittis corresponds to a linear sam-
pling function. An almost-unique projection can be usetul donstructing representations of convex
objects. An example is shown in Figure 4.20.

The requirement for a continuous projection is obvious —vimichdiscontinuities in the mosaic
image. It follows that the sampling function must also betirnrous.

The data utilization requirement is important for ensummaximal eld of view when minimizing

the geometric distortion.

4.3.2 Projection Uniqueness

The projection is unique if every scene point is projecte@ &ingle point in the mosaic image. A

key observation is that the scene poiktsarein front of the camera. Hence the plane&;); (t»)

lwithout loss of generality, it is assumed that the cameradging from left to right.
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Figure 4.21: lllustrations for the proof of Theorem 4.1

must not intersect in front of the cameras for &ny t; <t, 1. For a camera moving on a linear

trajectory, this implies that the sampling mustrim-decreasing monotonic

4.3.3 Uniqueness Excluding a Set of Measure 0

Another useful criterion relaxes the requirement by allmyvsome points to violate the unigueness
condition; This set of point§ is required to be of measure 0 (e.g. a point or a curveg tfoes not
include any scene point, ho scene point would appear mailtiples in the mosaic. As | show below,

this criterion implies tha6 is a line.

Theorem 4.1 For any continuous sampling function(t), if the set of points that are not uniquely

sampled is of measure 0, then this set is a line.

Proof: The planes (0); (1) intersect in a lind, and all of its points are sampled by both cameras
t = 0;1. | show that if there are points that are sampled by two casnict are not on this line, then
the set of all such points is of measure greater than 0: Foyeyé 2 [0; 1], the intersection of plane

(s) with plane (t) can be represented by the dual Pliicker matrix:
L(sit= (9 7 () 97 (4.16)

(the planes are represented in homogeneous coordinagefR6se. 52]). Since (t) is continuous, it

follows thatL (s;t) is continuous irs;t. If there exists a point not ohthat is sampled more than
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once, then it lies on a plang(a) for somea 2 (0;1) such that. (0;1) 6/ L (a;1) (i.e., (0) and
(a) intersect (1) in different lines). Refer to Figure 4.21 for illustrationSonsider the union of all
lines of the formL (s;1) for s 2 [0;a) (which are intersections of the plane&s) in this range with
(2)). SinceL (s;t) is continuous, it follows that this union is a set of area tgethan 0 on the plane
(1). LetA(t) denote the set of all points on the lines associated wii{s; t) for all s 2 [0;a). Then
the above can be written §&(1)j > 0. Due to the continuity of (t), there exists an intervéb;1] for
whichjA(t)j > 0 holds foreveryt 2 (b;1]. Therefore, since all planegt) are distinct, it follows that
the union[ A(t) is a set of volume greater than 0. Since it is contained in ¢hefsall points that are

sampled more than once, this set cannot be of measure 0. [

Result 4.2 In the case of linear camera motion, the sampling functiaisfying the uniqueness cri-

terion up to measure 0 are either monotonic non-decreasirigear (see Figure 4.20).

4.3.4 Perspectivity: a Measure for Geometric Quality

| consider perspective images to be non-distorted. Hereeligtortions in a mosaic image are mea-
sured with respect to the closest perspective image. In fod]stortion was measured with respect
to the closest perspective image, with the distance de rsefth@ sum of distances of matching image
points. Such a measure, while visually compelling, requkeowledge of the scene depth. Since in
our case the scene depth is unknown, | compar@ihto 2D projectiongather than the images. That

is, we would like the 3D to 2D projection induced by the mosgjanethod to be as close as possible
to a perspective projection. In a perspective projectitimags intersect in a point. Hence, for a multi-

perspective mosaic, the set of sampled rays should be adyclmadled as possible. We nd a center

point that has a minimal distance to all sampled rays, and easore how small this distance is.

First, | de ne thelocal perspectivity distortionwhich implements the idea above locally, for a
neighborhood around an image point. | then de ngl@al perspectivity distortioy integrating the
local perspectivity distortion on the entire image. | chaseadditive measure, so that the perspectivity
of one region in the image is not in uenced by other regionthmimage.

I rst analyze the case of linear camera motion. For this cHseleast distorted mosaic is derived
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Figure 4.22: The relation between the local perspectivity distortiod #me error in estimation of the 3D scene. See Sec-

tion 4.3.5 for details.

analytically, and it turns out that the least distorted noséso has the widest eld of view. Non-
linear camera trajectories are analyzed in Section 4.3 Uscal linear approximations. The global

perspectivity is minimized numerically using standardmptation techniques.

4.3.5 Perspectivity: Linear Camera Trajectory

| consider only monotonic non-decreasing sampling fumatisatisfying the necessary conditions de-
ned in Section 4.3.1.

Given a sampling function, each image point is associated with a single ray. Let ustdehe
intersection of the ray of image poiptwith the planeZ = Z by (X (p); Y (p); Z). | de ne the distor-
tion of the sampling function with respect to a candidate center pdi¥; ¥ ;2) in a neighborhood
I of image pointp as -

4 A
nCps 92y X@®) X)2H(v(p) ¥)?

53 dp (4.17)

p2!

and thelocal perspective distortioatp as -
n(;p)= min n(;p; X; 9:2) (4.18)
X vz

The expression given in (4.17) measures the distarafehe ray from the candidate center point
(X; ¥:2), on a plane, relative to the depthof that plane (see Figure 4.22). The underlying idea is

that an image is distorted if it is not consistent with a pecspe image of a 3D scene. Consider a
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scene poinP at depthd, which is projected by a ray whose erroeisWere the image perspective, this
image point would seem to be the projection of a scene pvintind the error in the 3D scene would

beE, such thaE = e%.

The global measure of distortion is obtained by integradifigcal perspectivity distortion on the

image. To cancel the effect of the proportions of the neighdad! , | de ne theglobal perspectivity

distortion of a given sampling function as follows:

Z (i)
neg( )= ~—dp (4.19)

021 n(5p)

where "(t) is a reference sampling function which can be chosen aribjtrand p is integrated over
the image domaith = [ Xmin ; Xmax] [Ymin ; Ymax ]- For simplicity, | choose the reference sampling

function "(t) = 0.

Theorem 4.3 The global perspective distortion of a linear sampling fime (t)= t + is-

Kk 2

=S
ne( ) K+ 71

(4.20)
whereS is the image areakandZ; are de ned in (4.15)).

The proof of the theorem above is given in Appendix B. A diresult of the theorem above is the

following:

Result 4.4 The global perspectivity distortion of a linear samplingdtion (t)= t + with 0

is monotonic decreasing in. The most distorted linear sampling is the constant sargplin

Note that the distortion of a linear sampling function deggeonly on the slope of the function.

Now let us study the general case of continuous non-deagasimpling functions:

Theorem 4.5 Given a continuous non-decreasing sampling functigt), let us denote the linear

sampling function which agrees witlft) att =0 andt =1 as qt).If 6 ©thenng( )>ng( 9.

In order to prove the above, | rst prove it for a polygonal galing function, i.e., a function (t)

each segmerty; tx+1 ]
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Lemma 4.6 Given a polygonal sampling functior(t) and a linear sampling functionqt) such that

= q0)and (1)= 9q1),if 6 Othenng( )>ng( 9.

Proof: The idea behind this proof is that by eliminating nodes ingblygon, the global perspectivity
distortion does not increase. For anywe eliminate the nodé by de ning a polygonal sampling
function (t) which agrees with (t) everywhere except for the segmétt 1;tj+1], in which it is
linear. As shown in (4.20), the distortion of a linear samglfunction is proportional to the area of the
image and to ﬁ 2. Denote the slopes of(t) in segmentgt; 1;ti] and[ti;ti+1]by 1and o,
respectively, and the slope of (t) in[tj 1;ti+1]as 3. The contribution of each segment to the global
perspective distortion is proportional to its length, anereforeng( ) ng( ) ifand only if

2 2 Kk 2
+ (¢ ti) ———+ tj tj
( i+l |) 221+ K ( [ i 1) 321"' K

(4.21)

k
(ti ti1) 7.k

It can be shown that this inequality always holds, and thdteitomes an equality if and only if
1= 2= g,ie,if =
By repeatedly applying the result above tave obtainng( ) ng( 9, andng( ) = ng( 9
onlyif = @ n

Now we can proceed and prove the theorem:

and approximate (t) with a polygonal sampling function-(t) such that (k") = «(k") for all k,
and -« (t) is linear in each segmefk"; (k + 1) "]. From Lemma 4.6 it follows thaig( ) >ng( 9.

Since this is true for all > 0, and since (t) is continuous, it follows thatg( ) > ng( 9. [

Combining Theorem 4.5 with Result 4.4, we obtain:

Result 4.7 For a camera moving sideways on a straight line, the samglimgtion with the minimal
perspectivity distortion is gpt(t) = Xmin + t(Xmax  Xmin ). This linear sampling function starts with

the leftmost column of the rstimage and nishes with thentigost column of the last image.
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4.3.6 Perspectivity: Non-Linear Trajectory

In order to handle non-linear camera trajectories, | delmlbcal perspectivity (Equation 4.18) based
on a local linear approximation of the camera trajectory ahatal planar approximation of the man-
ifold. For each framé;, wherel f N K +1, we compute a discrete versidn( ;f ) of the
local perspectivity (equation 4.18) over a setkofneighboring frames$; ;::: 1t +x 1 and minimize
the sum of the discrete local perspectivities:

X
ds( )= du(:f) (4.22)
f

To nd the minimum of (4.22), we discretize the strip locatio Note that the local perspectivity
d.(;f )isde ned by nding an optimal center of projection for eacbrobination of rays. Computing
these centers of projections for all possible sampling tions and for a larg& is computationally
intractable. This can be circumvented by selecting: 2, in which case the local distorticah ( ;f )
was derived analytically, as it corresponds to the lineasppectivity as de ned in theorem 4.3. Once
d.(;f ) is computed for all pairs of views, | use belief propagati&3][to nd the optimum of
equation 4.22. The complexity of this algorithm is lineathe number of frames, and quadratic in the

number of possible strip locations in each frame.

4.3.7 Results

Figure 4.23 shows mosaicing results, using different samgglnctions, from video sequences cap-
tured by a camera moving on a linear trajectory. | compareogitanal sampling function with the
constant sampling function (linear pushbroom mosaiciagy with a non-linear monotonic sampling
function ~(t) satisfying 7(0) = opt(0) and (1) = opt(1). This demonstrates two main results
of this work. First, among all linear sampling functiongét) = t + | the least distorted results
are achieved with the maximal (compare Figure 4.23b vs. 4.23c). Second, among all mormoton
functions aligned at the edge poirts 0; 1, the optimal sampling function is the linear one (compare
Figure 4.23b vs. 4.23d).

Figure 4.24 compares a stereo mosaic generated by a cosataplting function (as done by [29,
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Figure 4.23: A comparison between different strip sampling methods) éatl (a2) are two recti ed input images. Mosaic
(b) was generated by the optimal sampling function, mosgiby the constant sampling function (pushbroom mosaic) and

mosaic (d) by a non-linear sampling functioft) = P t.

54,61, 77]) to one generated by the optimal linear samplingtion. Note that in addition to the

distortions in the image, there is a distortions in the digpavhich is larger with the constant sampling.

As for non-linear camera trajectories, | computed the {dastbrted mosaics for various camera
trajectories, some examples of which are shown in Figurg. 4rRall cases | tested, the least distorted

mosaic was obtained when the projection rays intersectimegile., a X-Slits image).

One practical case of a non-linear trajectory is when theetammoves on a circular arc. | examined
visually the differences between the least-distorted fo@sal mosaics generated by constant sampling

functions [54]. Various constant sampling functions wesenpared, each with a strip taken from a
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Figure 4.24: A comparison between different strip sampling methods fere® mosaics. The images should be viewed in
full color using anaglyphic 3D glasses. (al) and (a2) arereeti ed input images. Mosaic (b) was generated by the ogktim

sampling function, mosaic (c) by the constant sampling tiondpushbroom mosaic).
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Figure 4.25: Generating least-distorted mosaics with non-linear cant@jectories. The illustrations show a top view of
the camera trajectories and the planes of sampled raysngsuted by a numerical discrete optimization. In all cades, t

optimal sampling is obtained when the sampled rays intensecline.

different offset from the center. The least distorted mogaithis case is a Crossed-Slits mosaic, as
shown in Figure 4.25a. | found that the differences in digios with circular camera motion are not
as signi cant as with linear camera motion, as the rays is tlaise are bundled together to begin with.
Furthermore, in the case of non-linear trajectory, theodisin is also affected by the fact that the
manifold is non-planar; this kind of distortion, which (ikd perspectivity distortion) can be treated

with 2D warping, has not been discussed in this work.

4.4 Summary

| have presented techniques for ef ciently rendering XsSimages from image data acquired by a
pinhole camera. The main application | pursued is view ssith or image-based rendering. View
synthesis with the X-Slits camera is greatly simpli ed asngmred with perspective view synthesis,
since it is performed by non-stationary mosaicing, or bgistj the space-time volume. The X-Slits
theory helps the user to “drive” the slicing process in oftdeget the desired effect. When compared
with traditional mosaicing, X-Slits images can be showndalwser to perspective images than linear
pushbroom images.

Using my method one can also generate new images taken fropo&sible” positions, like behind

the back wall of a room or in front of a glass barrier. Movieghwiew egomotion can also be generated,
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such as forward-moving movies from a side-moving input sege. Although not perspective, the
movies generated in this way appear compelling and realisti

Given an input sequence of images taken by a panoramic caotatimg off-axis, one can generate
omnidirectional views of the scene from different viewgeihy simple mosaicing under the circular X-
Slits projection. | have shown how data should be repredanterder to perform this task ef ciently.
| have analyzed the distortions present in such images asutided a method for reducing them by
using a coarse approximation of the scene structure. Thé iea method that combines image-based
rendering by ray sampling with approximating a perspectieg using a coarse 3D model.

Augmenting objects into the image-based rendered scen@esdhat the objects obey the same
geometric model as the background. | have shown how theidocaf the augmented objects can be
shifted, so that they would appear veridical when rendesed perspective engine, especially when
viewed from different viewpoints.

Considering the general case of multi-perspective masgiof an unknown scene, | have devel-
oped a framework for quantifying distortion and a closedfolution for the problem of generating
the least distorted mosaic. When the camera moves on a lirsgactory, the least distorted mosaic
is generated by the linear sampling function with the makist@pe. This mosaic also has the largest
possible eld of view. When the camera trajectory is not einghe least-distorted mosaic can be de-
rived numerically. | found that the distortions are espiciigni cant when camera trajectory is close

to linear.
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Chapter 5

Motion Segmentation and Depth

Ordering

In this chapter | present a method for motion segmentatiahfesm a video sequence in general
motion. This method is based on a spatio-temporal diffemknperator that responds to occlusion,
introduced in Section 5.1. | develop a multi-scale metho@kbracting a motion boundary, yielding the
segmentation. The behavior of this operator is demonsitiat8ection 5.2 and analyzed in Section 5.3.
Based on the scale space behavior of this detector, | deviSedtion 5.4 a novel algorithm that can
determine depth ordering from just two frames. This algonitassumes there is an average intensity
difference between the layers (though not necessarily @ Wifference or a visible edge), and can
be adjusted to work even without this assumption on thremdga In Section 5.5 | describe human
experiments that show that people are also capable of deiagmepth ordering from just two frames

under the same conditions as my algorithm.

5.1 Segmentation Algorithm

The motion segmentation algorithm | present is based orfexéliftial operator de ned in Section 5.1.1

that is applied to the video sequence and responds at matiardaries. While this operator is shown

75



to detect motion boundaries in many cases, it is often unabtietect boundaries where certain de-
generacies exist locally. This is solved by a cross-scdierse presented in Section 5.1.2. Finally,
closed contours are extracted using a saliency measuresampke heuristic to overcome small gaps,

presented in Section 5.1.3. See also Appendix C.2 for somkeimentation issues.

5.1.1 Occlusion Detector

Regarding the video sequence as a spatio-temporal intdnsittion, letl (x;y;t) denote the intensity
at pixel (x;y) in framet. | refer to the average of the second moment matrix over ehbeitpood!

around a pixel as th&radient Structure Tensor

X X
G(x;y;t) ri(r1)’ =

Iy 12 Iyl (5.1)

This matrix has been invoked before in the analysis of lottakture properties. In [35], eigen-
values ofG were used for detecting spatio-temporal interest poimt§42] it was suggested that the
eigenvalues oz can indicate spatio-temporal properties of the video secgi@nd can be used for
motion segmentation. The idea behind this is reminiscetth@Harris corner detector [24], as it de-
tects 3D “corners” and “edges” in the spatio-temporal doamélere | take a closer look and develop
this idea into a motion segmentation algorithm.

Speci cally, if the optical owin! is(vy;Vvy) and the brightness constancy assumption [27] holds,

then

G (w;vw;1)' =0 (5.2)

Hence,0 is an eigenvalue o&. SinceG is positive-semide nite, we can use the smallest eigemalu

of G as a measure of deviation from the assumptions above, wdscis to the following de nition:

De nition 5.1 Let (x;y;t) denote the smallest eigenvalue of Geadient Structure Tens@(x;y;t).

The operator is theocclusion detectof

!Note that the values of at each pixel can be evaluated directly using Cardano'sdtam
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Figure 5.1: Random dots example. A shape is moving sideways, where hetshiape and the background are covered by a
random pattern of black and white dots. Itis impossible &ty the moving object from each of the two frames (a) and (b
(a stereo pair) alone. The occlusion detector (c) (highkregaof are darker) shows the outline of the object very clearly.

Compare with the ground truth (d).

We do not normalize with respect to the other eigenvalues®f(as in [42]), since it may amplify

noise.

In order to provide rotational symmetry and avoid aliasing ¢b the summation over the neigh-
. . P .
borhood! ,  dene ! to denote a Gaussian window, and the operation in (5.1) stands for the
convolution with a Gaussian. Since | do not assume tempata¢rence of motion, the Gaussian

window is restricted to the spatial domain.

Figure 5.1 demonstrates the detector results on a simpthetimexample. In this example there
are no intensity or texture cues to indicate the boundarigdheomoving object, and it can only be
detected using motion cues. The value oshown in Fig. 5.1c, is low in regions of smooth motion,

and high values of describe the boundary of the moving object accurately.

The values of |, and hence of, are invariant to translation transformationslorAdditionally,

for any rotation matrixR ,
. . . . X
il Gj=jR(I G)RTj= I (Rr 1)(Rr )T

(I is the identity matrix) and therefore the values ddire also invariant to the rotation bf The issue

of scale invariance is discussed in Appendix C.1.
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Velocity-Adapted Detector

While rotational invariance is desirable in the spatial dom non-spatial rotations in the spatio-
temporal domain have no physical meaning. It is preferableave invariance to spatially- xed shear
transformations, which correspond to 2D relative traimta motion between the camera and the
scene. As suggested in [36] by the referenc&#dilean diagonalizationone can use the velocity-

adapted matrixG given by

2 3
G G2 O
_ _ det(G)
G - 621 GZZ O Where T — m (53)
0 0 T

(Gj denote the entries db, andG denotes the 2 upper-left submatrix o containing only

spatial information).
De nition 5.2 The operator 7 is thevelocity-adapted occlusion detector

To justify this de nition, observe thaG is also invariant to translation and spatial rotation. The
entry 1 is an eigenvalue oB, and it has been suggested that it encodes the tempordismariaeing
the “residue” unexplained by pure-spatial information.

In practice, T gives results similar to, though it has certain advantages, as discussed in Sec-

tion 5.3. Throughout this chapter | usdo denote either operator, unless stated otherwise.

Detector Effectiveness

High values of indicate signi cant deviation from (5.2), which is often @uo the existence of a

motion boundary. Other sources of large deviations incltltinges in illumination (violation of the

brightness constancy assumption), or when the motions/apatially (motion is not constant In).

However, often these events lead to smallgalues as compared with motion boundaries (see Fig. 5.2),

in which case the boundary response can be distinguisheddifalse response (e.g., by thresholding).
Low values of do not necessarily indicate that the motion!iris uniform. The rank ofG is

affected by spatial structure as well as temporal strucgge may be low even at motion boundaries,
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Figure 5.2: False response. The same example as in Fig. 5.1: (a) 26 white noise; (b) with illumination change of

5%; (c) with the object rotating by 20(d) with both object and background patterns deformed s$hiypo

O P uniform background

% _«— Same-color background

linear background

Figure 5.3: Areas where the detector is likely to give low values despite the existenice local motion boundary.

when certain spatial degeneracies exist. Speci callys tocurs when there is local ambiguity, i.e.,
when the existence of a motion boundary cannot be deterniiiwadly. This includes areas where the
occluding object and its background are of the same colegsawhere the background is uniform in
color, and areas where the background texture is uniforrhardirection of the motion (Fig. 5.3). In
the rst case the rank o6 is 0, and in the other cases the rank@fmay bel or 2, depending on
the appearance of the occluding object (recall that tldetector is high when the rank &f is 3). In
these cases, the background may be interpreted as part wioiag object, since no features in the

background appear to vanish due to occlusion.

5.1.2 Extraction of Motion Boundaries and Scale Space Struare

The response of to occlusion occurs only where some background featuresnheoccluded. Clearly

boundary location cannot always be inferred on the basieaafl information alone. However, while
there may be no cues to indicate the location of the boundaay e scale, there may be enough
information at a coarser scale (i.e., in a larger neighbmih@nd may respond. Thus a multi-scale

element is incorporated in the algorithm, in order to detection boundaries that are not detectable at
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Figure 5.4: Checkerboard example: (a) A frame from the sequence; (bY@mshow the response ofat ne (s = 1)
and coarsesyy, = 10) scales respectively. Atthe ne scale,only responds at intensity edges (which appear as discrete
“bursts™), while the entire contour is visible at the coassale, though with considerable distortion. (d) shows thel

contour selected by integrating over scales.

ne scales.

De ning scale

In order to de ne the notion of scale in my algorithm, notetttige evaluation of involves Gaussian
convolutions in two different stages — during the estimatibthe partial derivatives, and when taking
the average over the neighborhobd In both cases, larger Gaussians lead to coarser structurds

| refer to the size of the Gaussian as #$mle In this work | only consider the spatial scale. As
shown in Appendix C.1, these two scales are related, and nala uni ed scale dimension, and a
scaling-invariant operator(® at any scals > 0, using scale-normalization.

The notion of scale has been studied extensively for featsweh as edges and blobs. As with
these features, different structures can be found at diffescales. The response ofo noise, which
can occur in ner scales, is suppressed in coarser scalesth®ather hand, localization is poor at
coarse scales and motion boundaries may break and merge.

Figure 5.4 illustrates this idea — at ne scale (Fig. 5.4b)iesponds only at discrete locations,
because the background consists of regions with constént ead the occlusion can only be detected
where there are color variations in the background. In tlzessr scale (Fig. 5.4c¢), the neighborhood of
every boundary point contains gradients in several dwastand the boundary is detected continuously.

Image features, such as edges, typically shift and becostertdid at coarse scales. The scale

space structure of motion boundary edges (and in partiecmjaocclusion detector) has its own par-
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ticular biases in coarse scales. As discussed in Sectiomt®8on boundaries at coarse scales are
shifted towards the occluded side, i.e., the occludingaibjbecomes “thicker”. In addition, it can be
shown that the bias is stronger when there is a large injeddference between the object and the
background, and it increases with scale.

Estimating derivatives in the temporal domain is prone tasalg. See Appendix C.2 for imple-

mentation details, including elimination of aliasing arstimation from only two frames.

Boundary Extraction in Scale Space

Since is computed by taking the average over a neighborhood, sforese is diffuse. We want to
extract a ridge curve whereis strongest. This can be de ned locally as points wheig maximal in

the direction of the maximal principal curvature, which denexpressed as

0
0 (5.4)

N

(x*+ yy) (x yy)( g )2/)"'4 Xy Xy

8
: w(2 D Sy )
:

2 2
xw Z2xyxyt yx < 0

Thus, at every scalg the values of and its derivatives are computed, and the ridge can be #xtrac
For reasons of numerical stability, the derivatives 6t are computed with the same Gaussian smooth-
ing s used for computing (9, at each scale.

Different boundaries are extracted at different scalesp@scale boundaries may often split be-
cause of the absence of local information, and coarse-boaledaries may disappear or merge. Since
these may occur at different parts of the image at differeales, we need to construct a scale-adapted
boundary, by selecting different scales for different litiees (as in [38]). Considering the multi-scale
boundary surface as the union of all ridges ¥ for s 2 (0;1 ), we want to nd a cross-scale
boundary where (9) is maximal. This can be expressed as

2 = 0

(5.5)
7 s < 0

using the scale-derivatives of
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Figure 5.5: Saliency measure. (a) All boundaries extracted from theloandots example with illumination changes

(Fig. 5.2b); intensity codes response. (b) The most salient closed contour.

Combining (5.4) and (5.5) de nes the nafoss-scale motion boundarit is a curve in the three-
dimensional spacE Y S, de ned by the intersection of the two surfaces de ned retipely by

these 2 sets of equations.

5.1.3 Boundary Completion

As stated above, also has some false responses which lead to the selectiatseflioundary frag-
ments. It is therefore necessary to de ne a saliency coiterwhich is used to select the most inter-
esting boundaries. Since we regards a measure of local boundary strength, for each conneeted s
of boundary points | de ne thealiency measur be the sum of the value of along the boundary,
as in [38]. This measure may be sensitive to fragmentatidgheoboundary, so in my implementation
small gaps are tolerated.

Finally, segmentation is achieved by searching for clossdaurs with high saliency and small
gaps. | employ a simple greedy heuristic to connect the mdt@mindary fragments into a continuous
boundary with maximal saliency and minimal gaps. Since #imeted boundaries are usually almost

complete, this heuristic gives good results (see Fig. 5.5).

5.2 Experimental Results

In my experiments | compared my algorithm with the most prient motion segmentation approaches,
wherever code was available. To begin with, | establish emeline result by segmenting the optical

ow. Such a segmentation lies at the heart of some more eddbsegmentation methods, such as [50].
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| used arobust and reliable implementation of the Lucasaldaralgorithm [40], and segmented it using
a variety of edge operators, including Canny and variousaarapic diffusion methods and clustering

methods (e.qg., [73]), presenting the best results for ezample.

One in uential motion segmentation approach relies on fgreyits [34] (and is therefore related to
the more traditional regularization based approaches.[43)pde for two variants of this approach is
available on the web by the respective authors [34,69], aodld therefore use their code to establish
credible comparisons. Note, however, that in both caseguhlicly available code can only work with
recti ed images. Therefore, in order to obtain fair comparis, | compared my results with the results

of these algorithms only with recti ed image pairs, when gibte.

Figure 5.6 demonstrates my algorithm on a stereo pair. Tie sadient motion boundary is shown
in Fig. 5.6b superimposed on the rst input image. Fig. 5lacstrates the baseline result - the edges
of the optical ow. Fig. 5.6d illustrates the best MRF-basegimentation using graph cuts [69]. More

results are shown in Fig. 5.7.

Figure 5.8 shows my algorithm's performance on a video secgi@vith a dynamic scene, featuring
non-rigid motion and illumination changes. The octopus #r@reef below have similar color and
texture, and thus spatial coherence is unreliable (notaticplar the triangle-shaped projection near

the octopus' head, which is in fact a background feature).

In Fig. 5.9, a large amount of noise was added to the syntbtckerboard sequence, causing
numerous optical ow estimation errors. The magnitude @ thw estimation error is often greater
than the true ow (Fig. 5.9b), particularly around the ceatef the squares, making segmentation
based directly on the optical ow impossible. Results of nigogithm and MRF-based method are

also shown.

The main weakness of many MRF-based methods is their reliancspatial coherence, which
leads to failure when no spatial edge coincides with the anoéidge. This is demonstrated on the
random dots example in Fig. 5.10a,b where such methods hmgpatial support and therefore fail.
Fig. 5.10c,d demonstrates my algorithm's advantage wheglatmal motion model can be assumed.

In this example, the texture of both the moving object andotiekground undergo smooth non-linear
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Figure 5.6: Cup example. (a) The left image of a stereo pair. (b) Mosesakdge detected by my algorithm (with the
area of the segment highlighted). (c) Edges in the horizaamponent of the optical ow. (d) Edges from a graph cuts

segmentation algorithm [34].

(@) (b) (©) (d)

Figure 5.7: Flower example. (a) The left image of a stereo pair. (b) Madiest closed contour detected by my algo-
rithm (with the area of the segment highlighted). (c) Edgethe optical ow. (d) Edges from a graph cuts segmentation
algorithm [34].

(@) (b) (©)

Figure 5.8: Octopus example. (a) A frame from the sequence. (b) The rabshsclosed contour detected by my algorithm

(with the area of the segment highlighted). (c) Edges in tiiecal ow.
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Figure 5.9: Checkerboard example wi#t6% white noise. (a) One of the frames; (b) Lucas-Kanade optizaimagnitude;

(c) Segmentation using graph cuts; (d) The most salienobcoridund by my algorithm.

(@) (b) (©) (d)

Figure 5.10: Random dots example (see Fig. 5.1). Wa%6 white noise: (a) Segmentation using graph cuts; (b) The most
salient contour found by my algorithm. With smooth non-éindeformation: (c) Segmentation assuming af ne motiomgsi

an implementation of [73]; (d) The most salient contour fiy my algorithm.

deformation. The results of applying [73] show that wheniorovaries smoothly within an object,

global model methods fail.

Figure 5.11 demonstrates how my algorithm works with veoyvsinotion. As long as there are
features in the background that become occluded, my digoritan detect the motion boundary even
at sub-pixel motion. Figure 5.11a shows results for a sexpigrhere the foreground object moves
by 1=2 pixel. All MRF-based algorithms | applied failed to deteletforeground object altogether.
Although the velocity in Fig. 5.11a is 8 times slower than ig.’.11b, the values of in both cases

are similar.
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Figure 5.11: Results on a random dots example with small motiodA= pixel per frame (a), and with larger motion 4f

pixels per frame (b).
5.3 Analysis

In order to analyze the performance of the proposed tecbnitpnsider a video of two moving layers

11,12, where w.l.0.gl? partially occludes®. A frame in the video sequence can be written as
=11 @ H)+12 (5.6)

where is thematting map Assume w.l.0.g. that the occlusion edge is perpendicoldng X axis
and that at framé = 0 itis atx = 0. Further assume that the occlusion edge is a Gaussian{saabot

. . R : . . :
line, so is of the form ¢, (X) = 7 gs(u)du (I denote the Gaussian function with variareas

0s)-

If the motions ofi* andI? are(vg; vy) and(vZ; v7) respectively, then the video volume is given by
LoGyst) = 1Hx vty wit) (1 (x VED)+ 15(x vty Vi) (x vit)  (5.7)

Note that the motion of is the same as the motion I3 since it is the occluding layer.
Denoting the video volume of each layerldgx;y;t) = IX(x  vkt;y  v&t), the gradient of the

video volume is given by
rio= @ )rit+ r12+(12%2 11 g, n (5.8)

wheren = (1;0; v2)T. Note thatn is perpendicular in space-time to the occlusion e(figd; 0)"
and to the motion vectar? = (v2; vﬁ; 1)":i.e.,n is the normal to the plane in the video space formed

by the motion of the occlusion edge.
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Thereforer | is composed of the matting ofl 1, r |2, and a component that dependsién | 1.
Note thatr |1 is perpendicular te?, while bothr |2 andn are perpendicular te?. This means that
r 1 is composed of two components that are related to the ocgjudier and only one that is related
to the occluded layer.

For scale space analysis | use the approximation

g (f ) (@ f)(@ ) (5.9)

whereg is a Gaussian function andis an integral of a Gaussian as de ned above. Eq. (5.9) is an
equality whenf is constant, and it provides a good approximation wheaoes not change rapidly
nearx = 0 (in each layer separately).

Applying (5.9), the gradient estimated at scalelenoted by | (&) = r (g5 1), is

F1I® @ grs) r 1M+ gus r 120 +(120 11y go b5 n (5.10)

5.3.1 Velocity-Adapted Occlusion Detector 1

| assume the 2D gradients in each layer are distributedbisiotally, in the sense that the mean gradient
is 0. Furthermore, | assume that they are uncorrelated. Thugy (5.8) and (5.9), we can write the

gradient structure tensor de ned in (5.1) as

GO gy (L s 1M DT L 12 1T (12 1?2 g nnT
hy MY+ h, M2+ hg nn' (5.11)
where
2 3
1 0 V!f hy = ¢ (1 sotsts )2
k
M g 0 1 V'y< and h, = ¢ 2.5 (5.12)
VI)? Vl; (V§)2+(VI§)2 hs = € s +(so+s)=2
D E p
The constants, = kr [Kkk2 =2 andc = (12 112 = 4 (s+ sg) describe the distribution of

intensities in the layers.
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Then, the velocity-adapted occlusion detector from (528) ke shown to be

1 2\2
R )

1=h; + 1=(ho + h3) 1=h; +1=h, (5.13)

In the general case, the expression above is hard to an&@gnepling shows thaty typically has
a single local maximum. Although it may have two local maxittés only happens whetp > 9 ¢;
andc > 180 c; fors 1, and the second local maximum is usually very subtle. Toegefor all
practical purposes, it can be assumed thahas a single local maximum.

Furthermore, we can draw the following conclusions:

In the special case whete = ¢; (i.e., both layers have the same intensity variance)cand0

(i.e., both layers have similar intensities); is maximal atx = 0.

O

Inthe limitc ! 0, T is maximal when (x) = Be=(Re+ R, which means that the

detected edge location is biased towards the layer withriavtensity variance. The magnitude

of the bias is proportional tg S+ S+ S

If only ¢; = ¢, is assumed, theﬁdTT(x = 0) < 0, therefore 1 is maximal at a negative,

which means that the detected edge location is biased tevlaedccluded layer.

5.3.2 Occlusion Detector

Behavior analysis of the smallest eigenvalués harder. Thus | make the further assumption that

I* = 1% along the edge. Then we can omit the last term in (5.11) and get
G = a@l )M+ 2M? (5.14)
Calculating the eigenvalue of (5.14), the following can beven:

The smallest eigenvalue & is given by

P a 1 )%cikvik®+ 2cokv2k?
a az 4b  where (5.15)
1 )2 2cckvt  v2K?

NI =
o
1
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Figure 5.12: Two-frame occlusion problem. Two of the pixels in framnedo not correspond to any pixel in due to

occlusion, and they may belong either to the right (a) or ¢fig(b) layer.
has a single local maximum.
If cikvik? = cokv2k?, then is maximal atx = 0 — where the edge is located.

If cikvlk? > c,kv2k?, then is maximal at some > 0, and vice-versa; in other words,
the detected edge location is biased towards the layer ikl intensity variance and smaller

absolute motion.

The biasing effect towards the occluded layer is not evidiemt to the particular assumptions |
have made, although it was observed in my experiments. KMate tis affected by absolute velocity,

unlike the velocity-adapted operator .

5.4 Depth Ordering

I now present two algorithms for determining ordinal depdsdd on the occlusion detector de ned in
Section 5.1.1, using either two frames or three frames.

When only two frames are available, it is impossible to irtfer order of depth from motion alone,
without additional assumptions or prior knowledge. Coesid pair of images of a video sequence
(or a stereo pair) that contain the motion of two layers wiare partially occludes the other. As
illustrated in Fig. 5.12, pixels that appear in one frame la@dome occluded in the other may belong
to either of the layers. Whichever layer they belong to isdbeuded layer, and since their interframe
correspondence cannot be determined, both interpresagi@equally valid. The two-frame algorithm,

described in Section 5.4.1, is based on the assumptiontbed is a (possibly small) difference of
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intensity between the layers on average.

The situation when more than two frames are available isiderably different. While there
may be two interpretations to a two-frame sequence, addititames can be used to rule out false
interpretations. With a slight modi cation, my algorithnar be applied to three frames even when the

two layers have the same intensity on average, and achit¢teg loealization, see Section 5.4.2.

5.4.1 Two-Frame Algorithm
Given the scenario described above and generalizing h8}pace-time gradient bfis given by
rto= r1t @ H)+ri1? +0?% 1 YHr (5.16)

Observe that the expression above is a sum of three vectas ef them proportional to the gradients
of the two layers, and a third component that stems from tige détween the layers. Since the edge
and the occluding layer have the same motionc@nmon fatg the gradient of is more affected by
the motion of the occluding layer than that of the occludgeitan areas of transition between layers.
This asymmetry is manifested intdas towards the occluded layer in the location of the detected
motion boundary, as derived from (5.13).

First note that this bias typically grows with scale. Thidbecause the components representing
the gradients of each layer are smoothed across the motiomdboy into the other layer, and the
component that is due to the difference between the layemmaothed in both directions. Therefore,
the effect of the motion of the occluding layer expands farinto the occluded layer dsis further
smoothed.

More speci cally, consider the spatial scaling of a videby , namely
J(y;t) = 1(x=;y=;t) (5.17)
Due to scaling invariance (Eqg. C.4 in Appendix C),
(yit) = Pyt ) (5.18)

Thus, if at scales; the maximum of I(sl) is obtained at some < 0, then at scals, the maximum

of 552) would be obtained ar% s»=s1 X whenJ is a scaling of by sy=5,. If the values ofcy; ¢; ¢
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Figure 5.13: (a) The bias of the location of maximal® as a function of (scale) on a synthetic random-dot pair. Each
curve represents a different value ¢f 2 11)2 ranging fromo0 (top) to0:2 (bottom). (b) The bias as predicted based on

(5.13).

(de ned in (5.12)) do not vary between the scasgsands;, then 552) I(SZ) and the maximal for

| at scales, would also be al s,=s; X. This means that the bias in the location of maxim&

is proportional top s, which means that not only is the location biased towardotutuded side, but
this bias also grows with scale. This property aé demonstrated in Fig. 5.13 on a synthetic example
of random dots. In real sequences, the assumption thattdwesity distribution is similar in different
scales is usually not satis ed. Nevertheless, the effestiileed above is still observed qualitatively,
and can be used to determine depth ordering.

This observation can be used to design a depth-orderingithlgo The algorithm starts by seg-
menting the two-frame sequence, to yield an estimate of tatimg function”. For scales, if the
location of the maximum ridge in®) is indeed biased towards the occluded side, then at poits) al
the boundary of the segment, the directionrof = ( 4; y) should be towards the outside if the

segment is the occluder, and towards the inside if it is @tadiu De ning

o
1

—

—

A (5.19)

we should expect that < 0if the segment is the occluder, add> Qif it is occluded. Thus, summing
the value ofd along a contour of the segment can determine which side afahtur is the occluder.
Since the bias effect grows with scale, it is preferable natde small scales. On the other hand,

higher scales distort the image data and other nearby inezgerés may interfere with the valuedf
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Figure 5.14: Results on real sequences of three dynamic scenes: (ahglyb frames. (c) Responseatfrom Eq. (5.19))

coded as dark=negative, light=positive. (d) Final layestedted by the algorithm with relative depth coded as winiéew,

grey=middle, and black=far.

Therefore, we sum the value dfin several intermediate scales:
¥z X
D= ro ) poa (5.20)
S=S1 x2@
The response af (from Eq. (5.19)) on boundary pixels in real sequences isahino Fig. 5.14c. In

the bottom row, points on the edge between the ower and tinel Inave positive values with respect
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to the hand and negative values with respect to the owerafR& depth is shown in Fig. 5.14d. The
octopus in the top row and ower in the bottom row are corrgdiétected as the occluders, while the
hand is detected as occluding the background and as ocdiyded ower. The scene viewed through

the window of the old ruin in the middle row is correctly ddtst as occluded. Note that the internal

frame of this window is (correctly) not detected, since ¢hisrno depth discontinuity in this area.

5.4.2 Three-Frame Algorithm

Recall that high values of occur in areas where there is no smooth motion, i.e., at mbbandaries.
At points with no correspondence (due to occlusion), théadaterivatives would have random values,
leading to a high value, even if these points are not strictly boundary poifitese areas are adjacent
to the true motion boundary and theresponse would appear as a thick boundary region. Based on
two frames alone, it is impossible to determine which sidénhefthick boundary is the true edge, which
is equivalent to determining which side the occluded pikel®ng to.

When three frames are available, | denote the respons®offrameqt;t 1)as , andframes

(t;t +1) as .+ ;tisthe reference frame in both cases. | de ne
mn Minf ; .+g and max Maxf ; i@ (5.21)

Points on the true motion boundary are detected by botland ., thus min 0 at these points.
Points that are not occluded in any of the frames are not @etday , thus min 0. There exist
points that are occluded in 1 and not int + 1 and vice versa, and in these pointsin 0 and
max 0.
Therefore, the true motion boundary can be detected as ¢aevarere min 0. The regions
where min Oand max 0 belong to the occluded layer, and the relation between treggens
and the boundary yields depth ordering. This is illustrateflig. 5.15.

This principle can be implemented by slightly modifying tiae®-frame algorithm as follows:
Use min for the segmentation to obtaih
Use max in (5.19) to obtain the bias directiah
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t+1

Figure 5.15: Three frames with pixel correspondence; pixels that haveespondences betweérmandt 1 and have no
correspondence betweemndt + 1 are located to the right of motion boundary pixels, indicgtthat the right side is the

occluded side.

(@) (b)

Figure 5.16: Results of a real three-frame sequence (octopus exampleRig. 5.14): (a) Edges based opin (black)
compared with the response ofax (gray) — the response is stronger outside the edge, indicttat the segment is the
occluding layer; (b) Edges based opin (black) compared with edges based on (i.e., from two frames), showing that

three frames give better localization.

Using min for the segmentation gives better localization of the segiedge, since it responds
only to the true edge. Sincenax responds also to occluded regions, its pro le is biased tdw#he
occluded side (as is the bias due to the intensity gap), arsidthk: O if the segment is the occluder,
andd > 0ifitis occluded.

Unlike the bias due to intensity difference, the bias thalie to occluded pixels is not affected by
scale. Note that no intensity difference was assumed, sbifis can be detected even when there is no
intensity difference between the layers. On the other hahén there is an intensity difference, both
effects contribute to the bias, boosting the correct assin. An additional advantage of the three-

frame algorithm is better localization of the segment b@umpdas occluded pixels are distinguished
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Figure 5.17: Two frames used in the experiment with density varying betw&5% and 55%. The sequences used in the

experiment are available on the web http://www.cs.huji.ac.il/ daphna/demos.html#motion

from boundary pixels.

Figure 5.16a shows the edges based g and max from three frames of the octopus sequence.
The max edge is outside then, edge, indicating that the segment is the occluder. Thg -based
edge gives better localization of the motion boundary (carag with the two-frame result), as shown

in Fig. 5.16bh.

5.5 Human Experiments

The algorithms | have presented determine depth order froonor three frames based on motion
alone. They perform well even when monocular segmentasianpossible. Below | show that human
observers can also perform these tasks, with comparabtessic

In Section 5.5.1 | describe the 2-alternative forced cheiqeeriment, in which | presented subjects
with random-dot sequences of two moving layers. In Sectiér?Zand 5.5.3 | describe the results of

experiments with two- and three-frame sequences, respscti

5.5.1 Methods

In my experiments | presented subjects with sequences ichvihvio layers with random-dot textures,
one patrtially occluding the other, are moving horizontatlyopposite directions. The boundary be-
tween the layers is the middle vertical line, and the derditthe dots varies across each layer along

the motion boundary. Figure 5.17 shows an example of suchwesee. Each side was the occluder
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Figure 5.18: Results of experiments on human subjects: (a) Two-frameesegs. (b) Three-frame sequences.

in half of the sequences, in random order (counter-balgnced

In each sequence, the density was characterized by somigydgags , so that the density varied
betweenl ) =2and(1+ ) =2across each layer. Participants were instructed to clicherside
(left or right) where they thought the occluder was in eacjusace. The experiments were conducted

in sessions of 20 presentations, with 3-6 sessions pecipantit for each different value of density gap.

5.5.2 Two-Frame Sequences

Seven volunteers patrticipated in this experiment. In eaebgmtation, the two frames were displayed
alternately at a rate of 3 frames/second. The density gapeleet the two frames wao, 5%, 10%
15%, 20% 40%

For a density gap 0f0%, subjects selected correctly in neatl§0%of the sequences. For a density
gap of0%, i.e., the density was uniform across the whole frame, stbjelected correctly i50% of
the sequences, i.e., no better than chance. This is cantsigth the fact that both interpretations are

equally valid in this case. The results are summarized in%:itBa.

For comparison, | applied the two-frame algorithm to thesaeguences. For density gaps of more
than20%, the success rate was neallj0% As expected, when density was uniform, the success rate

was50% (in such sequences both interpretations are equally vall® performance of the algorithm

is summarized in Fig. 5.19a.
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Figure 5.19: Performance of my algorithm on the experiment sequencgsiwa-frame sequences. (b) Three-frame se-
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Figure 5.20: Performance of an ideal observer on two-frame experimentesees.
5.5.3 Three-Frame Sequences

Two volunteers participated in this experiment. In eacts@ntation, a sequence was played back and
forth at a rate of 10 frames/second. The density gap betweetwb frames waB%, 10%, 20%, 40%.
Results for three frames were much better than those for tmmods, as expected. In particular, for
a density gap 00% (uniform density), subjects selected correctly7i? of the sequences, in con-

trast to the two-frame experiment in which subjects pertmmo better than chance. The results are

summarized in Fig. 5.18b.

The three-frame algorithm, applied to the same sequenaes,tige correct answer in neaflp0%

of the sequences, and even with uniform density, its sucatssvas96% (see Fig.5.19b).
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5.5.4 Two-Frame Sequences: Ideal Observer Analysis

In order to evaluate the results of the two-frame experisiant algorithm, consider an ideal observer
that “knows” the form of the distributions generating theuwences, but does not know which side is
the occluder. LeH ; H> denote the two possible choices: “left-front” and “right#it”. For a given

two-frame sequenck, the probability that it was generatedidsis

o Pr(1jHi) Pr(Hj)

i = Y . . H .
f Pr(1jHY) Pr(HY) where  Pr(ljH;) = Pr(1 (x;y;t)jH;) (5.22)

Xyt

Pr(H;jl) =

Pr(l (x;y;t)jH;) andPr(H;) are known to the ideal observer. Thus, for any giverthe ideal ob-

server can compute (5.22) for= 1;2, and then choose the most probable hypothesis. By sampling

sequences, the probability of correct choice was estimat&y:7% for = 10% and 100% for
=20% . This provides a theoretical upper bound on the performahea observer in this task.

A less informed observer, that does not know the exact fortme@fistribution used to generate
the data, may consider all possible videos in which the te$idots in each layer remains constant
within a small region. Such an observer can compare the tgansieighborhoods of occluded pixels
with nearby neighborhoods within either layer. For a neahbod width of16 pixels, such arad
hoc scheme chose correctly BB% of the sequences for= 10% , and99:7% for = 20% (see

Fig. 5.20).

5.6 Summary

The occlusion detector | have presented is useful for eiigamotion boundaries. Since | do not make
any assumptions regarding the color or texture properfiedjects, or about the geometric properties
of the motion, the algorithm works well on natural video seages where such assumptions are often
violated.

The algorithm relies mainly on background features whidappear and reappear as a result of
occlusion. These features may be sparse and still indibattation of motion boundaries, as the al-
gorithm processes the data in multiple scales. As opposalddoithms that rely on motion estimation,

my algorithm usually does not require any texture on theumtinty object.
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Since occlusion is the main cue used by the algorithm, it wavkll when velocity differences
between moving objects are small, since features willditappear due to occlusion. Algorithms that
rely on motion differences typically nd it hard to distingn between different objects in such cases.

| described a second algorithm, extending the occlusioacti@t to compute the depth ordering
between the layers across the motion boundary. The algonths shown to give good results on
real sequences with different occlusion settings. Witly awio frames, the algorithm relies on some
(possibly small) difference in texture between the moviagels. Without this assumption, we face
the well known inherent motion ambiguity, which states thepth ordering cannot be computed from
two-frames and motion alone.

Can humans use a similar heuristic to get around this inhenatiguity? | asked humans to
rank the relative depth of two moving layers in two or threafes. In these experiments there was a
difference in texture between the moving layers, but thiedihce was set to be local and small, so that
it could not be detected in a single frame as a distinct baynloletween the two layers. Nevertheless,
when presented to human subjects in motion, this differaraesuf cient for the detection of relative
depth. | showed that my algorithm can also utilize this srdiflérence to detect relative depth, giving

gualitatively similar results (cf. Fig. 5.18 and Fig. 5.19)
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Chapter 6

Summary

| presented two techniques which exploit information ingpatio-temporal structure of video data. We
saw how a geometrically-constrained video sequence casdgbto generate new views of the scene
without scene reconstruction. For an unconstrained videtaming general motion, we saw that the
spatio-temporal structure of the video is highly regulast aan be used for motion segmentation using

a differential operator that detects occlusion.

View Synthesis: | presented a new non-perspective projection model, wisiateined by two
slits and a projection surface. Algebraically, this modatresponds to a second-order transformation
from 3D to 2D, and it has an epipolar geometry that is also obsé order. Given a video sequence
acquired by a translating camera, we can generate new Xy&#ivs of the scene, making it possible
to create a virtual environment using a simple and robustnigae. Although not perspective, the

movies generated in this way appear compelling and realisti

Reducing the inherent distortions of the X-Slits project@an be done by reprojecting the image
onto a coarse approximation of the scene structure. Amaltiee approach, without any assumptions

about the scene structure, is to select rays so as to apmtexiime set of rays of a perspective camera.

Motion Segmentation: | have presented an occlusion detector that is used foratixigamo-
tion boundaries without any assumptions regarding col@exture properties, or about the geometric

properties of the motion. The algorithm processes the tigtecesponse in scale space, producing
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a scale-adaptive segmentation which tolerates local ariild@g. The algorithm gives good results on
real sequences.

Using the same detector, | described a depth ordering #tgoriThe algorithm was shown to give
good results on real sequences with different occlusiaingst With only two frames, the algorithm
relies on an intensity difference between the moving lagyargl does not depend on the existence
of a visible intensity edge. The algorithm can be adjustesvdok with three frames without this

requirement.
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Appendix A

Column Sampling Detalls

A.1 Linear Column Sampling: The Uncalibrated Case

Assume that the motion direction of the input camera is orgalel to the image plane, with the
internal parameters of the camera being xed but unknowrow show that any linear sampling of the
columns results in a valid X-Slits image.

LetJ denote the inverse of the calibration matrix [26, p. 141H assume that column= s(t) is
sampled from the image captured at timel'he 3D physical location of this column on the camera's

projection plane, in standard coordinates dengteglis the line de ned by:

0 1 0 1 0 1
p s(t) Ju1s(t) + Ji2y + Jis
%qu\]% y gzé Jooy + Jog E (A1)
1 1 1
(J is upper triangular). Eliminating the free varialyiethe line is parameterized by:
p= Kig+ Kz + Kgzs(t) (A.2)
where
J J
Ki= T2 Ko=Jis T20p8 K= Ju
J22 J22

Assume as before that the camera center at times(t) = (It; 0;0). Assume also that columns

are sampled linearly, i.e., the column sampled from the ertagen at timeé is de ned by(s(t);y) 8y,
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ands(t) = t + forsome; . |will show that the result of pasting these columns togeth® a
mosaic image is a X-Slits image.

First, from the de nition it follows that the image taken anhet contributes a set of rays that lie
on a 3D plane. This plane is de ned by the translating camerderc(t) and the line on the image
plane which corresponds to colurs(t) (see Fig. A.1, right inset). Denote this plane bft). | rst
show that all the planes(t) intersect in a line; this line de nes the vertical slit of o4fSlits camera.

The horizontal slit is de ned by the trajectory of the camera

s(-1) s(t) s(1)

camera translation
path \

c(-1)

column s(t) in image t . Planep (1)

c(t)

second slit of virtual camera

Figure A.1: lllustration of the relevant geometry, including the caa®path, the center of projectia(t), the column

sampling functiors(t), and the plane (t).
Speci cally, the plane (t) is de ned by the camera centeft) = ( It; 0; 0) and two points on the

line given in (A.2); we choose two such points by settipg O andg=1:
g0 1( O) 1 P y0 tm? 0 a 1

It Ko+ K3(t + ) It K1+ Ko+ Kg(t + )
o§+ 0 E and 0§+ 1 g(AB)

As can be readily veri ed, the plane incident with all threamis is de ned by

(1) ( LKyKa+ Ka(t + )5l0t) =

( LKy Ko+ Kgz; 0)+ t(0;0,Ksz ;1) (A.4)

It follows from Eq. (A.4) that the family of planes(t) is a pencil of planes which intersect in a

line, and | de ne this line to be the vertical slit of the caraeiThe slit direction is determined by the
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cross product:
( LKy K2+ Kz ) (0;0,Ks )/ (K1;1;0) (A.5)

From the requirement that the slit coincides witft) from Eq. (A.4) for everyt, we arrive at the

following slit equation:
0 1 0 1

(K2 + K3 ) K1
E 0 + E 1 8 2R
|
K~ 0
Thus by collecting vertical strips linearly and placing rthén a mosaic, the resulting image is
equivalent to a X-Slits image whose slits are parallel toitiiege plane. In case of zero skely, =0

and soK; = 0; now the two slits are orthogonal as in the Orthogonal XsStamera discussed in

Section 3.1.2.

A.2 Input Camera Moving on a General Straight Line

| shall now analyze the sampling function when the motionhef input camera is not parallel to the
image plane. Let the motion direction be an arbitrary lin@Ih Letc(t) = cp+ ¢ t denote the
camera position at time(in R 3) and let the pinhole camera’s projection matrixe Ac (t)], where
A =[A1;A5; Az]" denotes th& 3 matrix determined by the camera's internal calibration asd
orientation. It follows that when the camera is located (@}, a scene poinp 2 R 3 is projected to

X.y
(i’ w) such that o 1 o 1

X Al(p c(t)
E-Lhe o
w Al(p c(t)
Suppose we sample strips from these images, at varyinggesiand varying orientations. Let

s(t) and (t) denote the sampling functions, giving the position of th@sbn the imagex-axis

and the strip's orientation, respectively, so that we sanplimaget the points on the oriented line
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= s(t)+ (t)Z. Using (A.6) we obtain

x (y siw=Al(p c) (DAZ(P ct) sOAI(p c(t)=0 (A.7)

This de nes a plane (on whicp lies) — the plane coincident with the sampled oriented Imieniaget
and the center of projection of the camef#). Denote this plane by(t) (as in Fig. A.1). This plane

in homogeneous coordinates is given by
0 1

(t) = ED A1 (DA2  s(t)As ¢ A8)
(Al (DAL s(DAZ) c(b)

For our sample to give a X-Slits image, it is necessary andisut that all these plane8t intersect

in a line. There are three cases to note in (A.8):

1. If s(t) = constant and (t) = constant, then (t) is linear int and therefore describes a line.

When (t) =0, we get the linear (oblique) pushbroom camera model [23 $84 Fig. 4.3.

2. If Al c=0,s(t)islinear int and (t) = constant, then once again(t) is linear int. This
is the case when the camera motion is parallel to the projegiane - the Orthogonal X-Slits

projection discussed in Section 3.1.2 (whef) 6 0, we get the tilted slit variant discussed in

3.1.3).

3. Inthe general case, if(t) ands(t) are of the form

ap + bzt . _ az + bg,t
arot 07 b A9

()=

Substituting these expressions into (A.8) gives

(ty / O(t) (ar + yt) = 1
- (a1 + bit)Ar + (a2 + pt)Az + (a3 + bat)Az & (A10)
(a1 + but)As + (a2 + bpt)Az + (a3 + bat)As)T(co+ ¢ )
which is linear int if and only if
(AL + Az + b3A3)T €=0 (A.11)

It is easy to see that the rst two cases are special cases.8§.(A
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There are 4 degrees of freedom (up to scale) in choosing & p@ix; s(t)i of sampling functions
which satisfy constraint (A.11). Each pair of sampling fumaes of the form (A.9) for which (A.11)
holds implies that all (t) intersect in a single line (the virtual slit). And vice versacan also be
shown that every family of planeqt) which intersect in a single line uniquely de nes such a péir o
sampling functions.

We can therefore conclude the following: using the samptireghod described above with sam-
pling functions as in (A.9), and given a linear camera path,can produce the image of any X-Slits

camera with one slit overlapping the camera path.
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Appendix B

The Distortion of Linear Sampling

Functions

In Section 4.1.1 it was shown that any linear sampling fumcti(t) = t + corresponds to an

Orthogonal X-Slits projection of the form given in (3.8). i$ltan be rewritten using (4.15) as:
0 1 0 1

X x(1 £
B &-8 " ) g GEY
Y y(1 m)
(itis assumed that ;; 0).
Assuming! =[x1;X2] [y1;Yz], substituting (B.1) into (4.170( ; p; X; ¥:2) equals:

222xx@1 £) Xo2+(yAd Z3) Yo

2 dydx (B.2)

X1 Y1

Integrating, and then differentiating with respeckto? ;2 , the minimum is achieved iX o; Yo; Zo):

Xo = (it @ B
Yo = (y1+3 Y@ F2%9) (B.3)
2 2
Zo = XZX;);Z
Z1 Z 1+k

where X = Xy Xi; Y=Y Yi.Substituting the above into (B.2) we obtain the local pectipity
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distortionn_ of (t)= t +

1 x3 y3 1 2

"= Boer vy 7 7a+k (B4)

The global perspectivity for a linear sampling functioft) = t + is obtained by substituting
(B.4) into (4.19), and integrating over the image domain:
z
dp=S

ng( )=
o n(ip) Zatk

n.(;p) k 2

(B.5)

whereS = (Xmax  Xmin )(Ymax  Ymin ) iS the image area.
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Appendix C

Motion Segmentation Detalls

C.1 Scale Normalization

One problem with multi-scale analysis is that derivativesrdase with scale. IndeedOif | 1,
then
o 1
gyl \9723 (C.1)
Y

when smoothing with a spatial Gaussian of variasige This well-known problem can be handled by
scale normalization, as proposed in [38]. Scale normatizas done by de ning thescale-normalized

partial derivatives

_ @ < @
o) =Psy S, 1) and 1) =Psy Zhg 1) €2

wheregs,, stands for convolution with a Gaussian with variarsgg. Thuslffxy) and I)(,SXV) are

used in the evaluation of instead ofly andly. Note that scale normalization does not violate the
assumptions leading to the de nition ofin Section 5.1.1.

One important property of scale normalization is thdiecomes invariant to spatial scalinglof
This means that gives comparable values for a video sequence in differeaiugons.

To see this, let us scaleby , and de ne
JOGy;t) = I(x=;y=;t) (C.3)

109



Substituting (C.3) into (C.2) yields
r3Cs)(xyit ) = 189 (xy;t) (C.4)

Let s, denote the variance of the Gaussian windowand letG (3 :$:)[I ] denote the second
moment matrix de ned in (5.1), with the scale of differenitm s, and scale of averaging . From

(C.4) it follows that
GEv N (xy;it) = GO ETIR] (xyit) (C5)

That is to say, if] is a scaling by of |, then the value of at(x;y;t) in| at scales,y ;s will be

ZS! .

the same as at the corresponding point iat scales sty;
For the purpose of computing a goodclusion detectgrit follows from (C.5) that as long as the

computation scans all scales in scale space, the resultndbe®pend on the image resolution. Note

that in order for to be scale-invariant, it follows from (C.5) that must be proportional ts,y, as

in [35]. In my implementation | use sy, = si, which de nes a single scals. | denote the

evaluated at scaleas (9.

C.2 Implementation Issues

C.2.1 Temporal Aliasing

Since real video data is discrete, the partial derivatimeghé de nition of must be estimated. This is
done by convolving with the partial derivatives of a 3-dimensional GaussiantaRonal invariance
implies that the spatial variance in tleandY directions should be the same, and the kernel is there-
fore an ellipsoidal Gaussian with spatial variarsgg and temporal variancg. Due to the distortion
introduced by the convolution, it is desirable that thedaaesbe small.

Estimating the temporal partial derivative from video s a severe aliasing problem. Since
video frames represent data accumulated during short amdespxposure periods, and since a feature

may move several pixels between two consecutive frames, idadliased in the temporal domain
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signi cantly more than in the spatial domain. | overcomesthbroblem by taking advantage of the
spatio-temporal structure of video, as described next.

Suppose that the velocity in a certain region is ( vyx;Vy), and therefore
LOGy;t) = 1(x  wty wt 0) (C.6)
The temporal derivative ih= 0 is given by
le = wlx wly (C.7)

In discrete video]; can be estimated by convolution in tliedirection, which, due to (C.6), is the
same as convolution in the direction of a subsample df(x;y; 0) at intervals of sizgvj. In order
to avoid aliasing due to undersampling while estimatingthe Sampling Theorem requirésto be
band-limited, so that its Fourier transform vanishes belyogjlvj. This can be achieved by smoothing
with a spatial Gaussian. However, smoothing poses a notibieback, as it distorts the image data,
causing features to disappear, merge and blur.

An alternative approach, closely related to the concepinairping” (e.g., [40]), would be to take
advantage of prior estimates of the optical ow. If a poineégimated to move at velocity= ( uy; Uy),
we can use the convolution bfin the direction of(uy; uy; 1) to estimate the directional derivativg

and apply

The convolution that yieldk, is equivalent to subsampling in the direction(ef u), and thus the
estimate of ; is unaliased if the Fourier transform vanishes beyonzﬁ,l—uj. This occurs when either
the estimated velocity is close to the real velocity, or the region is smooth. This is particularly
important, as the estimation of optical ow in smooth regids often inaccurate. In other words, this
estimation ofl; is tolerant to inaccuracy in motion estimation exactly witeis least reliable. The
gures in Section 5.2 demonstrate the algorithm's toleeata poor motion estimation.

Note that the spatial smoothnesswofs not required. Also note that temporal smoothing has no

effect on the aliasing problem, and it is desirable to havétistemporal smoothing as possible.
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C.2.2 Differentiation with Two Frames

Differentiation, as described earlier, is done by convolutvith derivatives of a spatio-temporal Gaus-
sian, which requires several frames to achieve a good dstima&Vhen only two frames are available,
special care should be taken to provide a consistent estimat spatial and temporal derivatives.

Given two framegd (x;y; 0) andl (x;y; 1), let us de ne
8

2 .
ey = OO tO 9)
z I (x;y; 1) t>0

Then, for any temporal varianag, the partial derivative estimates are
l . . . .
he = S0y 0+ 1(xy: 1) o

= 0G0+ 1(6YiD) g (C.10)

(Ixy; 1) 1(xy;0) g

(where g, g« and gy denote convolutions with the spatial Gaussian and witK i@ndY derivative

respectively).

C.2.3 Application to Optical Flow

It is well known that the computation of optical ow in texiless regions and along straight lines
(aperture problem) is ill-posed. When these situationsigdbe rank ofG is 0 and1, respectively.
These situations arise from spatial structure alone, andlwerefore be detected by the spatial 2D
second moment matrix (used, for example, in the Lucas-Karmdgorithm [40]), in order to mark
these regions as unreliable (as done in many implemenstio®ptical ow is also unreliable at
motion boundaries, which may be treated by the joint estonaif motion and segmentation [60, 72].
These two cases can be treated jointly using the rafk dDptical ow in regions whergank (G) 6
2 can be estimated by lling from adjacent regions wheaek (G) = 2. In a coarse-to- ne algorithm,

this should be done at each scale.
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