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Abstract. Given multiple image data from a set of points in 3D, there are two fundamental questions that can be
addressed:

e What is the structure of the set of points in 3D?
e What are the positions of the cameras relative to the points?

In this paper we show that, for projective views and with structure and position defined projectively, these
problems are dual because they can be solved using constraint equations where space points and camera positic
occur in a reciprocal way. More specifically, by using canonical projective reference frames for all points in space
and images, the imaging of point sets in space by multiple cameras can be captured by constraint relations involvin
three different kinds of parameters only, coordinates of: (1) space points, (2) camera positions (3) image points. The
duality implies that the problem of computing camera positions fpgmints ing views can be solved with the same
algorithm as the problem of directly reconstructiopg- 4 points inp — 4 views. This unifies different approaches
to projective reconstruction: methods based on external calibration and direct methods exploiting constraints tha
exist between shape and image invariants.

Keywords: projective shape, reconstruction, positioning, epipolar geometry, duality, multiple views

1. Introduction using the relative orientation of the cameras. In the
case of uncalibrated cameras, relative camera position
The problems of determining the position of cameras and 3D structure of the point set can still be deter-
relative to a scene, and the 3D reconstruction of the mined, but only up to a linear transformation depend-
scene from image data, have traditionally been treateding on the projection model of the camera. For parallel
as separate problems with relative camera positioning projection, position and structure can be determined
preceding the reconstruction. Given calibrated cam- up to an arbitrary affine transformation (Koenderink
eras, their relative orientation can be determined from and van Doorn, 1991), and for perspective projection
observations of corresponding points in the images us- cameras, position and structure can be determined up
ing the epipolar constraint. The Euclidean structure to an arbitrary linear transformation i® (Faugeras
of the set of points in space can then be determined et al., 1992; Hartley et al., 1992). In the perspective



228  Carlsson and Weinshall

projection case we therefore use the terms projective re-case. Essentially what we will show is this:
construction and projective shape for the computation
of 3D shape when we are dealing with uncalibrated  There exist joint constraint equations or canonical
cameras. projection equations, involving projective coordi-
Camera positioning, or external calibration, in the  nates of space points, camera positions and image
perspective projection case is based on the determi- coordinates. In these constraints, space points and
nation of the epipolar geometry which for two cam- camera positions appear symmetrically so that elimi-
eras is captured by the fundamental matrix (Faugeras nation of either one gives rise to constraint equations
et al., 1992). This matrix can be used to constrain im-  between space points and image coordinates or be-
age coordinates of points in two images of the same tween camera positions and image coordinates that
scene. Projective reconstruction is then achieved using have exactly the same mathematical structure. The
the epipolar information in various alternative ways: problems of computing scene structure and camera
projective shape from projection matrices (Faugeras, positions from image data are therefore dual in the
1992; Mohr et al., 1995), cross-ratios (Gros, 1994), sense that they can be solved with the same algo-
or more direct methods expressing 3D invariants di-  rithm depending on the number of space points and
rectly in terms of the fundamental matrix (Carlsson, = cameras.
1994; Csurka and Faugeras, 1994). Recently, initi-
ated by the work in (Shashua, 1994, 1995), the gen- We will see that the method proposed corresponds to
eralization of the epipolar constraints to the case of the computation of a fundamental matrix and tensors
multiple uncalibrated cameras has received widespreadin a canonical image coordinate system, similar to that
attention (Faugeras and Mourrain, 1995; Hartley, 1994; presented in (Heyden, 1995a). In distinction to the
Heyden, 1995a; Luong and &fille, 1994; Shashua  work in (Heyden, 1995a) however, we usprajective
and Werman, 1995; Triggs, 1995). The bilinear image canonical frame which permits us to write all constraint
constraints in the case of two images are then gener-equations in dual form.
alized to multilinear constraints between multiple im- In the positioning case, this canonidatmatrix is
ages. The case of multiple camera constraints has alsgparameterized by camera positions only. In the recon-
been investigated for the case of reconstruction from struction case, the constraints between space points and
lines for calibrated cameras (Chen and Huang, 1990; image coordinates can be written using a dual of the
Spetsakis and Aloimonas, 1990) and for uncalibrated F-matrix or tensor (denoted below tl@&-matrix). In
cameras (Hartley, 1994). the same way as thie-matrix constrains points in dif-
Interestingly, there are alternative direct ways for ferentimages to lie along epipolar lines, the dual of the
projective reconstruction, not relying on the computa- F-matrix will constrain points in the same image to lie
tion of epipolar geometry (Long Quan, 1994; Sparr, along lines defined by the structure of the space points.
1991, 1994). Especially in the case of constrained More generally, we will show that the problem of
scenes, direct methods are powerful (Carlsson, 1995a;computing camera positions frompoints ing views
Rothwell et al., 1993; Sparr, 1992; Zisserman, 1994) is mathematically identical to the problem of recon-
in the sense that fewer points are needed for recon- structingq + 4 points inp — 4 views. For example, we
struction. Constraining the scene also makes possi- show that the eight-points linear algorithm for comput-
ble the computation of epipolar geometry with fewer ing epipolar geometry between two views can be used
points (Demey et al., 1992; Mohr, 1992; Zisserman, for direct projective reconstruction of six points in four
1994). The direct methods for reconstruction exploit views.
constraints existing between projective coordinates of  The duality between positioning and reconstruction
coordinates of space points and their image coordi- was first reported in the 1995 Workshop on Repre-
nates, not involving camera geometry. Direct methods sentations of Visual Scenes: The basic algebraic re-
in unconstrained scenes, but assuming weak perspeciations, and the geometrical interpretation in terms of
tive projection, were described in (Tomasi and Kanade, duality between the position of the camera’s center
1992; Weinshall, 1993; Weinshall and Tomasi, 1995). of projection and the position of a point in 3D, was
The existence of basically two alternative methods described in (Carlsson, 1995b). The basic algebraic
for achieving projective reconstruction naturally poses duality, which formally exists for any representation
the question whether there is a relation between them. of the basis points, was also described in (Weinshall
In this paper we will demonstrate that this is indeed the et al., 1995). Weinshall et al. (1995) described the new
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space-image relations that are obtained using the dual-

ity observation, and obtained a low rank factorization of

the seven points shape tensor (cf., Shashua and Avidan,

1996). Recently a dual epipolar structure, where the

dual epipole is defined by the shape geometry instead of

camerageometry, was described in (Iraniand Anandan, 1
1996). ;‘

2. Linearly Invariant Representations

The perspective projection of a poiRtin space to an
image plane can be written as:

p=MP &)

wherep andP are respectively the homogeneous im-
age and space point coordinates of the point in arbi-
trarily chosen coordinate systemd. is a 3x 4 matrix
depending on the position of the image plane and the Figure 1 For two arbitrary orientations of the image plane, the
camera’s projection center. image coordinates are related by a projective transformation. Thus
Given multiple views of a set of points, reconstruc- choosing a linearly invariant representation for image data implies
tion can be achieved by determining the projection ma- thatthe exact position and orientation of the image plane s irrelevant.
tricesM; and the 3D point position8 . In the general The camera can therefore be represented by its positionly.
uncalibrated camera case, these can only be determined
up to an arbitrary linear transformation (Faugeras et al.,
1992; Hartley et al., 1992). Given thgf, Py, ..., P,
is a reconstruction, it follows that

v
P

center in space only. The specific position and orien-
tation of the image planes does not enter at all in the
relations. The reason why the orientation of the image
plane is irrelevant when using linearly invariant coor-
dinate representations is illustrated in Fig. 1. for two
arbitrary choices of image planes to a given projection
whereT is an arbitrary 4x 4 matrix, is an equally  centerP the image coordinates are linearly related:;
valid reconstruction given the observed image data. the projective coordinate representation is therefore
This equivalence class of reconstructions can be com- unaffected by this choice.
pactly described by the linear invariants of the set  The advantage of using a linearly invariant represen-
P1, P2, ..., P, of space points. tation at the outset is that we get more compact expres-
The basic relation that will be derived is the con- sjons describing the relations between the important
straint relation involving linearly invariant represen- variables. The price we pay is that when we want to
tation of space points, camera positions and image go back to the standard representation, i.e., choosing
coordinates. We will use five space points as a pro- Cartesian coordinate systems in image and space, our
jective basis and express all other space points andrelations will be expressed as high order polynomials
camera positions in this basis with projective coordi- in these coordinates.
nates. In each image we choose four corresponding
image points as a projective basis and express each im-
age point in this basis. The homogeneous projective 3. Constraints between Space Points, Camera
coordinates are then a linearly invariant representation Positions and Image Coordinates
of space and image points in the sense that ratios of ho-
mogeneous coordinate components are absolute lineailUsing the projection relation (1) we will now derive
invariants. invariant relations between points in 3D, camera posi-
As a consequence of this representation, camerastions and image coordinates. For that purpose we take
will be represented by the position of their projection five 3D points, with no four of them coplanar, with

(P, Py .., P =T(P1, Ps.... Py
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coordinatesP;’, Py, P, Py, PZ as a projective basis,

Every space point except the camera’s projection

wherex indicates that we have fixed the scale factor of centerX, Y, Z, W projects to the image plane, and ev-

the homogeneous coordinates. Y, Z, andW are the
homogeneous projective coordinates of a p&intith
respect to this basis if

P=XP +YP +ZP + WP @)

The scale factors of the basis are determined by the

requirement that point®;", Py, P, P, be basis vec-
tors in this representation and polPt has coordinates
(1,11,10.

For the center of projection of the camera we use the

notationP and it can be expressed as

P=XP +YP +2P; +WF; (3)
Similarly we choose the projective basis for image

coordinates as the first four image points;, p;,

p:, p;, corresponding to the space poing, P,

Ps, P;. The requirement is then that no three image

points are collinear. An image point can then be ex-

pressed as

(4)

wherex, y, w are homogeneous projective image co-
ordinates. Pointp;, p,, ps will be the unit vectors and
point p4 will have the projective coordinates (1, 1, 1).

To summarize, if we use the projective coordinates
representation, we get

P =Xp; +YP + wp3

P P2 P3 Pa P
1 0 0 1 x
%)
0 1 0 1 vy
0 0 1 1 w
P PR P P; P, P5 P
X 1 0 0 0 1 X
Y 0 1 0 0 1 Y (6)
Z 0 0 1 0 1 z
W 0 0 0 1 1 W

It follows that the projection relation (1) must have
the form

g <« X
o O R
o™ O
X O o
S O O

X
Y
z
W

ery point in the image plane exceff, 0, O) is image
of a space point. This implies that we must have

X
0 a 0 0 § v
ol=|0 g 0 s .
0 00y s)]|%

W

Thus we get

a=0X1 B=oYl 7
)/:02_1 §=—cW!

We can therefore write the projection equation (1),
relating linearly invariant representations of image
points, space points, and camera projection centers,
as

« Xt o o w1\ /(X

. . Y
y]|=0o o Y1 o -—-w1t 7
w 0 Z—l _W—l W

By eliminating the arbitrary scale facterwe get the
following two equations:

X  XIX-—w-lw
— = 5= — (8)
w o 7Z-17 —W-lw
y Yy —wWlw ©
w o 7-17 _\W-1w

which can be written in the form of constraint relations:

Theorem (Structure position constraint duality).
Projective coordinates XY, X, W of a point in 3D
and camera positiorX, Y, X, W are constrained by
projective image coordinates ¥, w according to

Y VA W
- =YY=+ - -~ = 10
we—Y3 (y w)W (10)

w
wo =Xz +X-—w—==0 (11)
X Z w
These constraints are dual w.r.t. scene structure and
camera positions in the sense that they are unaffected
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by the substitutions 3.2. Relative Positioning from Known Space Points
and One Image
X, Y,Z,W) & (XL, YLzt wh
In a very similar way the camera position for camera

The consequence of this theoremis that the problemsa can be computed given a known configuration of six
of computing positions of pointsin spac¢, Y, Z, W), points in space,l .., 4,n, m. From (10) and (11) we
and camera positionsX, Y, Z, W), from image data  get:
have identical mathematical structure.

Note that the actual choice of the fifth point in the 0 waYn  —Y3Z, (Y2 — wd)W,
3D projective basis does not affect the basic dual con-
straint relations that were derived above. In the follow- wnXn 0 —XAZn (X7~ wf)Wh
ing chapters we will have reason to choose this point 0 wdYm —Y3Zm (Y3 — wd)Wn
with some liberty, e.g., as one of the camera points.

In the case of multiple points and cameras, we Wi Xm 0 X5Zm (X — why) W
get a pair of constraint equations (10) and (11) for X-1
each combination of points cameras. We will use Va
indices 12,3,4,n,m,...,i to denote space points Yit
and indicesa, b, c, ..., q to denote camera projec- x Z-1 =0 (13)
tion points. The image point of space pointin @
cameraq has indexiq. Thus we use the following W,
notations:

Using pointsm # n wherem > 4 andn > 4 we can

Space pointsPy, P, Ps, Ps, ..., Py, ..., Py ..., P solve for the projective coordinates of the camera po-
Camera projection pointsPy, Py, Pe, ..., Py sition in terms of i_mage anq space point coordinates in
Image point i in camera g’ the same way as in the projective reconstruction above.

We see that the problems of projective reconstruc-

o ] tion from known camera positions and camera posi-

3.1 Pro!gctwe Reconstruction from Known Camera tioning from known space points are mathematically
Positions and Two Images identical. This is a consequence of the structure of the

i ~_ basic constraint relations (10) and (11). We will also
Using (10) and (11) we can solve for the projective gee that, using the constraint relations we get by elim-
coordinates of point given the images in two cameras  jnating either space points or camera positions, we get

a, bwith known positions: mathematically identical expressions.
0 avfl _ aZ—l a_ ,.a Wfl - )
Wn Ta RZat (R - w)Wa 4. Position and Structure Constraints
waX 1 0 —xaz;t (xa - wﬁ)VVgl from Image Measurements
0 wdYp' —yRZpt (YR - wR)Wpt From (12) and (13) we can derive relations between
o1 b1 . N camera positions and image measurements, or between
wn Xy, 0 —XnZy (Xn - wn) b space coordinates and image measurements, by noting
that the 4x 4 matrices in general have rank 3.
Xn
% Y -0 (12) 4.1. Position Constraints—Camera Positions
Zy and Image Coordinates
Wh

The geometric basis for the space-image and camera-
This equation defines the homogeneous coordinates ofimage constraint relations developed below can be seen
the position of point in space as the null-space of the in Fig. 2. The camera-image (or epipolar) constraint
matrix on the left side, which is determined by cameras follows from the four point coplanarity of the camera
a andb. positions and image points in 3@y by, &, b; and



232  Carlsson and Weinshall

Structure constraint (UqUga435), (Uqugbybs ) copianar
Uy
uz

ag
b
Position constraint: (agbgasby), (aghgasb,) coplanar

Figure 2 Geometric interpretation of epipolar and space-image
constraints in terms of four point coplanarities, see text.

ap, by, ap, byinthe figure). The space-image constraint

follows from coplanarities of space points and image

points {1, Uz, a;, ax andug, Uy, by, by in the figure).
From (12) we get

0 wi¥yl —VAZ7' (vR - wi)Wi!

wiXgh 0 G2 (k- wh) W

det by —1 b>-1 b b\\A/—1

0 wnYt: _ynzg (yn _wn) t:

whX,t 0 X2yt (xR — wh)Wy !
=0 (14)

This can be written in the following bilinear form

x\' /0 fp—f fa— )\ [ xP
y2 fs— fs 0 fs—fs|| Y2 | =0
wd fo— s f1— fs 0 wg
(15)
where

f1 = Xg 1V 125 Wit

fo = Xp'¥a 121 Wt

a
fa = X2V, 127 Wt

fa

v —1v—17—-1 /-1
X1V, 12 W,

This is the epipolar constraint on the projective im-
age coordinates in imageand imageb. The 3x 3
matrix F in (15) is the fundamental matrix parameter-
ized by the positions of camerasndb. The choice of
the basis for the projective image coordinates ensures
that the fundamental matrix is determined completely
by the camera positions and no other imaging param-
eters. The structure of this-matrix is similar to the
one derived in (Heyden, 1995a) where a similar but not
identical canonical framework is used.

It can be readily shown that the determinant

(fa— f)(fs — f3)(fe — fa)

+(f3— f)(fa— f5)(fy — f5) =0 (16)

The rank of theF-matrix is therefore<?2.

4.2. Structure Constraints—Space Points
and Image Coordinates

For two points in one image we get from (13)

0 wi¥n —Y3Zn (¥i—w})Wa

det wiXp 0 —X3Zn (X2 — w@)W,
0 wiYm —YaZm (¥i— wh)Wn

w& Xm 0 —X&Zm  (X& — wd )W

-0 (17)

Because of the duality in the structure of the equa-
tions for space points and camera positions we can
write the space-image constraint in a form similar to
the epipolar constraint

X3 "o G- OG-0\ [Xh
Ya | [9—09s 0 O—0s||Yn | =0
wd Os— 04 O1—0s 0 wd
(18)
where

O = XmYn ZmV\/n
02 = XmYnZnWn



Dual Computation of Projective Shape and Camera Positions 233

03 = XmYmZnWi Linear F-matrix Computation from Eight Points and
Two Images. Given two images, image points with

94 = XnYmZmWh indexi > 5 provide constraints of type (15) on the

U5 = XnYmZnWn F-matrix. Fori = 1, 2, 3 we get trivial identities due
to the structure of thé&-matrix andi = 4 just gives
96 = XnYnZmWn the summation constraint. Thus eight points observed

_ ) ) ) _ in two imagesa, b will give four linear constraints on
Given known space points, this equation constrains an the elements of the matrigsp

image point to lie on a line determined by the space
points and five image points in the very same way as

~qT A .
epipolar lines constrain the position of image points in pF FapP’ =0, i=56,78 (20)
multiple images. Note that fan, n < 5 the constraints
are trivially satlsfled. , Linear G-matrix Computation from Six Points and
It can be readily shown that the determinant Four Images. Similarly, given six points 12, 3, 4,
m, n and multiple images, we get one constraint from
(92 — 91)(G5 — 9z)(Gs — Ga) each image on th&-matrix for pointsmn. Note that

+(03—02)(0a—0s) (01— gs) =0 (19) the elements of the matr@,, are trivially 0 form < 4
orn < 4. Thus six points observed in four images
The rank of theG-matrix is therefore<2. will give four linear constraints on the elements of the
matrix Gmn

5. Computing Camera and Space Projective .
Coordinates from the Constraint Relations Pm GmnPi =0 g=a,b,cd (21)

5.1. Linear Computation of the F- and G-Matrices

5.2. Computing Relative Projective Coordinates
The constraints (15) and (18) have exactly the same from the F- and G-Matrices
form if we make the identificatiors <~ n andb < m.
The problem of computing the projective coordinates The projective coordinates of space and camera pro-
of the camera’s projection center from the fundamental jection points can be computed from the elements of
matrix (15) is therefore equivalent to the problem of the F- andG-matrices. These can be given a simpler
computing projective coordinates of space points from structure by introducing the relative projective coordi-

the space-image constraint matrix (18). nates
Equations (15) and (18) provide linear constraints
on the six unknown elements of tlkematrix and the x-1 y-1 s-1 Wit
G-matrix, respectively. Due to the structure of the X = vkil Y= vtil = % W= v—’il
andG-matrices their elements sum to O. Xa Ya Za Wa
and (22)
2 fi=2.9i=0 Xe Y _Zm e
=% VT Tz Tw

This gives one additional constraint in both cases.
Since there are six homogeneous non-zero elements

of the matricess and G, and we have the constraint respectively.

that the elements sum to 0, we need four constraints of ~ After factoring out common factors, the- and G-

the type (15) and (18) for a linear computation of the matrices in (15) and (18):

matrix elements in both cases.

AaITn ordaer tao ggt a more compact notation we write 0 f1p fis 0 g g

pd = (x2, y2, wd) for the projective coordinates of T 0 f G— 0

point n in imagea and Fap and Gy, to indicate that G 23 =1 9= %3

the F- and G-matrices are associated with the pair of faa fs2 O Os1 92 O

camera®, b and the pair of pointa, n, respectively. (23)
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can now be written as Nonlinear F-matrix Computation for Seven Points
and Two Images. In the F-matrix case we can take
0 xX@=8) —x(@—=1) p=a,q=b,andi = j =5, 6, 7inorderto get three
x| —¥(@—2¢) 0 Y(w— x) equations for computing camera positions from seven
Llw—v¥) —¢(w-—1yx) 0 points and two cameras.
(24)

Nonlinear G-matrix Computation for Six Points and
Given the elements of thE- and G-matrices, we Three Images. IntheG-matrix case we can take=

want to compute the coordinat¥s, ..., Wa, Xp, ..., q =a,b,candi = 5,j = 6 in order to get three
W, of the camera positions, ang,, . .., Wn, Xn, ..., equations for computing space point positions from six
W, of pointsm andn, respectively. As an intermediate  points and three cameras.
step we compute the parametarsy, ¢, w. If we let These equations are exactly those treated and solved
g;; denote eitherf;; or g; we get from (23) and (24)  in (Long Quan, 1994) for the structure computation
the explicit solutions for the normalized variables: case.

X _ G2t s

w 031+ 021 5.4. Computing Projective Coordinates

v %3t 25 from the F- and G-Matrices

@ Gu2 + 032 The parameterg, v, ¢, w give ratios of homogeneous

¢ O31+ 032 projective coordinates for either camera positions or

® st s space points. The computation of either camera posi-

tions or space point positions can be made especially
simple by making a particular choice of the fifth point

5.3. Nonlinear Computation of F- and G-Matrices e X
in the projective 3D basis.

The linear computation of the elements of theand

G-matrices does not make use of the fact that these Choosing the Fifth Basis Point as a Space Point.
matrices are rank2. This imposes an extra constraint Suppose we choose the fifth 3D basis point as the fifth
on the matrix elements, which means that we need only space poinPs. We then have

seven points and two images in tRematrix case and

six points and three images for tematrix computa- (Xs, Ys, Zs, Ws) = (1,1, 1, 1) (27)
tion. However, since the rank constraint is non-linear,
we will in general have multiple solutions in these
cases. Alternatively, the computation can be made
more efficient by directly computing the substitution
variablesy, v, ¢ andw. Note that the form of the X=Xm VY =Ym, (=Zm, o=Wn (28)
matrix (24) automatically imposes the rank constraint.

Forn =5, m > 5in (22) we then get

Now every constraint relation of the form: In other words, we get the position of poimtdirectly
T from the substituted variables.

Xip 0 xw—=2¢) —xlw—1v) For the camera positions we still get ratios of pro-

Yip Y (w—10) 0 Y(w—x) jective coordinates for two cameras. However, we now

Wip Lw—v) —C(w—x) 0 have auxiliary constraints on the camera positions from

the original constraint equations (12).
Xjq
x| Yia | =0 (26) wiY¥yl—y2Z 1+ (Y2 - wd)W,;t=0
N uB -z (8 - ugV =0

can be considered as a nonlinear constraint on the three why-1 _ be‘l n (yb B wb) i-1_o (29)
normalized unknowng, £, £. This means that we 5'b 57b 5 5/
need a minimum of three equations to get a solution. wiXpt — X2 Zpt 4+ (x — wl)Wyt =0
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If we use these together with (22)

Xpt " = ; z;t Wit
X=~, =, =, 0=
X5t o Z3t Wyt
(30)

we get a linear system for computing camera positions
from x, ¥, ¢, @ (which are computed linearly from the
F-matrix, as described in Section 5.2).

Choosing the Fifth Basis Point as a Camera Point.
In a completely dual way we can get a simple solution
for the camera positions if we choose the fifth 3D basis
point as a camera position.

(Xa, Ya, Za, Wa) = (1, 1,1, 1) (31)
We then get from (22)
x=X5 v=Y%Y =Z" o=W"'
(32)

In other words, we get the position of cambrdirectly
from the substituted variables. This position is how
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4 x 4 matrices we get rectangular four column matri-
ces whose rank3.
For one point and many images (12) becomes:

0 . ,a?a—l -a2;1 .awa—l
. ‘a)\{;l 0 .aza—l .av\"/a—l
0 bYSL L bZol byl
1 51 -1
. .bxb 0 .bzb . .bWb
,c?c—l c Z;l . -CVVV{l
,C)Zc—l 0 _czc—l . ,cV‘Vc—l
Xn
Yh
X =0 (35)
Zy
Wh

Similarly, for many points in one image (13) be-

computed in a system spanned by the first four space .gmes:

points and the position of cameaialn order to express

the space points in this system, we have to use auxiliary

constraints that are dual to those in (29). From (13) we
get:

wiYn — Y3Zn + (Y2 — wd)Wh =0
wiXn — X3Zn + (X3 — wd)Wp, =0 33)
Wi = YaZm + (¥ — )W = 0
Wa Xm — X3Zm + (X3 — w3)Wpn =0
Which can be used together with (22)
X Y, Z W,
e T E D

to compute the positions of space poimsand n
linearly fromy, ¥, ¢, w.

6. Duality of Reconstruction and Positioning
from Multiple Data

6.1. Multilinear Constraints

The constraints (12) and (13) can be written for ar-

bitrary number of cameras, b, c, ... and arbitrary
number of points 56, 7, ... respectively. Instead of

0 5Ys 575 ---5\Ws
-5 Xs 0 5Z5 ---5\Wg )
X1
0 6V ---6Zs ---cWe o
-6 Xs 0 c6Zs - -sWg a _0
51
0 ey g Zr Wy Z,
§-1
7 X7 0 c7Zy oWy [ \Wa
(36)

Since both rectangular matrices have rang all
their 4 x 4 minors must vanish, giving us constraints
among up to four cameras and image measurements,
or up to four space points and image measurements
(Faugeras and Mourrain, 1995). These constraints are
bi- tri- or quadri-linear in the projective image co-
ordinates. They are related to the multiple image
epipolar constraints previously derived and discussed
in (Faugeras and Mourrain, 1995; Heyden, 1995a;
Shashua, 1994; Triggs, 1995).

The problems of computing scene structure and cam-
era positions from multiple points and views are math-
ematically identical:
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Theorem (Reconstruction _positioning duality).. X=x3, y=y z=2, w=uwd
For multiple cameras and points, the camera position, | b , b L b , b

; ; X =x2, Y=y, Z=2Z, w=w,
or epipolar constraints have exact dual counterpartsin n n n n (41)
constraints on space points and image coordinates de- x” = x¢, y’' =yt 7' =2, w"=u¢,
pending on the choice of number of points and frames. N TV Y. R ]

In general the constraints we get for camera positions
from p points in g views are mathematically identical

to the constraints for space points fromid pointsin -~ and for the space point positions and image coordinates

p — 4 views.

The multilinear constraints in the position and recon-
struction cases can be treated in a unified way, similar
to the bilinear constraints. We first recall that they are

obtained from the fact that the rank of some rectangu- x”

lar matrix is 3. This remains true when the matrix is

multiplied on the right by

X 0
oY
0 O
0 O

0
0
z
0

for (almost) anyX, Y, Z, W.
We first multiply the rectangular matrices in (35) and

(36) by
a
0
and
Xgt
0
0
0

0
N
0
0

0
Za O
0 W,
0o o
0 o0
z:t o0
0wt

S ooo

37)

(38)

(39)

respectively. Nextwe generalize (22) and substitute for
the camera positions and image coordinates in (35):

v —1 v—1
X/_ Xb w/ Yb
- V_lﬂ V_l1
Xa a
W —1 v—1
X//_Xc 1ﬁ//_ Yc
- v_lﬂ - v—l’
a Ya
v —1 v—1
///_Xd "o __ Yd
X' =< V=30
Xa Ya

é.//

g./// _

> -1
Zb
Z7t
71
ZC
Z7t
51
Zd

— v 9
Z7t

/

-1
_ W

Wyt

/"

w

w

A—1
We

U

Wyt
_ Wyt
-

(40)

in (36)

X % . _Z W
X5’ Ys’ Zs’ Ws’
Xl 8 W
X5’ Yo’ Zs Ws’
mo__ é 1’[[/// _ E é./// _ é "o %
X5’ Y5’ ZS’ W57
(42)
k=Xt y=yh z=7 w=ul
X = ng y/ — yg7 7 = Zg, w = wg, (43)
X! — X?, y// — yg, 7 — Z?, w! = w%\’
X" — X8a’ y/// — yg’ 7" — Zg’ w” = wg.

Instead of both (35) and (36) we get the following con-
straint matrix whose rank is also 3:

w 0 —X (X —w)
0 w -y (y—w)
w/X/ 0 _X/ é—/ (X/ _ w/) a)/
0 w' Y —y'¢ (y —w)e
C=|wx" 0 —x"¢" X' —w") "
0 w// ,l/f// _y// g—// (y// _ w//) a)//
w/// X/// 0 _X/// é-/// (X/// _ w///) w///
0 w/// w’// _y/// g—/// (y/// _ w///) C()///

(44)

All the multilinear constraints are obtained from the
equations describing the fact that the determinant of
each 4x 4 minor ofC is 0; these equations are derived
below.
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6.2. Bilinear Equations

We are given a constraint matrix composed of the first
four rows of matrixC from (44); thus there is a single
constraint—the determinant @f should vanish. This
analysis was carried out in detail, for the structure and
positioning cases, in Sections 4 and 5.

6.3. Trilinear Equations

We are given a constraint matrix composed of the first
six rows of matrixC from (44). There are{i) =15
constraints when considering all>d 4 minors ofC.
However, using algebraic tools we found that generi-
cally there are only seven independent equations: three
bilinear equations involving subsets of six points (sim-
ilar to those given in (15), (18)), and four new trilinear
equations. The four new equations give us the follow-
ing set of constraints:
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E=-—xxXw + xww’
F=-—-xwuw +ywuw’
G = _X//yw/ + X//ww/

H=x"yw — yww”

l =xyuw — ywuw’
J=-X"Yw+ ywuw’
K=-xyw + xww’
L=—xwuw+ywuw’ (46)
M=xY'w —y wu

N=-—xyw +xww’
O=-xXyw +xwuw’

P=xy'w - xwuw’

Q — X/yw// _ yw/w//

0O AB O O OCOTDE O R=-yY'w + Yy wu
0 0 0O F GH I 0 J KO S=yyw — yww'
L M NO OO O0OOUP OO0 Q
" / Y
000 0R SOTU OV T=yyuw —yww
X/w// a)/{// U= —y’y”w + y/ww”
X/ é.// o é.// V =-y y w’ + yw’ w”
X/a)// _ CL), é.//
vy —w " We can write each new trilinear constraint in a tensor
form, using 3x 3 x 3 tensord'. More specifically, we
V-l have
X /w// _ w/ ;// — 0 (45)
¢ -t D TP (P =0, I=1....4 (47)
YN/ /ot i,j.k
Y —ao'¢
é./a)// Y ;U ) )
Each of the four constraints has a different shape ten-
oy =o' sor. For example, the 8 3 x 3 tensor of the first con-
WY — straint (the first row in (45)) is composed of thex3

where the elements of the constraint matrix above are
trilinear functions of the image measurements:

A=—xxX"uw + x"ww
B=xx"w —xww’
C=xxXw" —xXwuw’

D= xXx"w+ xXww’

matrices:

1 _
T =

0 0 W -¢

0 0 0 (48)
W= 0 Xt =
000
00 0 (49)
00 0
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X//(é-/_a)/) 0 a)/X//_X/a)//
Tis= 0 0 0 (50)
;/(w// _ X//) 0 O

Linear F-tensor and G-tensor Computation from
Seven Points and Three Images.There are only 11
homogeneous variables (or 10 unknowns) in all four
tensors. Writing the constraints as in (45), and since
there are four constraints with 10 unknowns, we can

new constraints, and we get no new equations on the
original variablesy’, v', ¢/, o', ", ¥", ", o".

However, there are new quadrilinear equations that
define 22 independent linear constraints on 41 un-
knowns. We can write each quadrilinear constraint in
a tensor form, using & 3 x 3 x 3 tensorR':

> Qi) (P (PN =0, I=1...22

ikl
(52)

compute the elements of the shape tensors from three

images or more, or the camera tensors from seven
points or more. In either case, we are left with an
overconstrained linear system of equations for the 10

Linear F-tensor Computation from Six Points and
Four Images and G-tensor from Eight Points and
Two Images. Each of the 22 constraints has a dif-

unknowns using at least three images or at least sevenggrant tensor. However, there are only 41 unknowns

points.

Given the elements of tHe- andG-tensors, we want
to compute the coordinates of the camera positions and
the space points. As an intermediate step we compute
the parameterg’, v’, ¢/, o andy”, ", ", o”. If we
let {q }11, denote the 11 different elements of the 3D
F- or G-tensors from (45), we get from (45) the explicit
solutions for the normalized variables

X_®w—-G ¥ _ -0 _ G—0s
o' qu o Qo @ Ouo—0Ou
X' _ G- Y -G ' -0
o Gg—0s @ O3—0Go 7 G3—0s
(51)

Nonlinear F-tensor Computation from Six Points and
Three Images and G-tensor from Seven Points and
Two Images. We can normalize the homogeneous
four-vectorsy’, v/, ¢’, o and x”, v”, ¢”, " by set-
tingw’ = »” = 1, which leaves us with six unknowns.
Thus it is possible taonlinearly compute the shape
parameters from two images of seven points, and the
camera parameters from three images of six points.

6.4. Quadrilinear Equations

We are given a constraint matrix composed of the first
eight rows of matrixC from (44). There arei) =70
constraints when considering albd4 minors ofC.

in all 22 tensors, and writing the constraints as in 45
allows us to compute alF-tensors from two images
or more. Dually we can compute all the-tensors
using six or more points in four images. Given the
elements of thé- andG-tensors, we once again com-
pute the parameters’, v', ', o', x”, ¥", ", »” and
x" ", " " If we let {qgi ), denote the 41 dif-
ferent elements of the 3B- or G-tensors, we get the
explicit solutions for the normalized variables:

X' _G5—0O ¥’ _ Gs—CGu ¢ G9—0ss

® Ois—Ch1 @ O3—0Qun @ Oz—Chs
X' _%-% Y’ _G—-0u ¢’ G—0qu
" tha— 01 o Quz— 0 @ Oi2— iz

X _Go—G V" _Ge—G (" _ Gu—G
" q24 - q7 ' " Q4l - q7 ’ " Q4l — q24.
(53)

Nonlinear F-tensor and G-tensor Computation.No

new nonlinear algorithm can be described because no
new independent constraint equation is obtained from
the quadrilinear equations.

6.5. Space-Point and Camera-Point Relations

The tri-linear constraints for external calibration de-
scribed in (Hartley, 1994; Shashua, 1994) are obtained
from (45), and the quadrilinear constraints described in

Using Giobner bases in the Computer Algebra Sys- (Faugeras and Mourrain, 1995; Shashua and Werman,
tem SINGULAR, we computed an algebraic basis for 1995; Triggs, 1995) are obtained from the correspond-
the space spanned by the 15 constraints. This basising quadrilinear system. This is done by making the
has seven equations: three bilinear equations involv- substitutions defined in (40) and (41). We can use these
ing subsets of six points, and 12 trilinear equations equationsto find camera positions. If we choose the co-
involving seven points. Thus there are no algebraically ordinates of the center of camexa@o be at[11, 1, 1],
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Similarly, the dual trilinear relations between seven
points in three images are obtained from (45), and the
dual quadrilinear relations between eight points in two

theny’, ¥', ¢’, ' give the center of camelx(inverse), Image
x". ", ¢”, o give the center of camem (inverse), | ! coordinates !
andy”, ¢", ", o give the center of camed (in- I !
verse), in the basis defined by the first four space points 2™ ! Scene
and the camera positian positioning i reconstruction
i
|
|

N

1
Reconstrljction

Positions from

images are obtained from the corresponding quadri- scene structure from camera

linear system. This is done by substituting (42) and positions

(43), for eight pointsPy, ..., Ps observed in the im- L 1

age of camera. If we choose the coordinates of the N

fifth space point to be at [1L, 1, 1], theny’, v/, ¢', o' Camera positions Scene structure

M 1 H " " " /! H
give the Coordmat_es of pomtﬁ;ﬁ, ) /‘Ie ’5/ ) ‘3/ give the Figure 3 Dual pathways for camera positioning and scene recon-
coordinates of point 7, ang”, ", ¢”, »" give the struction from image coordinates.

coordinates of point 8 in the basis defined by the first

five space points.
Cameras

In order to relate the alternative representations for reconstruction
different choices of basis points we may use the trans- . 2 3 4 5
formations described in Section 5.4.
. . 5 | - e
7. Discussion i | i
} Heydel‘;: lin alg
7.1. The Duality between Reconstruction a| L g feCOMSucton 1s
and Positioning Camelas i Point
positigning ‘ ; recongtuction
We showed that the constraints we get for camera 3 - - .‘S,—:)‘gist::)‘—‘n‘f: lin alg 7
positions fromp points in q views are mathemat- ﬁgﬁ_""‘h reconstr.
ically identical to the constraints for space points | o
. . . . 2 | - - O - e@8pointlin.alg. | g
from g +.4 points inp — 4 views. This means Long-Quan | Position
that algorithms developed for multiple camera ge- non lin. reconstr. }
ometry for various sets of points and images can be |
used for direct computation of projective structure of 6 Loints 8 9 10
space points. Similarly, the algorithms for direct com- positioning

putation of projective structure can be used to ob- _ o o
tain relative camera positions. This is illustrated in 19U 4 The problem of positioning cameras fraupoints inn

. . . . . . views is mathematically identical to the problem of reconstructing
Fig. 3. Figure 4 illustrates this for various published |, , 4 points inp — 4 views (The points indicate work in which
algorithms. algorithms were discussed for the first time).

As was discussed in Section 5, the linear eight-
points algorithm for computing tHe-matrix (Longuet-
Higgins and Prazdny, 1980) can be used for direct Table 1 gives a summary of the dual algorithms, and
computation of projective structure for six points in how they can be obtained from the above analysis:
four images. Likewise, as pointed out in (Shashua, The fact that the problems of projective reconstruc-
1994), there is a linear algorithm for camera geometry tion and camera positioning have this dual structure
for seven points in three views. This algorithm could poses challenging problems for computationally effi-
equally well be applied to the projective reconstruction cient algorithms. The problems of reconstruction and
problem with the same number of points and views, positioning are very intimately connected and should
as discussed in Section 6. A systematic description of not be solved separately. Since for a given number of
direct reconstruction algorithms has been presented inpoints and views there are alternative ways to achieve
(Heyden, 1995b). reconstruction and positioning, this poses the question
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Table 1 Summary of dual algorithms for reconstruction and positioning.

Positioning Reconstruction

Points Frames Points Frames Constraint Algorithm  Discussion

8 2 6 4 Bilinear Linear Section 5.1
7 3 7 3 Trilinear Linear Section 6.3
6 4 8 2 Quadrilinear  Linear Section 6.4
7 2 6 3 Bilinear Nonlinear ~ Section 5.3
6 3 7 2 Trilinear Nonlinear  Section 6.3

of what the best choice in a given situation is. Con-  On the other hand, substituting (54) into (3&uld
straints on scene structure and constraints on camerasignificantly change the essence of the following
geometry can be used to reduce the number of un- derivations. Now theG-matrix and the multilinear
knowns to be solved for and should be exploited in shape tensors depend on the shape and the camera—
similar ways. The existence of ambiguous configura- they now depend on the orientation of the image via
tions of points (Maybank, 1990) should have a dual matrix Q. Itis not possible anymore to derive multi-
counterpart in ambiguous camera configurations. linear space-image relations which are independent of
the camera. Thus the normalization of the image plane
is essential for the derivation of space-image relations,

7.2. Conditions for Duality and for the usefulness of the duality observation.

In the discussion above we used linear invariant rep-
resentation of points in the image and in space, which
made the exact orientation of the image plane irrelevant
(see Fig. 1). Thus the camera was fully characterized

. AN o3
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