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On the relation between LP and BP

State-of-the-art results

@ [Weiss et al., JMLR 2006, UAI 2007]
@ [Globerson et al. UAI 2007, JMLR 2008]
@ [Hazan et al. UAI 2008]

@ Common approach:

o Global convex approximation of the MAP assignment problem
o Belief propagation using discrete variables
o Gradient descent type algorithms.
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Introduction
Our new approach

@ Utilize Interior-point methods.
e Faster convergence
e Higher computational effort.
e Main bottleneck is the Hessian inversion task.
@ Approximate the (Non)Linear program around a point.

@ Overcome the computational effort using the Gaussian Belief
Propagation (GaBP) algorithm.
e Using continuous variables.
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Introduction

Linear programming background

LP in its canonical form

minimize c’x
subjectto Ax=b, x>0.

where A € R"*? with rank{A} = p < n. We assume the problem is
solvable with an optimal x*. We also assume that the problem is strictly
feasible, in other words there exists x € R” that satisfies Ax = b and

x > 0.
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Introduction

Linear programming background

Log Barrier Method
minimizey,, ¢’x — pXy_, logxi
subject to Ax =b.

This is an approximation to the original problem. The quality of the
approximation improves as the parameter p — 0.
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Introduction

Linear programming background

The Newton method

Given feasible starting point x, and tolerance e > 0, k = 1
Repeat 1 Compute the Newton step and decrement
Ax =f"(x)"'f'(x), N =f(x)TAx
2 Stopping criterion. quit if \2/2 < e
3 Line search. Choose step size t by backtracking line search.
4 Update. x; :=x;,_1 +tAx, k=k+1
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Introduction
From linear programming to belief propagation

@ By computing derivative of the Lagrangian, and compare it to zero
we get the first order optimality conditions:

AX?ATy = AX?%c — pAX1.

@ These normal equations can be recognized as generated from the
linear least-squares problem

min || XATy — Xe — pAX1|[3.
y
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Introduction
From linear programming to belief propagation

@ Simplifying notations we get
min [[Fy — g| 3.

where F = XAT g £ Xc + pAXI1.
@ Now we define a multivariate Gaussian

p(X) £ p(x,y) o exp(—1/2(Fy — g)"I(Fy — g)).

@ ltis clear that y, the minimizing solution of (3), is the MAP
estimator of the conditional probability

§ = argmax p(y[x) = N'(E"F)"'F'g, (F"F)").
y
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Solving LP using the GaBP algorithm

Efficient distributed solution using the GaBP algorithm

@ We have shown that canonical LP can be reduced to a least
square problems.

@ Following recent work on GaBP, we propose to use it as an
iterative algorithm for distributively computing the MMSE solution
over a communication network.

The GabP algorithm

# Stage Operation

1. | Initialize | Compute P; = A; and pii = bi/Aii.

Set P, = 0and py; = 0, Vk # i.

2. | lterate | Propagate Py; and juy;, Vk # i such that Ay; # 0.

Compute Pi\; = Pii + 3 gen(i\, P and pp; = P,-_\il (Pipsii + ke Pritiki)-
COmpUte Pij = _AUPRJ}Aji and Hij = —Pi;lAijuiv.

3. Check | If P; and p; did not converge, return to #2. Else, continue to #4.

Infer Pi = Pii+ 3 reng) P i = P (Piipii + D keng) Pritixi)-

5. Output | xi = wi

=

v
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Solving LP using the GaBP algorithm
Extension to the primal dual algorithm

@ We have shown, that the primal-dual method can be computed
using GaBP by inverting the following matrix:

0 AT 1 Ax b — Ax
A 0 0 Ay | =| c—Aly—z |.
I 0 Z7'X Az pZ=1'1-X

@ In general, this method can be extended whenever the Newton
method is used.

Danny Bickson (IBM) LP via GaBP - ThA6.1 Allerton 2008 12/20



Solving LP using the GaBP algorithm

GaBP Convergence and Exactness

Theorem [Weiss and Freeman,01,Claim 4]

If the matrix A is strictly diagonally dominant (i.e., |Ai| > >, [Ayl, Vi),
then the GaBP solver converges and the marginal means converge to
the true solution.

v

Theorem [Johnson et al. ;06,Proposition 2]

If the spectral radius (maximum of the absolute values of the
eigenvalues) p of the matrix |I, — A| satisfies p(|I, — A|) < 1, then the
GaBP solver converges and the marginal means converge to the true
solution.
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New convergence reuslts
New convergence results

Weiss’ Convergence Proof

@ Based on the work on Weiss which uses the pairwise potentials
model

p(x) o Iiepy(e, ) i (i),
Yij(xix;) = exp(—1/2(x; x)" Vii(xi x7)),

Ell" l;i'
Vi = A
! ( bji  ¢ij )
@ Assuming the optimal solution is x*, for a desired accuracy ¢||b||~
where ||b||oc = max; |b;|, and b is the shift vector, we need to run

the algorithm for at most 7 = [log(e)/log(3) ] rounds to get an
accuracy of [x* — x;| < €||b||oo Where

B = e |bij /€.

v
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New convergence reuslts

@ We use the information form p(x) o exp(—1/2x" Ax + b”x).

@ The decomposition of the matrix A into pairwise potentials is not
unique. Any decomposition should be subject to:

by =Ay,  Xici= A

@ Assuming the matrix A is diagonally dominant, we define ¢; to be
the non negative gap

Ei £ |Aii| — Ej|Aij| > 0.
and the following decomposition

bij = Aij7 Eij - Aij + gi/|N(i)”

where |N(i)| is the number of graph neighbors of node i.
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New convergence reuslts

@ Following Weiss, we define ~ to be

1bij| |4 _
gl layl +&i/IN()]

v = max

1
= max < 1. (3)
iy 14 ei/(lay|[NG))
@ In total, we get that for a desired accuracy of ¢||b||o, we need to
iterate for r = [log(€)/log(y)] rounds. Note that this is an upper
bound and in practice we indeed have observed a much faster

convergence rate.

@ The computation of the parameter v can be easily done in a
distributed manner: Each node locally computes ¢;, and
v = max; 1 /(1 + |a;|e;/N(i)). Finally, one maximum operation is
performed globally, v = max; ;.
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Application to Interior-point methods

Computational overhead

Karmarkar algorithm
@ Number of rounds n.
@ On a dense constraint matrix, work on each round is O(n*?).
@ Total of O(n*?).

Using GaBP

@ Number of rounds n.

@ Work on each round O(nplog(e)/log(7y)).
@ In total we get O(n?plog(¢) /log(v))
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Experimental results
Toy linear program
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Conclusion
Conclusion

@ We have shown how to efficiently and distributively apply the
GaBP algorithm for solving linear programs using interior point
methods.

@ Unlike previous approaches which use global convexity, using
discrete variables we use local approximations using continuous
variables.

@ We provide a new upper bound on the convergence speed of the
GaBP algorithm.
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Conclusion

THANK YOU!
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