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ABSTRACT
The common approach to manipulating probabilistic data
is to evaluate relational queries and calculate the probabil-
ity of each tuple in the result. It ignores the possibility
that the probabilities of complete answers are too low and,
hence, partial answers (with sufficiently high probabilities)
become important. Thus, we propose a semantics that de-
fines maximal answers (i.e., the degree of incompleteness is
minimized) with respect to a given probability threshold.

We investigate the complexity of joining relations under
the proposed semantics. In contrast to the deterministic
case, this approach gives rise to two different enumeration
problems. The first is finding all maximal sets of tuples
that are join consistent, connected and have a probability
above the threshold. The second is computing all maximal
tuples that are answers of partial joins and have a proba-
bility above the threshold. Both problems are tractable un-
der data complexity. Under query-and-data complexity, it
becomes inefficient to compute all partial answers and then
choose the maximal ones with respect to the given threshold.
We give efficient algorithms for several important cases and
show that, in general, the first problem is NP-hard whereas
the second is #P-hard.

Categories and Subject Descriptors
H.2.4 [Database Management]: Systems—Query process-
ing, Relational databases

General Terms
Algorithms
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1. INTRODUCTION
The common approach to evaluating queries over prob-

abilistic data is to apply the usual semantics of relational
algebra and compute the probability of each tuple in the
result [4, 10, 9, 11, 13, 18, 1]. This approach may pro-
duce answers with probabilities that are too low to be of
interest. When data have probabilities, there is a tradeoff
between complete answers (i.e., without null values) that
have rather low probabilities and partial answers that carry
less information but have higher probabilities. In ordinary
databases, by comparison, there is no such tradeoff, because
if a complete answer subsumes a partial one, then the latter
is deemed meaningless. But when probabilities are taken
into account, partial answers may have much higher proba-
bilities and, hence, be more meaningful. We illustrate this
phenomenon with a few examples.

Consider the three relations of Figure 1 (but ignore col-
umn E for now). Note that each tuple is identified as ti,
where 1 ≤ i ≤ 10. Suppose that the query is the natural
join of the three relations (Person is the only common at-
tribute, since column E is ignored). A complete answer is
obtained by joining three tuples, one from each relation; for
example, t1 1 t4 1 t7 is a complete answer. A partial an-
swer is a join of fewer than three tuples, e.g., t1 1 t7. We
are interested in a partial answer if it is maximal, namely,
not subsumed (i.e., not part of) another answer that carries
more information. For example, the partial answer t1 1 t7 is
not maximal, because it is subsumed by t1 1 t4 1 t7. Since
there is no tuple with the value “Johnson” in the Professors
relation, t2 1 t8 is a maximal but not a complete answer.

Now, suppose that we take probabilities into account. In
Figure 1, the probability of each tuple is given in column
E inside parentheses. The complete answer t1 1 t4 1 t7
has the probability 0.9 · 0.5 · 0.9 = 0.405 (i.e., the product of
the probabilities of the three tuples) whereas the probability
of the partial answer t1 1 t7 is 0.9 · 0.9 = 0.81, which is
much higher. If the underlying semantics of queries is the
usual one (i.e., answers are always complete) and the user is
interested only in answers with a probability of at least 0.5,
she will not get any information about Smith.

The above example shows that partial answers must be
taken into account in order to provide users with meaning-
ful results. One may think that it can be done by computing
maximal answers and finding the ones that have sufficiently
high probabilities. However, this straightforward approach
does not really solve the problem, as shown by the next ex-
ample (assuming, once again, that we are interested only in
answers that have a probability of at least 0.5). Both t1 1 t7
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and t2 1 t8 have probabilities (0.81 and 0.64, respectively)
above the threshold of 0.5, but only the latter is maximal
whereas the former is subsumed by t1 1 t4 1 t7, which has
the probability 0.405. Hence, the user will get the maximal
answer t2 1 t8 about Johnson, but no answer at all about
Smith. Yet, t1 1 t7 supplies exactly the same type of in-
formation about Smith, with even a higher probability, as
t2 1 t8 does about Johnson.

It thus follows that probabilities should play a role in
defining maximal answers, because merely superimposing
probabilities on an existing semantics for maximal answers
(e.g., [16, 6, 14]) creates unexpected anomalies. In other
words, in a probabilistic data model, it only makes sense
to evaluate queries with respect to a threshold (specified by
the user) that determines the minimal amount of certainty
that answers should have. The threshold is actually a tool
for defining maximal answers and not merely a filter for se-
lecting answers that pass a certain level of certainty among
those that are plainly maximal (according to a notion that
does not incorporate probabilities).

Thus, we define maximal answers as follows. We assume
that the user specifies a threshold p (0 ≤ p ≤ 1). When
joining several relations, we consider all partial answers that
have a probability of at least p and select the maximal ones.
For example, if p = 0.5, then t1 1 t7 is a maximal answer.
But if we choose p = 0.4, then t1 1 t4 1 t7 is maximal
whereas t1 1 t7 is not.

We propose a model of probabilistic relational databases
(p-rdbs) in which every tuple is associated with an atomic
event. An instance I of a p-rdb is a regular database that
corresponds to a set of events V (and comprises the tuples
produced by those events). The probability of I is the same
as the probability that exactly the events of V occur. In our
model, an event can produce multiple tuples in several rela-
tions and, moreover, some events can be mutually exclusive,
i.e., only one them can occur. Thus, our model is similar to,
yet more general than that of [10], but they analyze evalu-
ation of general SQL queries under data complexity.

We investigate two types of partial answers. One is based
on tuples that are produced by partial joins whereas the
second involves sets of tuples from the database that yield
results of the first type. In the database of Figure 1, there is
a one-to-one correspondence between the partial answers of
these two types. But sometimes different sets of tuples from
the database can produce the same result. For example,
consider the database of Figure 2. When viewing results of
partial joins, t1 1 t2 and t1 1 t3 are the same. But the sets
{t1, t2} and {t1, t3} are different witnesses of the result u7

(where u7 = t1 1 t2 = t1 1 t3). When defining maximal
answers in regular databases, these two types of partial an-
swers lead to the same concept of full disjunction [14], which
is tractable [17, 7, 5]. But when probabilities are taken into
account, there could be a difference, because u7 is likely
to have a higher probability than that of either {t1, t2} or
{t1, t3}. The bottom line is that computing maximal sets of
tuples is more tractable. Arguably, it also seems more suit-
able in practice, since it is important to know how results of
partial joins are derived rather than merely getting them.

We show that under data complexity, both types of max-
imal answers can be computed efficiently. However, query-
and-data complexity is the real measure of efficiency, since
computing all partial answers and then selecting those that
have a probability above the threshold is hardly a practical

approach. In addition, the running time should be computed
as a function of the combined size of the input and the out-
put [15], since there could be exponentially-many maximal
answers (in the size of the input).

Generally, computing either type of maximal answers is
intractable, under query-and-data complexity. Nevertheless,
in Sections 4, we show that computing maximal sets of tu-
ples is tractable in several, practically significant cases. The
most important one is γ-acyclic databases [2, 3, 12, 19, 25]
in which the same event does not occur in different relations
(each of the two conditions alone does not make the problem
tractable). Other cases are database schemes, such that ev-
ery two relations have some shared attributes (e.g., Figures 1
and 2), and databases with special types of probabilities.

In Section 5, we show that in all of the above special cases,
the problem of computing maximal tuples (that are pro-
duced by partial joins) remains intractable. One approach
to overcome this difficulty is to identify cases where both
types of maximal answers are equivalent. Clearly, one such
case is when every relation has a unique attribute. An-
other case is γ-acyclic database schemes without contain-
ments among the relation schemes. It thus follows that this
case is tractable if the same event does not occur in different
relations. The same is true for tree schemes, even if there
are containments among the relation schemes.

Our tractability results are derived from an algorithm
(given in Sections 4) that reduces the problem of comput-
ing maximal sets of tuples to a related decision problem.
Rather surprisingly, we are able to show that this reduction
is optimal in the following sense. If, for a given class of
schemes, the decision problem is intractable, then no algo-
rithm can efficiently enumerate maximal sets of tuples (un-
less P=NP). Thus, no algorithm captures more classes of
database schemes than ours.

2. PRELIMINARIES

2.1 Relations, Databases and Schemes
We define relations, tuples and attributes in the usual way.

Attr(R) and Attr(t) denote the sets of attributes of the re-
lation R and the tuple t, respectively. Given an attribute
A ∈ Attr(t), we use t[A] to denote the value of t for A. A
relational database (rdb) is a collection of relations. By a
slight abuse of notation, we use t ∈ D to denote the fact
that the tuple t belongs to one of the relations of the rdb
D. Since relations are just sets of tuples, R′ ⊆ R simply
means that the relation R′ is obtained by deleting zero or
more tuples from the relation R. Similarly, D′ ⊆ D denotes
that the rdb D′ is the result of deleting zero or more tuples
of the rdb D.

A database scheme (or just scheme) is a sequence S =
(A1, . . . ,Ak), where each Ai is a set of attributes. We
say that the rdb D is over S if it consists of k relations
R1, . . . , Rk, such that Attr(Ri) = Ai for all 1 ≤ i ≤ k. The
set Ai is called the relation scheme (or just scheme) of Ri.
Note that two distinct relations may have the same scheme
and, hence, a database scheme is a sequence rather than a
set. If, indeed, there are multiple relations with the same
set of attributes, then we assume that each one has a unique
name, in addition to its scheme.

The join graph of a database scheme S, denoted by G(S),
is an undirected graph that has a distinct node ni for each
Ai and has an edge between every two nodes ni and nj , such
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Researchers

Person Company E

t1 Smith Yahoo e1(0.9)
t2 Johnson IBM e2(0.8)
t3 Adams Google e3a(0.5)

Professors

Person Institute E

t4 Smith MIT e4(0.5)
t5 Adams Princeton e5a(0.1)
t6 Adams Berkeley e5b(0.05)

Projects

Person Project Role E

t7 Smith TagLines Res. e6(0.9)
t8 Johnson Clio Res. e7(0.8)
t9 Adams G. Base Res. e3a(0.5)

t10 Adams TagLines Man. e3b(0.4)

Distributions (X)

x1 e1(0.9)
x2 e2(0.8)
x3 e3a(0.5), e3b(0.4)
x4 e4(0.5)
x5 e5a(0.1), e5b(0.05)
x6 e6(0.9)
x7 e7(0.8)

Figure 1: A p-rdb P with the set of relations DE (on the left) and the set of distributions X (on the right)

that 1 ≤ i < j ≤ k and Ai ∩ Aj 6= ∅. We assume that G(S)
is connected, or else all the problems that we address can
be solved for each connected component separately.

We consider three specific classes of database schemes.
Sclique is the class of all database schemes S, such that G(S)
is a clique. For example, if there is an attribute that appears
in all the relations of the database, then the scheme is in
Sclique. The class Stree consists of all database schemes S,
such that G(S) is a tree. Finally, Sγ is the class of all γ-
acyclic database schemes [12]. Note that Stree ( Sγ .

2.2 Enumeration Algorithms
An enumeration algorithm Alg generates, for a given input

y, a sequence a1, . . . , am of answers. Each ai is produced by
the operation print(·). We say that Alg(y) enumerates the
set M if, during the execution of Alg(y), every element of
M is produced exactly once. Next, we discuss measures of
efficiency for enumeration algorithms.

Polynomial time is not a suitable yardstick of efficiency
when analyzing an enumeration algorithm, since the size of
the output could be much larger (e.g., exponentially larger)
than the size of the input. In [15], several definitions of
efficiency for enumeration algorithms are discussed. The
weakest definition is polynomial total time, where the run-
ning time is polynomial in the combined size of the input
and the output. Two stronger definitions consider the time
that is needed for generating the ith element, after the first
i− 1 elements have already been created. Incremental poly-
nomial time means that the ith element is generated in time
that is polynomial in the combined size of the input and the
first i − 1 elements. The strongest definition is polynomial
delay, which means that the ith element is generated in time
that is polynomial only in the input.

3. PROBABILISTIC RDBS

3.1 Modeling Probabilistic Data
Probabilistic data is produced by events. We use the at-

tribute E to specify the event ei that creats each tuple (see
Figure 1). The tuples produced by each event are predeter-
mined, but the events themselves are randomly generated
according to some given distributions. By a slight abuse of
terminology, we view a distribution as a finite set of events.
Formally, a distribution x assigns a probability Pr(e) ∈ (0, 1]
to each event e ∈ x. We assume that

P
e∈x Pr(e) ≤ 1 and

denote the sum
P

e∈x Pr(e) by Pr(x). By definition, each
distribution x is mutually exclusive in the sense that it gen-

erates at most one event. That is, the joint probability of
two or more events of x is 0. Therefore, the probability that
no event of x occurs is 1−Pr(x). Different distributions are
independent and pairwise disjoint (i.e., do not contain the
same event).

A probabilistic rdb (p-rdb) is a pair P = (DE , X), such
that DE is a set of relations and X is a set of distributions.
The superscript E emphasizes that every relation RE of DE

uses the special attribute E in order to specify the event that
produces each tuple. We say that an attribute is ordinary
if it is other than E. When talking about the database
scheme of a p-rdb, we only consider the ordinary attributes
(and ignore the special attribute E).

As an example, Figure 1 shows a p-rdb P = (DE , X)
with three relations and a set of distributions X (on the
right side). Next to each event, the probability is shown
inside parentheses. For example, e1 is the only event of the
distribution x1 and it has the probability 0.9. The distri-
butions x2, x4 and x7 are also singletons, while each of x3

and x5 contains two events. So, for example, e3a and e3b are
mutually exclusive, yet e5a and e3a are independent.

The ability of an event to generate multiple tuples, in
one or more relations, is essential for modeling probabilistic
data properly. The reason is that for some given pieces of
information, we may know that either they exist together or
none of them is valid. For example, the information about
Adams in tuples t3 and t9 was presumably obtained from
the same source and, hence, these tuples are generated by
the same event e3a that has the probability 0.5.

An attempt to model conditional probabilities is rather
difficult and, so, the best that we can do is to assume that
different sources of information are independent. For exam-
ple, the information about Smith in each of the tuples t1,
t4 and t7 was obtained from a different source and, hence,
these tuples are generated by three distinct events.

However, sometimes we may know that two pieces of data
cannot both be valid, even if they are collected from dif-
ferent sources. For example, the same person cannot be
an employee of two competing companies at the same time.
In such situations, mutual exclusion becomes an important
modeling tool. For example, Adams cannot work for Yahoo
and Google at the same time. So, the event e3a generates
the tuples t3 and t9 that pertain to his work in Google while
a second event from the same distribution, e3b, creates the
tuple t10 that is about his work in a project of Yahoo.

We say that a p-rdb is localized if each event appears in
only one relation (where it can have multiple occurrences).
For example, the p-rdb P of Figure 1 is not localized, since
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e3a appears in two different relations. P would become lo-
calized if the tuple t9 was removed. A stronger notion is
relation independence, which means that all the events of
the same distribution can generate tuples in only one rela-
tion (hence, if two events appear in different relations, then
they cannot belong to the same distribution and, thus, are
independent). If all the distributions are singletons, then
localization and relation independence are the same.

The probabilistic data model of [10] does not allow mutual
exclusion (i.e., all distributions are singletons) and assumes
relation independence. Hence, it is more restricted than our
framework.

3.2 Instances
Consider a p-rdb P = (DE , X). We use π↓E to denote

the operation of projecting out (i.e., erasing) column E. We
apply π↓E to a relation or a tuple of P, as well as to sets of
relations or sets of tuples.

A set of events S is feasible if it has at most one event from
each distribution of X. We say that D̂E is a p-instance
of P if there is a feasible set of events S, such that D̂E

comprises all the tuples produced by the events of S (hence,

D̂E ⊆ DE). If D̂E is a p-instance, then I = π↓E(D̂E) is an
ordinary instance (or just instance for short). I(P) denotes
the set of all instances (i.e., possible worlds) of P.

We assume that an instance I corresponds to exactly one
p-instance D̂E and, hence, to a unique feasible set of events.
Concretely, it means that distinct events cannot generate
identical tuples in the same relation. Formally, for all re-
lations RE of DE , there are no duplicates in the relation
π↓E(RE). In other words, RE cannot have distinct tuples
that are equal on all their ordinary attributes.

Two distinct relations of DE may have the same set of
attributes. If so, tuples are augmented with their relation
names, thereby ensuring that tuples from different relations
are always distinct entities. Thus, for each tuple of DE , the
value in column E is uniquely determined by the values of
the other attributes (and the relation name, if necessary).

Let S be a feasible set of events. The probability that
exactly the events of S occur is

Y
e∈S

Pr(e)
Y

(x∈X)∧(x∩S=∅)
(1− Pr(x))

i.e., the product of the probabilities of the events of S and
the probabilities that distributions without representatives
in S generate no events. We also call it the probability of S.
The probability of an instance I ∈ I(P), denoted by Pr(I),
is the same as the probability of the unique feasible set of
events that corresponds to I.

4. MAXIMAL JCC TUPLE SETS
Consider a p-rdb P = (DE , X). Let t be a tuple of an

instance I ∈ I(P). We use tE to denote the unique tuple of
DE that corresponds to t. Similarly, if T is a set of tuples
of I, then T E is the set of the corresponding tuples of DE .
Tuples and sets of tuples of DE are usually (but not always)
written as tE and T E , respectively; however, even if E is
omitted, t and T are the same as tE and T E , respectively.

We use ∆ to denote a set of relations that is either DE or
an instance of P. Two tuples t1 and t2 of ∆ are join consis-
tent if they are equal on every ordinary attribute (i.e., other
than E) that appears in both of them (hence, they cannot

be from the same relation). A tuple set T of ∆ is any set of
tuples from ∆. The tuple set T is join consistent if every
two tuples of T are join consistent and, moreover, the set
of events that appear in T , denoted by πE(T ), is feasible.
(Note that the latter part is nontrivial only if ∆ is DE ; oth-
erwise, it always holds.) The tuple set T is connected if its
join graph G(T ) is connected. G(T ) is an undirected graph
with nodes that correspond to the tuples of T and edges
that connect pairs of tuples that have at least one ordinary
attribute in common.1 Finally, T is JCC if T is both join
consistent and connected.

Example 1. In the p-rdb P of Figure 1, both {t1, t4} and
{t1, t4, t7} are JCC tuple sets. But {t1, t4, t8} is not a JCC
tuple set, since t1 and t8 (and also t4 and t8) do not agree
on the attribute Person. The set {t3, t5, t9} is JCC, but
{t3, t5, t10} is not because t3 and t10 have mutually exclusive
events.

C(∆) denotes the set of all JCC tuple sets of ∆. Let
T ⊆ C(∆). T is a maximal tuple set of T if T ∈ T and T is
not properly contained in any other tuple set of T .

If ∆ = DE , then we usually write C(P) instead of C(DE).
Similarly, if T E ∈ C(P), then we say that T E is a JCC tuple
set of P. If T is a maximal tuple set of C(P), then T is just
maximal.

Example 2. Consider the p-rdb P1 of Figure 2. The sec-
ond table from the right shows C(P1). Each tuple set is
identified as Ti (1 ≤ i ≤ 12) and also written explicitly in
the middle column. Note that the first row of the table
defines Ti for i = 1, . . . , 6. (The column Pr(T ) gives the
probability of each tuple set, as explained in the next sec-
tion.) Let T = {T1, . . . , T9}. The maximal tuple sets of T
are T4, T5, T6 and T9. The maximal tuple sets of C(P1) are
T6, T9, T11 and T12.

4.1 Probable JCC Tuple Sets
Observe the following. If T is a JCC tuple set of an in-

stance I ∈ I(P), then T E is a JCC tuple set of DE . Con-
versely, if T E is a JCC tuple set of DE , then π↓E(T E) is a
JCC tuple set of one or more instances of I(P).

Consider a JCC tuple set T E of P, i.e., T E ∈ C(P). We
define the probability of T E , denoted by Pr(T E), as the
probability that a random instance of I(P) has π↓E(T E)
as one of its JCC tuple sets. The following proposition is
straightforward.

Proposition 4.1. Consider a JCC tuple set T E of P.
Let S = πE(T E). Then, Pr(T E) =

Q
e∈S Pr(e).

As an example, Figure 2 shows the probability of each
tuple set of the p-rdb P1 in the column labeled with Pr(T ).

Given a threshold p ∈ [0, 1], we use C≥p(P) to denote the
set {T E | T E ∈ C(P) and Pr(T E) ≥ p}. Cmax

≥p (P) denotes
the set of all the maximal elements of C≥p(P).

Example 3. Consider the p-rdb P1 of Figure 2. If the
threshold is 0.5, then C≥0.5(P1) = {T1, . . . , T5, T12} and
Cmax
≥0.5(P1) = {T1, T2, T3, T12}. For the threshold of 0.4, we

get that C≥0.4(P1) = {T1, . . . , T5, T7, T8, T10, T11, T12} and
Cmax
≥0.4(P1) = {T7, T8, T10, T11, T12}.
Definition 4.2. ProbableJCC is the problem of enumer-

ating Cmax
≥p (P), given a p-rdb P and a threshold p ≥ 0.

1Some of our results hold also for other notions of join con-
sistency and connectivity, e.g., equijoin or theta-join.
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DE

A B C E

t1 1 1 1 e1(0.7)
t4 1 2 2 e4a(0.6)

A D E

t2 1 1 e2(0.7)

B D E

t3 1 1 e3(0.7)

t5 2 2 e4a(0.6)

t6 2 3 e4b(0.3)

X

x1 e1(0.7)
x2 e2(0.7)
x3 e3(0.7)
x4 e4a(0.6), e4b(0.3)

C(P1)

T Pr(T )

Ti {ti} Pr(ti[E])
T7 {t1, t2} 0.49
T8 {t1, t3} 0.49
T9 {t1, t2, t3} 0.343

T10 {t2, t3} 0.49
T11 {t2, t4} 0.42
T12 {t4, t5} 0.6

J (P1)

u A B C D Pr(u)

u1 1 1 1 ⊥ 0.7
u2 1 ⊥ ⊥ 1 0.7
u3 ⊥ 1 ⊥ 1 0.7
u4 1 2 2 ⊥ 0.6
u5 ⊥ 2 ⊥ 2 0.6
u6 ⊥ 2 ⊥ 3 0.3
u7 1 1 1 1 0.637
u8 1 1 ⊥ 1 0.49
u9 1 2 2 1 0.42

u10 1 2 2 2 0.6

Figure 2: A p-rdb P1 and the sets C(P1) and J (P1)

Algorithm ProbableJCC(P, p)

1: C,Q ← ∅
2: T E

0 ←Maximize(P, p, ∅)
3: print(T E

0 )
4: Q.insert(T E

0 )
5: while Q 6= ∅ do
6: T E ← Q.remove()
7: C.insert(T E)
8: for all tuples tE ∈ P do
9: T E

m ←MaxJCCSubset(P, T E , tE)
10: for all T̄ E ∈MxEvCvrs(P, p, T E

m , {tE [E]}) do

11: T̂ E ←Maximize(P, p, T̄ E)

12: if T̂ E /∈ Q ∪ C then
13: print(T̂ E)

14: Q.insert(T̂ E)

Figure 3: Computing Cmax
≥p (P)

4.2 The Complexity of ProbableJCC
In this section, we consider the query-and-data complexity

of ProbableJCC. (Proposition 4.1 implies that ProbableJCC
is tractable under data complexity.) Our first result shows
how to reduce the enumeration problem ProbableJCC to the
decision problem EventCover that is defined as follows.

Consider a p-rdb P and a threshold 0 ≤ p ≤ 1. Let T E

be a JCC tuple set of P and ev be a feasible set of events.
We say that T E covers ev if ev ⊆ πE(T E). We denote by

C⊇ev
≥p (T E) the set of all JCC subsets T E

c of T E , such that

T E
c covers ev and Pr(T E

c ) ≥ p.

Example 4. Consider the JCC tuple set T9 of P1 (Fig-
ure 2). Suppose that ev = {e2}. For the threshold of

0.5, only the JCC subset {t2} of T9 is in C⊇ev
≥0.5(T9). If the

threshold is 0.4, then C⊇ev
≥0.4(T9) = {{t1, t2}, {t2, t3}}. If ev =

{e1, e2}, then C⊇ev
≥0.5(T9) is empty and C⊇ev

≥0.4(T9) = {{t1, t2}}.
Definition 4.3. EventCover is the problem of deciding,

given a JCC tuple set T E, a set of events ev and a threshold
p ≥ 0, whether C⊇ev

≥p (T E) 6= ∅.

4.2.1 The Algorithm
If all events have probability 1, then Cmax

≥p (P) is the same
as the full-disjunction operator. In other words, Cmax

≥p (P)

consists of all the maximal JCC tuple sets, i.e., maximal
elements of C(P). So, our approach is to use the algorithm
of [5] that is based on the following idea. If T is a maximal
JCC tuple set, then another maximal JCC tuple set can be
obtained from T as follows. Choose a tuple t that is not in T
and do the following. First, remove from T ∪ {t} all tuples
that are not join consistent with t. Second, consider the
join graph of the remaining tuples, and let T̄ be the set of
all the tuples that appear in the same connected component
as t. We can now apply a greedy algorithm that iterates
over all tuples t̄ of the database and adds t̄ to T̄ if both join
consistency and connectedness are preserved. The result is
a maximal JCC tuple set T̂ . The above idea can be applied
again to T (with a tuple other than t) and also to T̂ , in order
to get more maximal JCC tuple sets.

When the probabilities are not necessarily 1, we cannot
add t̄ to T̄ if the probability of T̄ ∪ {t̄} is below the thresh-
old. Moreover, the probability of the initial T̄ may already
be below the threshold. Nevertheless, if we first find all max-
imal JCC subsets of T̄ that have a probability of at least p,
then we can continue with the original approach by greedily
extending each one of these subsets (but as we show later,
finding these maximal subsets is not a straightforward task).
The exact details are given below.

The algorithm ProbableJCC(P, p) of Figure 3 computes
Cmax
≥p (P). (We assume that this algorithm is applied only if

the p-rdb has a tuple with a probability of at least p, or else
the result is empty.) It uses two repositories, C and Q, that
store elements of Cmax

≥p (P). (Operations on both C and Q
take logarithmic time in the number of elements.) C holds
the tuple sets that have already been printed and processed
(i.e., used in order to generate other elements of Cmax

≥p (P))
whereas Q stores tuple sets that have been printed but not
yet processed. Both C and Q are initially empty. Line 2 exe-
cutes the greedy algorithm Maximize(P, p, ∅) that extends
the empty set into an arbitrary element T E

0 of Cmax
≥p (P), by

repeatedly adding tuples as long as the result is in C≥p(P).
In Lines 3–4, T E

0 is printed and then inserted intoQ. Lines 6–
14 are repeatedly executed until Q is empty. We first remove
an element T E from Q and place it in C (Lines 6–7). Next,
the loop of Lines 9–14 is executed for all tuples tE of P. In
Line 9, we apply the algorithm MaxJCCSubset(P, T E , tE)
that computes the maximal JCC subset T E

m of T E ∪ {tE}
that contains tE , as explained in the first paragraph of this
section (the pseudo code is omitted). Note, however, that
the probability of T E

m may be smaller than p. So, this is the
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point where our algorithm becomes substantially different
from that of [5].

Lines 11–14 are executed for all maximal subsets T̄ E of
T E

m , such that tE ∈ T̄ E and Pr(T̄ E) ≥ p. These subsets are

exactly the same as the maximal tuple sets of C⊇ev
≥p (T E

m),

where ev is the singleton containing the event of tE . Thus,
the algorithm MxEvCvrs, which is described below, is used
for enumerating max(C⊇ev

≥p (T E
m)), i.e., the set of maximal

elements of C⊇ev
≥p (T E

m).

In Line 11, each T̄ E is extended to an arbitrary tuple
set T̂ E ∈ Cmax

≥p (P) by calling Maximize(P, p, T̄ E). Finally,

if T̂ E is in neither Q nor C (i.e., the test of Line 12 is

true), then T̂ E is printed and inserted into Q. The fol-
lowing lemma shows the correctness and efficiency of the
algorithm ProbableJcc.

Lemma 4.4. If the subroutine MxEvCvrs(P, p, T E , ev)

enumerates max(C⊇ev
≥p (T E)) in incremental polynomial time,

then the algorithm ProbableJCC(P, p) computes Cmax
≥p (P)

in incremental polynomial time.

We now describe the algorithm MxEvCvrs(P, p, T E , ev)

of Figure 4 for enumerating max(C⊇ev
≥p (T E)), where T E is a

JCC tuple set of P, ev is a set of events and 0 ≤ p ≤ 1. This
algorithm employs an oracle (which is discussed later) for

deciding whether C⊇ev
≥p (T E) is empty. The oracle is applied

in Line 1 and if the test is true, then the algorithm returns
the empty result. Note that, in particular, if T E does not
cover ev , then the test is true. In fact, just testing whether
T E does not cover ev is sufficient for correctness, but not
for achieving an enumeration with polynomial delay.

Line 2 tests whether Pr(T E) ≥ p and if so, then T E itself

is the only maximal tuple set of C⊇ev
≥p (T E). So, the algo-

rithm terminates after printing T E . Line 6 chooses an event
em that has the minimal probability among the events that
appear in T E but not in ev . Now, consider the tuple set
T E
−em

that is obtained from T E by removing all the tuples

that have the event em. Clearly, T E
−em

is join consistent

but not necessarily connected. So, let T E
1 , . . . , T E

k be the
partition of T E

−em
into connected components, according to

the join graph G(T E
−em

). Note that a maximal element of

C⊇ev
≥p (T E

i ), where 1 ≤ i ≤ k, is also a maximal JCC tuple

set of C⊇ev
≥p (T E) if and only if the test of Line 11 is true,

i.e., Pr(T E
i ) · Pr(em) < p. (If this test is false, then there

is at least one tuple tE ∈ T E with the event em, such that
T E

i ∪{tE} is in C⊇ev
≥p (T E).) Thus, Lines 12 applies the algo-

rithm recursively to each T E
i , such that the test of Line 11 is

true, in order to generate the elements of max(C⊇ev
≥p (T E

i )).
It can be shown that the loop of Lines 10–12 enumerates
all the elements of max(C⊇ev

≥p (T E)) that do not include the
event em. So, in Line 13, the remaining elements are enu-
merated by recursively executing the algorithm after adding
the event em to ev . The correctness and efficiency of the
algorithm are shown in the next lemma. The proof is by
an induction on the number of events in T E that are not in
ev , i.e., the size of πE(T E) \ ev .

Lemma 4.5. MxEvCvrs(P, p, T E , ev) enumerates the el-

ements of max(C⊇ev
≥p (T E)). Furthermore, the delay is poly-

nomial if Line 1 takes polynomial time.

By Lemmas 4.4 and 4.5, the enumeration of Cmax
≥p (P) can

Algorithm MxEvCvrs(P, p, T E , ev)

1: if C⊇ev
≥p (T E) = ∅ then

2: return
3: if Pr(T E) ≥ p then
4: print(T E)
5: return
6: em ← an event e ∈ πE(T E) \ ev , s.t. Pr(e) is minimal
7: T E

−em
← {t ∈ T E | t[E] 6= em}

8: G1, . . . , Gk ← the connected components of G(T E
−em

)

9: T E
1 , . . . , T E

k ← the sets of nodes of G1, . . . , Gk, resp.
10: for i = 1 to k do
11: if Pr(T E

i ) · Pr(em) < p then
12: MxEvCvrs(P, p, T E

i , ev)
13: MxEvCvrs(P, p, T E , ev ∪{em})

Figure 4: Enumerating max(C⊇ev
≥p (T E))

be reduced to the decision problem EventCover. The follow-
ing theorem gives the formal result.

Theorem 4.6. Let S be a class of schemes. If for all (lo-
calized) p-rdbs over S, EventCover can be decided in polyno-
mial time, then ProbableJCC is in incremental polynomial
time.

4.2.2 Tractable Cases
By Theorem 4.6, the goal is to find an efficient decision

algorithm for EventCover. Unfortunately, as we prove later,
this problem is intractable in the general case. Now, we
show that EventCover can be solved efficiently in the case
of the three classes of database schemes that are defined in
Section 2. Recall that when deciding whether the scheme of
a p-rdb belongs to one of these classes, the special attribute
E is ignored.

When the database scheme is a clique, solving Event-
Cover is straightforward, because every join-consistent tu-
ple set is also connected. Given P, p, T E and ev , we only
need to verify that T E contains all the events of ev andQ

e∈ev Pr(e) ≥ p. If so, then C⊇ev
≥p (T E) is nonempty; other-

wise, it is empty. Therefore, we get the following corollary
of Theorem 4.6.

Corollary 4.7. ProbableJCC is in incremental polyno-
mial time for p-rdbs over Sclique.

We now consider a localized p-rdb over a γ-acyclic scheme.
Note that in localized p-rdbs, distinct tuples of a JCC tuple
set have distinct events. The algorithm MstPrbCvr of
Figure 5 tests, in Line 1, whether T E contains all the events
of ev . If so, it constructs a set T E

max of C⊇ev
≥0 (T E) that has

the highest probability among all the elements of C⊇ev
≥0 (T E).

Clearly, C⊇ev
≥p (T E) is nonempty if and only if Pr(T E

max) ≥ p.
Line 3 of Figure 5 constructs the set S consisting of all

the ordinary relation schemes of the tuples of T E . Line 4
computes the subset Sev of S that comprises the relation
schemes of tuples with events of ev . BD(S) is the Bachman
diagram of S. Recall that the nodes of BD(S) are actually
sets of attributes and, moreover, since S is γ-acyclic, BD(S)
is a tree. Line 5 constructs the subtree Bev of BD(S) that
is reduced w.r.t. Sev ; that is, all the relation schemes of Sev

appear among the nodes of Bev , but no proper subtree of
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Algorithm MstPrbCvr(T E , ev)

1: if ev 6⊆ πE(T E) then
2: fail
3: S ← {Attr(t) \ {E} | t ∈ T E}
4: Sev ← {Attr(t) \ {E} | t ∈ T E ∧ t[E] ∈ ev}
5: Bev ← the subtree of BD(S) that is reduced w.r.t. Sev

6: T E
max ← {t ∈ T E | t[E] ∈ ev}

7: for all maximal nodes M of Bev do
8: if 6 ∃R ∈ Sev , such that M ⊆ R then
9: T E

M ← {t′ ∈ T E |M ⊆ Attr(t′)}
10: tM ← a tuple t ∈ T E

M with a maximal Pr(t[E])
11: T E

max ← T E
max ∪ {tM}

12: return T E
max

Figure 5: Constructing a most probable tuple set
T E

max of C⊇ev
≥0 (T E) in a localized γ-acyclic p-rdb

Bev has this property. A node M of Bev is maximal if it is
not properly contained in another node of Bev .

In Line 6, T E
max is initialized to the set comprising the

tuples of T E that have events of ev . More tuples may have
to be added to T E

max, in order to make it connected. This is
done in the loop of Line 7 that iterates over all the maximal
nodes M of Bev . For each M , Line 8 tests whether Sev has
a relation scheme that contains M . If not, Lines 10 finds
the tuple tM with the highest probability among the tuples
of T E that include all the attributes of M . In Line 11, tM

is added to T E
max. The final value of T E

max is returned in
Line 12. The following lemma shows the correctness of this
algorithm. The proof of this lemma is rather intricate.
The heart of this proof is showing that each cover of ev
must contain, for each M , a distinct tuple that includes all
the attributes of M .

Lemma 4.8. Consider a localized γ-acyclic p-rdb P. Let
ev be a set of events and T E ∈ C(P). MstPrbCvr(T E , ev)

returns, in polynomial time, a set T E
max ∈ C⊇ev

≥0 (T E) that has

the maximal probability, or no set at all if ev 6⊆ πE(T E).

Thus, to solve EventCover, we run MstPrbCvr and test
whether the probability of the result is at least the threshold
p.

Theorem 4.9. ProbableJCC can be solved in incremen-
tal polynomial time for localized γ-acyclic p-rdbs.

4.2.3 Intractability
As said earlier, the algorithm of Figure 3 is a reduction

of the enumeration problem ProbableJCC to the decision
problem EventCover. In the previous section, we have shown
that for several classes of schemes, EventCover is tractable.
However, the next theorem shows that, in general, there
is no efficient algorithm for this decision problem. We
prove this theorem by using two different reductions from
SetCover.

Theorem 4.10. EventCover is NP-complete, even under
either one of the following two restrictions. The p-rdb is
localized or the scheme is a tree.

In light of the above, it seems that our approach to solv-
ing ProbableJCC is rather limited, since it is efficient only

when EventCover is tractable. Rather surprisingly, the next
theorem shows that our algorithm is optimal in the follow-
ing sense. If any algorithm can efficiently solve ProbableJCC
for all p-rdbs over a given class of schemes, then EventCover
is also tractable in that class of schemes. Thus, no algo-
rithm can capture more tractable classes of schemes than
the reduction of Figure 3. Essentially, the proof shows how
EventCover can be decided in polynomial time by using any
efficient algorithm for ProbableJCC (even one that runs in
polynomial total time rather than incremental polynomial
time).

Theorem 4.11. Let S be a class of schemes. If there is
a polynomial-total-time algorithm that solves ProbableJCC
for all (localized) p-rdbs over S, then there is a polynomial-
time algorithm that decides EventCover over those p-rdbs.

4.3 Other Tractable Cases
We now describe more common cases where ProbableJCC

is tractable. These cases are characterized in terms of prop-
erties of distributions, rather than database schemes.

We say that a p-rdb P has equally probable events if there
exists a number 0 < p < 1, such that the probability of each
event e of P is either 1 or p. For a number 0 < g < 0.5, we
say that P has g-bounded probabilities if each event e of P
satisfies either Pr(e) = 1 or g ≤ Pr(e) ≤ 1− g.

The following theorem says that if P has either equally
probable events or g-bounded probabilities (for some fixed
g), then ProbableJCC can be solved with polynomial delay
(regardless of the database scheme).

Theorem 4.12. Let 0 < g < 0.5 be fixed. ProbableJCC
can be solved with polynomial delay if

• The p-rdb has equally probable events; or

• The p-rdb has g-bounded probabilities.

5. PROBABILISTIC PARTIAL JOINS
Consider an instance I of a p-rdb P and a JCC tuple set

T of I. We define 1(T ) to be the tuple over all the ordinary
attributes of P that is obtained by joining the tuples of
T and adding columns with the null value for the missing
attributes. (The null value is denoted by ⊥ and we assume
that it does not appear in P.) Given an instance I ∈ I(P),
we use J (I) to denote the set {1(T ) | T ∈ C(I)}. The result
of partially joining the relations of P is defined as J (P) =
∪I∈I(P)J (I). Clearly, J (P) = {1(π↓E(T E)) | T E ∈ C(P)}.
Note that J (P) is a set and, hence, does not have multiple
copies of the same tuple; however, there are likely to be
subsumptions (as defined below) among the tuples of J (P).

Example 5. Figure 2 shows the p-rdb P1 and the sets
C(P1) and J (P1). As noted above, for each tuple ui of
J (P1), there is at least one JCC tuple set Tj ∈ C(P1), such
that ui = 1(π↓E(Tj)). Specifically, u1, . . . , u6 are obtained
from T1, . . . , T6, respectively. The tuple u7 of J (P1) is gen-
erated by three JCC tuple set of C(P1), i.e., u7 = 1(T7) =
1(T8) = 1(T9). Finally, u8, u9 and u10 are obtained from
T10, T11 and T12, respectively.

Consider two tuples t1 and t2 over the set of all the or-
dinary attributes. We say that t2 subsumes t1, denoted by
t1 v t2, if t2 is equal to t1 in every column where the latter is
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nonnull. If, in addition, t2 6= t1, then we say that t2 properly
subsumes t1. A maximal tuple of a set U is any tuple t ∈ U ,
such that t is not properly subsumed by another tuple of U .
In Figure 2, for example, u7 properly subsumes u1, u2, u3

and u8. The maximal tuples of J (P1) are u6, u7, u9 and
u10.

Consider a JCC tuple set T E of P and let t = 1(π↓E(T E)).
We define the probability of t, denoted by Pr(t), as the prob-
ability that a random instance I ∈ I(P) satisfies t ∈ J (I).
Note that Pr(t) ≥ Pr(T E), but equality does not necessarily
hold because several JCC tuple sets may yield the same t.
In Figure 2, for example, the tuple u7 ∈ J (P1) is in every
J (I), such that the instance I has the tuples π↓E(t1) and
either π↓E(t2) or π↓E(t3). Therefore,

Pr(u7) = 0.7 · (1− (1− 0.7) · (1− 0.7)) = 0.637,

that is, the probability that the event e1 and at least one of
the events e2 and e3 occur.

Given a threshold p ∈ [0, 1], we use J≥p(P) to denote the
set {t | t ∈ J (P) and Pr(t) ≥ p}. The set that consists of
all the maximal tuples of J≥p(P) is denoted by Jmax

≥p (P).
Note that when all the probabilities are 1, the set Jmax

≥p (P) is
actually the full disjunction [14, 22, 17, 7, 5] of the relations
of P (assuming that column E is ignored).

In Figure 2, for example, the tuple u7 is in Jmax
≥0.5(P1), but

none of the three JCC tuple sets of C(P1) that generates u7

is in Cmax
≥0.5(P1).

Definition 5.1. ProbablePJoin is the problem of com-
puting Jmax

≥p (P), given a p-rdb P and a threshold p ≥ 0.

Next, we discuss the complexity of ProbablePJoin.

5.1 Tractability under Data Complexity
In this section, we analyze the data complexity of Proba-

blePJoin, that is, we consider a fixed database scheme S and
the input is any p-rdb P over S (and a threshold p ≥ 0). Un-
der data complexity, we can generate all the tuples of J (P)
in polynomial time. Thus, if the probabilities are known, we
can find the subset J≥p(P) and choose its maximal tuples.
So, we now show that the probability Pr(t) of each tuple
t ∈ J (P) can be computed in polynomial time.

Consider a p-rdb P and a tuple t ∈ J (P). We define
J−1
P (t) to be the set of all tuples t′ of P, such that π↓E(t′) v

t. Note that J−1
P (t) is connected and every two tuples of

J−1
P (t) are join consistent, but (the set of events of) J−1

P (t)
is not necessarily feasible. Also observe that J−1

P (t) has at
most one tuple from each relation of P (since two distinct
tuples from the same relation of P cannot agree on all their
ordinary attributes).

We say that an instance I of P is a producer of t if
t ∈ J (I). Note that I is a producer of t if and only if
there is a JCC tuple set T E of P, such that T E ⊆ J−1

P (t),
1(π↓E(T E)) = t and all the tuples of π↓E(T E) are in I.

A JCC subset T E of J−1
P (t) is closed if for every tuple

u ∈ T E , all the tuples of J−1
P (t) that are created by the

event u[E] are in T E ; that is, there is no event that generates
some of the tuples of T E as well as some other tuples that
appear in J−1

P (t) \ T E .
For a given tuple t ∈ J (P), we partition all the producers

of t into pairwise disjoint subsets as follows. Each partition
corresponds to exactly one closed JCC subset T E of J−1

P (t),
such that 1(π↓E(T E)) = t. The partition for a particular
T E consists of all instances I of P, such that I includes all

Algorithm TupleProb(P, t)

1: pt ← 0
2: for all closed subsets T E ⊆ J−1

P (t) do
3: if T E is a JCC subset and 1(π↓E(T E)) = t then
4: O ← πE(T E)
5: v ←Q

e∈O Pr(e)
6: for all distributions x, such that x has some

events in J−1
P (t) but none in T E do

7: let e1, . . . , ek be all the events of x in J−1
P (t)

8: v ← v · (1−Pk
i=1 Pr(ei))

9: pt ← pt + v
10: return pt

Figure 6: Computing Pr(t)

the tuples of π↓E(T E) and none of the tuples of π↓E(J−1
P (t)\

T E). Note that the partitions are indeed pairwise disjoint,
because each tuple of an instance I corresponds to a unique
tuple of P.

For a closed JCC subset T E of J−1
P (t), the probability

of the partition corresponding to T E is the product of the
following probabilities.

• Pr(e) for each event e ∈ πE(T E).

• 1−Pk
i=1 Pr(ei) for each distribution x of P, such that

x has no event in T E and e1, . . . , ek are all the events
of x that appear in J−1

P (t).

Note that 1−Pk
i=1 Pr(ei) is the probability that the events

of x that appear in J−1
P (t) do not occur.

The probability of a tuple t ∈ J (P) is the sum of the
above products over all closed JCC subsets T E of J−1

P (t),
such that 1(π↓E(T E)) = t. The algorithm is summarized
in Figure 6. Under data complexity, J−1

P (t) has a fixed
number of subsets (since J−1

P (t) has at most one tuple from
each relation of P). Thus, we get the following lemma and
theorem.

Lemma 5.2. TupleProb(P, t) returns Pr(t) in polyno-
mial time under data complexity.

Theorem 5.3. ProbablePJoin is solvable in polynomial
time under data complexity.

Recall that the probability of a JCC tuple set T E is just
the product of the events of πE(T E). Not only is it easier
to compute Pr(T E), compared to the probability of a tuple
t ∈ J (P), but there is also the following important prop-
erty. If T̄ E ⊆ T E then Pr(T̄ E) ≥ Pr(T E). There is no
similar property for tuples of J (P); that is, t1 v t2 does not
necessarily imply that Pr(t1) ≥ Pr(t2). For example, in the
set J (P1) of Figure 2, the tuple u8 is properly subsumed by
u7 and also has a lower probability.

5.2 Query-and-Data Complexity
We now discuss the query-and-data complexity of the prob-

lem ProbablePJoin. In order to show intractable cases, we
define the decision version of ProbablePJoin.

Definition 5.4. D-ProbablePJoin is the problem of de-
termining, given a number n in unary representation, a p-
rdb P and a threshold p, whether |Jmax

≥p (P)| ≥ n.
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Let C be any class of problems that contains P. The fol-
lowing proposition shows that if D-ProbablePJoin is C-hard,
then ProbablePJoin cannot be solved efficiently (i.e., in poly-
nomial total time) unless C = P.

Proposition 5.5. If ProbablePJoin is solvable in poly-
nomial total time, then D-ProbablePJoin is solvable in poly-
nomial time.

The following theorem shows that under query-and-data
complexity, ProbablePJoin becomes (highly) intractable. In
particular, if ProbablePJoin can be computed in polynomial
total time, then P = P#P. Furthermore, this result holds
even if we assume the following. First, distinct tuples are
produced by independent events, namely, all distributions
are singletons and each event produces only one tuple. Sec-
ond, the database scheme is a clique. Recall that P#P is
the class of problems that can be solved by polynomial-time
machines that have an oracle to some #P-complete problem
(e.g., the number of satisfying assignments of a CNF for-
mula). Note that this class contains the whole polynomial
hierarchy [23]. The proof of this theorem uses a reduction
from #SetCover, i.e., given a collection S of subsets of a set
X , determine the number of subsets of S that cover X . This
problem is known to be #P-complete [21].

Theorem 5.6. The following results hold even for p-rdbs
over Sclique in which distinct tuples are produced by indepen-
dent events.

1. Computing Pr(t), given P and t, is #P-hard.

2. D-ProbablePJoin is P#P-hard.

5.2.1 Gamma-Acyclic Database Schemes
As the next theorem shows, assuming that the database

scheme is γ-acyclic does not make ProbablePJoin any eas-
ier, even over localized p-rdbs. Note that the proof of Theo-
rem 5.6 does not show hardness over γ-acyclic schemes. For
this case, we use a reduction from the problem of comput-
ing the permanent of a 0/1 square matrix (or, equivalently,
determining the number of complete matches in a bipartite
graph). In [24], this problem is shown to be #P-complete.

Theorem 5.7. The following results hold even for local-
ized p-rdbs over Sγ .

1. Computing Pr(t), given P and t, is #P-hard.

2. D-ProbablePJoin is P#P-hard.

Interestingly, the nonemptiness version of ProbablePJoin,
i.e., determining whether |Jmax

≥p (P)| ≥ 1, is in polynomial
time for γ-acyclic (and not necessarily localized) p-rdbs.
Thus, the importance of using the problem D-ProbablePJoin
(rather than nonemptiness).

If there are no different tuple sets T E
1 and T E

2 , such that
1((π↓E(T E

1 )) = 1((π↓E(T E
2 )), then 1(·) is a probability-

preserving bijection between C(P) and J (P). In this case,
we can compute Jmax

≥p (P) by generating the tuple sets of
Cmax
≥p (P) and applying the join to each one. Clearly, 1(·) is

a bijection if each relation of P has a unique attribute that
does not appear in any other relation. In γ-acyclic p-rdbs,
1(·) is not necessarily a bijection. However, as we show next,
it becomes a bijection if we add a reasonable requirement.

A database scheme S = (A1, . . . ,Ak) is containment free
if no relation scheme contains all the attributes of another
relation scheme, that is, if Ai ⊆ Aj (1 ≤ i, j,≤ k), then
i = j. We denote by S 6⊆γ the set of all database schemes that
are γ-acyclic and containment free.

Lemma 5.8. If P is over S 6⊆γ , then 1(·) is a probability-
preserving bijection between C(P) and J (P).

As a direct corollary of the above lemma and Theorems 4.9
and 4.12, we obtain the following result.

Theorem 5.9. The following hold for p-rdbs over S 6⊆γ .
ProbablePJoin is solvable in incremental polynomial time
if the p-rdb is localized. It is solvable with polynomial delay
in the case of either equally probable events or g-bounded
probabilities (for some constant 0 < g < 0.5).

Another interesting case is a tree scheme. In this case, the
scheme is γ-acyclic, but A ⊆ A′ can hold for two relation
schemes A and A′. When there are more than two relations
(and the scheme is connected), the containment must be
proper. We can reduce this case to the case of schemes in
S 6⊆γ by eliminating each relation R, such that the relation
scheme of R is contained in another relation scheme R′.
This is done as follows. Let t be a tuple of R. We can show
that every tuple of J (P) that properly subsumes t must
also subsume a tuple of R′. Thus, t is relevant to a tuple
t̂ ∈ J (P) only if t = t̂. Therefore, we check whether either
Pr(t) < p or t is subsumed by a tuple t′ of R′, such that
Pr(t′[E]) ≥ p. If not, then we print t. After considering all
tuples t of R, we remove R from P. Consequently, we get the
following theorem. Note that the lower bound is obtained
by adapting the proof of Theorem 4.10 to tree schemes.

Theorem 5.10. The following hold for p-rdbs over Stree.
D-ProbablePJoin is NP-complete and ProbablePJoin is solv-
able in incremental polynomial time for localized p-rdbs.

6. CONCLUSION
We have studied the problem of maximally joining proba-

bilistic relational data. In contrast to full disjunctions [14],
there are two different interpretations of maximal answers:
(1) maximal tuples that are produced by partial joins, and
(2) maximal JCC tuple sets. In both cases, the query is
meaningless unless the user specifies a threshold that deter-
mines the amount of certainty (i.e., probability) that the
answers need to have. We have studied the query-and-
data complexity of evaluating joins under the two semantics,
namely, the problems ProbablePJoin and ProbableJCC.

We have shown that both problems have a tractable data
complexity, yet are generally intractable under query-and-
data complexity. In addition, we have identified several
important cases where these problems are tractable. Ta-
ble 1 summarizes (most of) our results regarding query-and-
data complexity. We use the following notation. Poly1 and
Poly→ mean that the problem can be solved in incremen-
tal polynomial time and with polynomial delay, respectively.
NPc (NP-complete) and P#Ph (P#P-hard) refer to the deci-
sion versions of the two problems. Note that this table also
includes results that are not discussed in the paper, e.g., for
γ-acyclic schemes with either equal or bounded probabili-
ties, ProbablePJoin is P#P-hard.
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ProbableJCC ProbablePJoin

p-rdb general Sclique Sγ Stree general Sclique Sγ S 6⊆γ Stree

general NPc Poly1 NPc NPc P#Ph P#Ph P#Ph NPc NPc

localized NPc Poly1 Poly1 Poly1 P#Ph P#Ph P#Ph Poly1 Poly1
equal-prob Poly→ Poly→ Poly→ Poly→ P#Ph P#Ph P#Ph Poly→ Poly→

bounded-prob Poly→ Poly→ Poly→ Poly→ P#Ph P#Ph P#Ph Poly→ Poly→

Table 1: The query-and-data complexity of ProbableJCC and ProbablePJoin

Table 1 shows that ProbablePJoin is generally harder than
ProbableJCC in the cases that we studied. It is unlikely
that there are interesting cases where ProbablePJoin is eas-
ier than ProbableJCC, since we can solve the latter by using
an algorithm for the former if we add a unique attribute to
each relation. We have shown that there are efficient reduc-
tions between the two problems in several important cases,
e.g., tree and containment-free γ-acyclic schemes. In future
work, we indent to adapt the algorithm ProbableJCC so
that it can directly solve ProbablePJoin. We already have an
adaptation that works in special cases not shown in Table 1.

As for related work, various models of probabilistic rela-
tional databases have been proposed. Some of these mod-
els [11, 13, 10] are similar to ours in the sense that they
associate an event (or just a probability) with each tuple.
Other models [4, 18, 1] are different from ours, e.g., proba-
bilities are associated with attributes [1, 18]. Except for [13],
all of these models assume independence among the dif-
ferent relations. None of these models support mutually-
exclusive events in different relations. In the probabilistic
XML model presented in [20], children of the same XML
element are associated with either independent or mutually-
exclusive events. More importantly, as far as we know, no
one has considered the notion of partial answers to queries
over probabilistic data—a notion that is often crucial in
practical scenarios that involve uncertainty. Furthermore,
only data complexity of query evaluation has been stud-
ied. Under this measure, devising an acceptable algorithm
for query evaluation (even when the user specifies a thresh-
old) is just a matter of efficiently computing the probability
of each answer. This is certainly not enough under query-
and-data complexity. Ours is the first paper that analyzes
query-and-data complexity in probabilistic databases.

Full-disjunctions [14, 22, 17, 7, 5] are closely related to
our work. In fact, the basic technique of [5] is the starting
point for developing our algorithm. In the case of full dis-
junctions, the two types of maximal answers coincide and
can be computed efficiently [17] whereas, over probabilistic
data, the evaluation of either type is generally intractable.

The notion of approximate joins is introduced in [8] as a
generalization of full disjunctions. It is similar to our ap-
proach in that each tuple set has a score that is used, in
conjunction with a threshold, in order to compute maxi-
mal tuple sets. But the algorithm of [8] works efficiently
only when the score is the min function, whereas product is
needed in our case. In fact, our tractable results generalize
those of [8] (no intractability results were given there).

Interestingly, [22] shows that full disjunctions can be eval-
uated by outerjoins exactly over γ-acyclic schemes. But
their results do not seem to be of any help in solving, over
γ-acyclic schemes, the problems that we address.
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