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Abstract. Matrix factorization is a fundamental building block in many com-
puter vision and machine learning algorithms. In this work we focus on the prob-
lem of ”structure from motion” in which one wishes to recoverthe camera motion
and the 3D coordinates of certain points given their 2D locations. This problem
may be reduced to a low rank factorization problem. When all the 2D locations
are known, singular value decomposition yields a least squares factorization of
the measurements matrix. In realistic scenarios this assumption does not hold:
some of the data is missing, the measurements have correlated noise, and the
scene may contain multiple objects. Under these conditions, most existing fac-
torization algorithms fail while human perception is relatively unchanged. In this
work we present an EM algorithm for matrix factorization that takes advantage
of prior information and imposes strict constraints on the resulting matrix factors.
We present results on challenging sequences.

1 Introduction

The problem of “structure from motion” (SFM) has been studied extensively [15, 14, 11,
10, 2] in computer vision: Given the2D locations of points along an image sequence,
the goal is to retrieve the3D locations of the points. Under simplified camera models,
this problem reduces to the problem of matrix factorization[15].

Using SVD, the correct3D structure can be recovered even if the measurements
matrix is contaminated with significant amounts of noise andif the number of frames
is small [15].

However, in realistic situations the measurement matrix will have missing entries,
due to occlusions or due to inaccuracies of the tracking algorithm. A number of algo-
rithms for factorization with missing data [15, 10, 14, 2] have been suggested. While
some of these algorithms obtain good results when the data isnoiseless, in the presence
of even small amounts of noise these algorithms fail.

The problem becomes much harder when the input sequence contains multiple ob-
jects with different motions. Not only do we need to recover camera parameters and
scene geometry, but we also need to decide which data points should be grouped to-
gether. This problem was formulated as a matrix factorization problem by Costeira-
Kanade [3]. They suggested to compute an affinity matrix related to the singular value



decomposition of the measurements matrix. Then they decidewhether two points have
the same motion or not by inspecting if some entries of this affinity matrix are zero or
not (Gear [5] and Zelnik-Manor et al. [17] follow a similar approach). In the noiseless
case these methods perform well, but once even small amountsof noise exist, these
methods no longer work since matrix entries that were supposed to be zero are not zero
anymore. Furthermore, these methods require some prior knowledge on the rank of the
different motions, or linear independence between them.

In this paper we present a framework for matrix factorization capable of incorpo-
rating priors and enforcing strict constraints on the desired factorization while handling
missing data and correlated noise in the observations. Previous versions of this work
were published in [7, 8].

2 Structure From Motion: Problem Formulation and an
Algorithm

A set ofP feature points inF images are tracked along an image sequence. Let(ufp, vfp)
denote image coordinates of feature pointp in framef . LetW = (wij) wherew2i−1,j =
uij andw2i,j = vij for 1 ≤ i ≤ F and1 ≤ j ≤ P .

In the orthographic camera model, points in the3D world are projected in parallel
onto the image plane. For example, if the image coordinate system is aligned with
the coordinate system of the3D world, then a pointP = [X, Y, Z]T is projected to
p = (u, v) = (X, Y ) (the depth,Z, has no influence on the image). In this model, a
camera can undergo rotation, translation, or a combinationof the two.W can be written
as [15]:

[W ]
2F×P = [M ]

2F×4
[S]

4×P + [η]
2F×P (1)

whereM =





M1

...
MF





2F×4

andS =







X1 · · · XP

Y1 · · · YP
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1 · · · 1






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.

EachMi is a2×4 matrix that describes camera parameters in thei’th frame. It consists

of location and orientation[Mi]2×4
=

[

mT
i di

nT
i ei

]

wheremi andni are3 × 1 vectors

that describe the rotation of the camera;di andei are scalars describing camera transla-
tion1. The matrixS contains the3D coordinates of the feature points, andη is Gaussian
noise.

If the elements of the noise matrixη are uncorrelated and of equal variance then
we seek a factorization that minimizes the mean squared error betweenW andMS.
This can be solved trivially using the SVD ofW . Missing data can be modeled using
equation 1 by assuming some elements of the noise matrixη have infinite variance. Ob-
viously SVD is not the solution once we allow different elements ofη to have different
variances.

1 Note that we do not subtract the mean of each row from it, sincein case of missing data the
centroids of visible points in different rows of the matrix do not coincide.



2.1 Factorization as factor analysis

We seek a factorization ofW to M andS that minimizes the weighted squared error
∑

t [(Wt − MtS)T Ψ−1

t (Wt −MtS)], whereΨ−1

t is the inverse covariance matrix of
the feature points in framet.

It is well known that the SVD calculation can be formulated asa limiting case of
maximum likelihood (ML) factor analysis [12]. In standard factor analysis we have a
set of observations{y(t)} that are linear combinations of latent variables{x(t)}:

y(t) = Ax(t) + η(t) (2)

with x(t) ∼ N(0, σ2
xI) andη(t) ∼ N(0, Ψt). In the case of a diagonalΨt with constant

elementsΨt = σ2I then in the limitσ/σx → 0 the ML estimate forA will give the
same answer as the SVD.

Let A = ST . Identifyingy(t) with thet’th row of the matrixW andx(t) with the
t’th row of M , then equation 1 is equivalent (transposed) to equation 2. Therefore, equa-
tion 1 can be solved using the EM algorithm for factor analysis [13] which is a standard
algorithm for finding the ML estimate for the matrixA. The EM algorithm consists of
two steps: (1) the expectation (or E) step in which expectations are calculated over the
latent variablesx(t) and (2) the maximization (or M) step in which these expectations
are used to maximize the likelihood of the matrixA. The updating equations are:

E step:

E(x(t)|y(t)) =
(

σ−2

x I + AT Ψ−1

t A
)−1

AT Ψ−1

t y(t) (3)

V (x(t)|y(t)) =
(

σ−2

x I + AT Ψ−1

t A
)−1

(4)

〈x(t)〉 = E(x(t)|y(t)) (5)
〈

x(t)x(t)T
〉

= V (x(t)|y(t)) + 〈x(t)〉 〈x(t)〉
T (6)

Although in our setting the matrixA must satisfy certain constraints, the E-step (in
which the matrixA is assumed to be given from the M-step) remains the same as in
standard factor analysis. So far, we assumed no prior on the motion of the camera, i.e.
σx → ∞ and thusσ−2

x → 0. In subsection 2.2 we describe how to incorporate priors
regarding the motion into the E-step.

M step: In the M step we find the3D coordinates of a pointp denoted bysp ∈ R3:

sp = BpC
−1

p (7)

where

Bp =
∑

t

[

Ψ−1

t (p, p)(utp − 〈dt〉)
〈

m(t)T
〉

(8)

+ Ψ−1

t (p + P, p + P )(vtp − 〈et〉) 〈n(t)〉
T
]

Cp =
∑

t

[

Ψ−1

t (p, p)
〈

m(t)m(t)T
〉

+ Ψ−1

t (p + P, p + P )
〈

n(t)n(t)T
〉]



where the expectations required in theM step are the appropriate subvectors and sub-
matrices of〈x(t)〉 and

〈

x(t)x(t)T
〉

.
If we setΨ−1

t (p, p) = 0 when pointp is missing in framet then we obtain an EM
algorithm for factorization with missing data. Note that the form of the updates means
that we can put any value we wish in the missing elements ofy and they will be ignored
by the algorithm.

A more realistic noise model for real images is thatΨt is not diagonal but rather that
the noise in the horizontal and vertical coordinates of the same point are correlated with
an arbitrary2 × 2 inverse covariance matrix. It can be shown that the posterior inverse

covariance matrix is

[∑

I2

x

∑

IxIy
∑

IxIy

∑

I2
y

]

(Ix andIy are the directional derivatives of

the image and the sum is taken over a window of fixed size aroundeach pixel). This
problem is usually calledfactorization with uncertainty [9, 11]. To consider dependen-
cies between theu andv coordinates of a point, the matrixW can be reshaped (to size
F ×8) to have both coordinates in the same row (with a corresponding change inM and
S). A non diagonalΨt would express the correlation of the noise in the horizontaland
vertical coordinates of the same point. With this representation, it is easy to derive the
M step in this case as well. It is similar to equation 7 except that cross terms involving
Ψ−1

t (p, p + P ) are also involved:

sp = (Bp + B′
p)(Cp + C′

p)
−1 (9)

where

B′
p =

∑

t

[

Ψ−1

t (p, p + P )(vtp − 〈et〉)
〈

m(t)T
〉

(10)

+ Ψ−1

t (p + P, p)(utp − 〈dt〉) 〈n(t)〉
T
]

C′
p =

∑

t

[

Ψ−1

t (p, p + P )
〈

n(t)m(t)T
〉

+ Ψ−1

t (p + P, p)
〈

m(t)n(t)T
〉]

Regardless of uncertainty and missing data, the complexityof the EM algorithm
grows linearly with the number of feature points and the number of frames.

2.2 Adding Priors on the desired factorization

The EM framework allows us to place priors on both structure and motion and to deal
with directional uncertainty and missing data. We first showhow to place a prior on the
motion in the form of temporal coherence. Next we show how to place a prior on the
3D structure of the scene.

Temporal coherence: The factor analysis algorithm assumes that the latent variables
x(t) are independent (figure 1(a)). In SFM this assumption means that the camera loca-
tions in different frames are independent and hence permuting the order of the frames
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Fig. 1. a. The graphical model assumed by most factorization algorithms for SFM. The camera
location x(t) is assumed to be independent of the camera location at any other time step.b.
The graphical model assumed by our approach. We model temporal coherence by assuming a
Markovian structure on the camera location.

makes no difference for the factorization. In almost any video sequence this assumption
is wrong. Typically camera location varies smoothly as a function of time (figure 1(b)).
Specifically, in this work we use a second order approximation to the motion of the
camera (details can be found in [7, 8]). Note that we do not assume that the2D tra-
jectory of each point is smooth. Rather we assume the3D trajectory of the camera is
smooth.

It is straightforward to derive the EM iterations for a ML estimate ofS using the
model in figure 1(b). The M step is unchanged from the classical factor analysis. The
only change in the E step is thatE(x(t)|y) andV (x(t)|y) need to be calculated using
a Kalman smoother. We use a standard RTS smoother [6]. Note that the computation of
the E step is still linear in the number of frames and datapoints.

Prior on Structure: Up to this point, we have assumed nothing regarding the3D
coordinates of the feature points we are trying to reconstruct. The true3D coordinates
are considered (a priori) as likely as any other coordinates, even ones that suggest the
object is located at an infinite position, or behind the camera, for example. Usually when
sequences are acquired for structure reconstruction, the object is located just in front of
the camera in the center of the scene, and not at infinity2. Therefore, we should prefer
reconstructions that place the feature points around certain coordinates in the world,
denoted byS0 (typically X andY are scattered around zero andZ is finite). We model
this preference with the following prior:Pr(S) ∝ e−λ‖S−S0‖

2

F , whereλ is a parameter
that determines the weight of this prior.

Derivation of the modified M-step with the addition of the prior on structure yields
(the following modification of equation 9):

sp = (Bp + B′
p)(Cp + C′

p + λ(I − S0))
−1 (11)

Experimental results show an improvement in reconstruction results in noisy scenes
after the addition of this naive prior.

2 Although for objects to comply with affine model they have to be located relatively far from
the camera, they are not placed at infinity.



3 Constrained Factorization for Subspace Separation

In dynamic scenes with multiple moving objects, each of theK independent motions
has its own motion parameters,M j

i (a2×4 matrix describing thejth camera parameters
at timei). Denote bySj the4 × Pj matrix of thePj points moving according to the
jth motion component. The matrix formed by taking the locations of points sharing
the same motion along the sequence is of rank4. In other words, the vectors of point
locations of points with the same motion form a4D linear subspace defined by the
common motion (in fact this is a3D affine subspace). This is a problem of subspace
separation.

Let W̃ be a matrix of observations whose columns are ordered to group together
points with the same motion. Then ([3]):

[

W̃
]

2F×P
= MS̃ =







M1
1 · · · MK

1

...
M1

F · · · MK
F







2F×4K









S1 0 · · · 0
0 S2 · · · 0
...
0 0 · · · SK









4K×P

(12)

In real sequences, however, measurements are not grouped according to their mo-
tion. Therefore, the observation matrix,W , is an arbitrary column permutation of the
ordered matrixW̃ :

W = W̃Π = MS (13)

whereS4K×P describes scene structure (with unordered columns) andΠP×P is a col-
umn permutation matrix. Hence, the structure matrixS is in general not block diagonal,
but rather a column permutation of a block diagonal matrix:

S = S̃Π (14)

Therefore, in each column of the structure matrix corresponding to a point belonging to
thekth motion, only entries4(k − 1) + 1, . . . , 4k can be non-zeros (entry4k always
equals one).

Finding a factorization ofW to M andS that satisfies this constraint would solve
the subspace separation problem: from the indices of the non-zero entries inS we can
assign each point to the appropriate motion component.

The constrained factorization problem can be written as a constrained factor analy-
sis problem as follows: By substitutingA = ST and identifyingx(t) with the tth row
of M , the constrained factorization problem is equivalent to the factor analysis problem
of equation 2 whereA is subject to the constraints onST . We adapt the EM algorithm
for single motion presented in the previous section to solveconstrained factor analysis
problem.

Since the matrixA is assumed to be known in the E step, no change is required in
the E step of the algorithm from the previous section. The M step, on the other hand,
should be modified to findA that satisfies the constraints.

We modify the M step to findS that is a permuted block diagonal matrix. The
columns ofS (which are the rows ofA) can be found independently on each other



(each point is independent on the other points given the motion). We show how to find
each of the columns ofS that will contain non zeros only in the4 entries corresponding
to its most likely motion. Denote byπp the motion that maximizes the likelihood for
pointp and letπ = (π1, . . . , πP ). Let sp denote the3D coordinates of pointp, and let
Ŝ denote[s1, . . . , sP ] the3D coordinates of all points (S contains both segmentation
and geometry information,̂S contains only geometry information).

We look for S that maximizes the expected complete log likelihood (wherethe
expectation is taken overM , the motion parameters of all motion components at all
times). Maximizing the expected complete log likelihood isequivalent to minimizing
of the expectation of an energy term. In terms of energy minimization, the expectation
of the energy due to equation 13 is:

E(S) = E(Ŝ, π) =
〈

E(Ŝ, π, M)
〉

M
= (15)

∑

p

〈E(sp, πp, M)〉
M

=

∑

p

∑

t

〈

((Wt,p − Mt,πp
sp)

T Ψ−1

t,p (Wt,p − Mt,πp
sp))

〉

M

The energy is the weighted sum of square error of the matrix equation 13. In other
words, it is the sum of the error over all the points at all times, weighted by the inverse
covariance matrixΨ−1

t,p (the sum over the points is implicit in the vectorial notation of
the energy for a single motion at the beginning of section 2.1).

As can be seen from equation 15,E(S) can be represented as a sum of terms
Ep(sp, πp) = 〈E(sp, πp, M)〉

M
involving a single point:

E(S) =
〈

E(Ŝ, π, M)
〉

M
=

∑

p

Ep(sp, πp) (16)

Therefore the minimization ofE(S) can be performed by minimizingEp(sp, πp) for
each pointp independent on the others.

Sincesp is unknown, we define

Ep(πp) = min
sp

Ep(sp, πp) (17)

And we get

min
sp,πp

Ep(sp, πp) = min
πp

[

min
sp

Ep(sp, πp)

]

= min
πp

Ep(πp) (18)

Let sk
p = argminsp

Ep(sp, k) for a givenk. The value ofsk
p can be computed

using one of the equations 7, 9,11, replacingdt, m(t), et andn(t) with dk
t , mk(t), ek

t

andnk(t) respectively. Once all thesk
p are known,Ep(k) are computed for allk by

substitutingsk
p in equation 15. Then we chooseπp = arg mink Ep(k). The new value

of thepth column ofS is all zeros except the four entries4(πp−1)+1, . . . , 4πp. Entries
4(πp − 1) + 1, . . . , 4(πp − 1) + 3 are set to besk

p and entry4πp is set to1.



Fig. 2. Synthetic input for evaluation of structure from motion algorithms. A transparent cylinder
is rotating around its elongated axis. Points randomly drawn from its surface are projected on the
camera plane at each frame. Replotted from [1].
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Fig. 3. The graphs depict influence of noise and percentage of missing data on reconstruction re-
sults of factor analysis and [10]. The input sequence for these experiments is depicted in figure 2.

By modifying the EM algorithm to deal with constrained factorization we now have
an algorithm that is guaranteed to find a factorization wherethe structure matrix has
at most4 nonzero elements per column, even in the presence of noise (in contrast to
[3, 5, 17]). Note that no prior knowledge of the rank of the different motions is needed,
neither is any assumption on the linear independence of the different motions.

4 Experiments

In this section we describe the experimental performance ofEM for SFM and for mo-
tion segmentation. In each case we describe the performanceof EM with and without
temporal coherence.
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Fig. 4. Results of scene reconstruction from a real sequence: A binder is placed on a rotating
surface filmed with a static camera. Our algorithm succeededin (approximately) obtaining the
correct structure while all other algorithms failed.a. The first frame of the sequence.b. The
reconstructed object shown in top view. The3 lines visible are the outlines of the object. Each
of these lines is the vertical projection of each of the3 visible sides of the box. The longer line
corresponds to the side of the box closer to the camera and theshorter lines correspond to the 2
other sides visible along the sequence.

4.1 EM for SFM

We evaluate EM for structure from motion compared to ground truth and to previous
algorithms for structure from motion with missing data [15,10, 14, 2]. For [15, 10, 14]
we used the Matlab implementation made public by D. Jacobs3.

The first input sequence is a synthetic sequence of a transparent rotating cylinder as
depicted in figure 2. This sequence (that was first presented in [16]) consists of100
points uniformly drawn from the cylinder surface. The points are tracked along20
frames. We checked the performance of the different algorithms in the following cases:
(1) full noise free observation matrix , (2) noisy full observation matrix (to create noisy
input, the observed image locations were added a Gaussian noise withσ = 0, . . . , 0.5),
(3) noiseless observations with missing data and (4) noisy observations with missing
data.

All algorithms performed well and gave similar results for the full matrix noiseless
sequence.

In the fully observed noisy case, factor analysis without temporal coherence gave
comparable performance to the algorithm of Tomasi-Kanade,which minimizes‖MS−
W‖2

F . When temporal coherence was added, the reconstruction results were improved.
The results of Shum’s algorithm were similar to Tomasi-Kanade. The algorithms of
Jacobs and Brand turned out to be noise sensitive.

In the experiments with missing data, Tomasi-Kanade’s algorithm and Shum’s al-
gorithm could not handle this pattern of missing data and failed to give any structure.
The algorithms of Jacobs and Brand turned out to be noise sensitive.

Figure 3 shows a comparison between both versions of EM and the algorithm of
Jacobs. The performance of the algorithms was tested as a function of noise level and

3 The code is available at http://www.cs.umd.edu/∼djacobs



percentage of missing data. Figure 4 shows result on a real sequence for which EM
with temporal coherence succeeded to recover the correct structure, while all other al-
gorithms have failed.

4.2 EM for Motion Segmentation

Figure 5 shows quantitative comparisons of EM and Costeira and Kanade for three
different synthetic sequences as a function of noise level.It is apparent that all algo-
rithms give perfect segmentation when there is no noise at all. As the amount of noise
increases, the performance of [3] deteriorates rapidly, while EM-based segmentation
continues to succeed for low amounts of noise and shows moderate increase in the
number of errors for larger amounts of noise. It is also clearthat EM with temporal
coherence performs significantly better than EM without temporal coherence for noisy
inputs. The algorithms of [5, 17] perform similar to [3] in non-degenerate cases when
the actual rank of observation matrix is provided.

Figure 6 shows the performance of EM with temporal coherenceas a function of the
percentage of missing data. While all other factorization algorithms cannot work with
missing data, EM continues to perform well even when50% of the data is missing. For
comparison, we also show the algorithm of [3] when the observation matrix is first filled
in using Jacobs’ algorithm [10] and the correct rank is givento all algorithms.

Finally, we tested the different algorithms on a real sequence of two cans rotating
horizontally around parallel different axes in different angular velocities.149 feature
points were tracked along20 frames, from which93 are from one can, and56 are from
the other. Some of the feature points were occluded in part ofthe sequence, due to
the rotation. Notice that despite of its simple appearance,this is a rather challenging
scene because a large percentage of the points are missing and because of the motion
degeneracy: the two cans have “similar” motion, that is rotation around parallel axes,
which leads to a rank deficient motion matrix.

Using EM for motion segmentation,8 points were misclassified. For comparison,
Costeira-Kanade (using the maximal full submatrix of the measurements matrix) re-
sulted in30 misclassified points and a failure in3D structure reconstruction. Figure 7(a)
shows the first frame of the sequence and the tracks superimposed and figures 7(b), 7(c)
show the curved surface of the two cylinders recovered correctly.

5 Discussion

In this paper we have presented an EM algorithm for matrix factorization based on
representing the factorization problem as a problem of factor analysis.

Working with this representation allowed us to (1) handle correlated measurements
noise and missing data, (2) place informative priors on bothstructure and motion en-
abling3D reconstruction in scenes where previous methods have failed and (3) impose
constraints on the resulting factors, thereby extending the applicability of factorization
methods to problems such as subspace separation.

It would be interesting to study applications of the enhanced factorization capabili-
ties presented in this paper in other vision problems and in problems taken from other
areas, for example, semantic analysis of texts ([4]).
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Fig. 5. Comparison of different factorization algorithms for motion segmentation on synthetic
inputs. The graphs display total number of misclassified points as a function of the noise standard
deviation forσ = 0, . . . , 0.25. In some of the experiments, the graphs of the two factor analysis
versions overlap.a. sequence of concentric cylinders rotating in different speeds. Due to the input
degeneracy only EM and [3] are compared.b. a cylinder and a cube rotating in the same speed
around different parallel axes.c. A cube and a cylinder rotating around perpendicular axes.
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Fig. 6. Performance of EM for motion segmentation with and without temporal coherence.
Graphs show number of misclassifications as a function of thepercentage of missing data.a.
Cube and cylinder rotating around different parallel axes without noise.b. Cube and cylinder
rotating around different parallel axes with noise with standard deviationσ = 0.1.
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