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1 introductionThe task of learning an unknown target concept out of a class of concepts bymeans of query the target labels at random sample of instances, has generatedmany studies and experimental works in recent years. In this work we re-examinethe Query By Committee (QBC) algorithm, formulated and analyzed at [SOS92,FSST97].QBC is an active learning algorithm [CAL90] which incorporate a relevancetest for a potential label. Having access to a stream of unlabeled instances, therelevance test �lters out the instances for which it assigns a low value, trying tominimize the number of labels used while learning. The motivation comes frommany real life problems where the teacher's activity is an expensive resource.For example, if one would like to design a program that classi�es articles intotwo categories (\interesting" and \non-interesting") then the program may auto-matically scan as many articles as possible (e.g. through the Internet). However,articles which the program needs the teacher's comment (label) - the teachermust actually read. That is a costly task. The same problem arise in many other�elds such as medical diagnostics and natural language processing.Several experimental implementations of QBC were suggested for documentclassi�cation [LT97] and for part of speech tagging [DE95]. These studies giveexperimental evidence for the economy gained by QBC which is more substantialas the precision requirement increases. In this context the complexity of thealgorithm is measured by the number of label requests directed to the teacherduring the learning process.The relevance test of QBC involves volume reduction of the version space1:It measures the reduction in the uncertainty about the learned target. In thespeci�c case of learning the family of linear separators in <n, the version spaceis represented by an Euclidean convex body, and we are able to use eÆcientvolume approximating algorithms (based on suitable random walk - rather thenstraightforward Monte-Carlo methods). For a quantitative estimate of versionspace size, one is naturally led to work in a Bayesian framework [HKS94]: Thetarget concept is picked from a known family according to some �xed priordistribution. Posteriors are obtained by restricting the prior to sub-families (thecurrent version space).Here is an outline of the QBC algorithm. It uses three oracles: The Sampleoracle returns a random instance x, the Label oracle returns the label for aninstance, and the Gibbs oracle returns a random hypothesis from the versionspace. The algorithm gets two parameters - accuracy (�) and reliability (Æ) - andworks as follows:1. Call Sample to get a random instance x.2. Call Gibbs twice to obtain two hypotheses and generate two predictions forthe label of x.1 The version space is the subset of all hypotheses consistent with the labels seen sofar.



3. If the predictions are not equalThen call Label to get the correct label for x.4. If Label was not used for the last tk consecutive instances2 , where k is thecurrent number of labeled instances,Then call Gibbs once and output this last hypothesisElse return to the beginning of the loop (step 1).A natural mean for tracing the progress of the learning process is the rate atwhich the size of the version space decreases. We adopt the notion of informationgain as the measure of choice for the analysis of the learning process:De�nition 1 (Haussler et. al. [HKS94]). Let V be the current version spaceand let Vx = fh 2 Vjh(x) = c(x)g be the version space after the instance x hadbeen labeled{ The instantaneous information gain is I(x; c(x)) = � logPrh2V [h 2 Vx]{ The expected information gain of an instance x isG(xjV) = Prh2V [h(x) = 1] � I(x; 1) + Prh2V [h(x) = �1] � I(x;�1)= H(Prh2V [h(x) = 1]) (1)where H is the binary entropy, i.e. H(p) = �p log p� (1� p) log(1� p):We proceed by quoting the main theoretical result about QBC, give someexplanations and briey outline the main contribution of the present paper,which show how to implement eÆciently the relevance test.Theorem 1 (Freund et. al. [FSST97]). If a concept class C has VC-dimension0 < d <1 and the expected information gain of the queries to Label oracle madeby QBC are uniformly lower bounded by g > 0 bits, then the following holds withprobability greater than 1�Æ over the selection of the target concept, the sequenceof instances(the sample), and the choices made by QBC:1. The number of calls to Sample is m0 = ( d�Æg )O(1).2. The number of calls to Label is less then3 k0 = 10(d+1)g ln 4m0Æ .3. The algorithm generates an �-close hypothesis, i.e.Prc;h;QBC [Prx[h(x) 6= c(x)] � �] � Æ (2)The main theme governing the proof of this theorem is the capability tobound the number of queries made by QBC in terms of g, the lower bound forthe expected information gain: If the algorithm asks to label allm instances thenPrX �Pmi G(xijV) � (d+ 1)(log emd )� < dem , meaning the accumulated informa-tion gain grows logarithmically with m. Obviously, when �ltering out instances2 tk = 2�2(k+1)23�Æ ln 2�2(k+1)23Æ is a correction for the expression given at ([FSST97]).3 k0 = O(log 1�Æ ) results in an exponential gap between the number of queries made toLabel, comparing to \regular" algorithms.



the accumulated information gain cannot be larger. On the other hand, kg is alower bound on the accumulated expected information gain from k labeled in-stances. These two observations suggest that kg � (d+1)(log emd ), which resultsin a bound on k and implies that the gap between consecutive queried instancesis expected to grow until the stop-condition will be satis�ed.Theorem 1 can be augmented to handle general class of �ltering algorithms:Let L be an algorithm that �lters out instances based on an internal probabilityassignment and previous query results. Using a stop-condition identical to theone used by the QBC algorithm and following the basic steps at the proof ofTheorem 1, one may conclude similar bounds on the number of calls L makesto Sample and Label oracles.By stating a lower bound on the expected information gain, Freund et. al.were able to identify several classes of concepts as learnable by the QBC algo-rithm. Among them is class of perceptions (linear separators) de�ned by a vectorw such that for any instance x:cw(x) = �+1 if x � w > 0�1 otherwise (3)This class is learnable using QBC under the restriction that the version spacedistribution is known to the learner and both sample space and version spacedistributions are almost uniform. A question which was left open is how to eÆ-ciently implement the Gibbs oracle and thus reduce QBC to a standard learningmodel (using only Sample and Label oracles). It turns out that this questionfalls naturally into a class of approximating problems which got much attentionin recent years: How to get an eÆcient approximation of volume or perform arandom sampling of rather complex de�ned and dynamically changing spaces.Moreover, unraveling the meaning of random walks employed by these approxi-mate counting methods seems to have interesting implications in learning theory.Let us focus on the problem of randomly selecting hypotheses from the ver-sion space and limit our discussion to the class of linear separators: There areseveral known algorithms for �nding a linear separator (e.g. the perceptron algo-rithm or linear programming), but none of them suÆce since we need to randomlyselect a separator in the version space. A possible straightforward solution is theuse of the Monte Carlo mechanism: Assuming (as later we do) that the linearseparators are uniformly distributed, we randomly select a point in the unitsphere4, identifying this point as a linear separator, and check whether it is inthe version space. If not, proceed with the sampling until a consistent separatorwill be selected. This process yields several problems, the most important ofwhich is eÆciency:Recall that the QBC algorithm assumes a lower bound g > 0 for the expectedinformation gain of queried instances. Let p � 1=2 be such that H(p) = g.Having k labeled instances, the probability to select a consistent separator issmaller then (1 � p)k. This implies that the expected number of iterations the4 pick n normally distributed variables �1 : : : �n and normalize them by the square rootof the sum of their squares.



Monte Carlo algorithm makes until it �nds a desired separator is greater then(1� p)�k. If the size of the sample the algorithm uses (number of instances) ism, and k is the number of labeled instances, then the computational complexityis 
(m(1 � p)�k). Plugging in the expected value for k in the QBC algorithm,i.e. 10(d+1)g ln 4mÆ , the Monte Carlo implementation results in a computationalcomplexity exponential in g, d (the VC-dimension, i.e. n in our case) and adependence on m2. Furthermore, since g is a lower bound on the expected infor-mation gain, the size of the version space might decrease even faster, making thetask of picking an hypothesis from the version space even more time consuming.The algorithms suggested in this paper work in time polynomial in n; g and de-pend on mkO(1), i.e. they are exponentially better in terms of the VC-dimensionand g and have better polynomial factors in terms of m. We also avoid the prob-lem of rapid decrease in the size of the version space by employing a detectingcondition for that situation.1.1 Summary of ResultsThe problem of generating a Gibbs oracle is converted to the geometric prob-lem of sampling or approximating the volumes of convex bodies (section 1.3).This observation enables us to present two eÆcient implementations of the QBCalgorithm with linear separators. The �rst, which we term QBC' (section 2.1),uses volume approximation technique (section 1.4) to implement the Gibbs or-acle. The second implementation, QBC" (section 2.2), uses sampling techniqueto solve the same problem. In both cases we were able to prove the eÆciencyof the algorithms and their ability to query for only a small amount of labels(section 4).Even though QBC, QBC' and QBC" assumes a uniform prior on the hy-potheses space we were able to show, (section 5) that they all perform well inthe worst case, hence the Bayes assumption is redundant when learning linearseparators. Furthermore, the assumption of uniform distribution on the samplespace made in the proofs of QBC' and QBC", can be relaxed to include generaldistribution as long as these distributions are \smooth". At the end of this sec-tion we augment these results to handle general classes which poses symmetryproperty.During the process of investigating the performances of QBC' and QBC",we also developed a geometric lemma (Lemma 1) which we believe has its ownimportance: The lemma suggest a lower bound for the maximal radius of a ballcontained in a convex body in terms of the volume of that body.1.2 Mathematical NotationThe sample space 
, is assumed to be a subset of <n and therefore an instanceis a vector in <n. A linear separator is an hyperplane, de�ned by a vector v 2 <northogonal to the hyperplane 5.5 Commonly, a linear separator is de�ned by a tuple v; b where v is a vector and b isan o�set. The label a concept assigns to an instance x is de�ned by sign(hv; xi+ b).



The concept to be learned is assumed to be chosen according to a �xeddistribution D over <n. We denote by xi a queried instance and ti the cor-responding label, where ti 2 f�1; 1g. The version space V is de�ned to beV = fvj8i(hxi; vi � ti) > 0g. Let Y i = ti � xi. Then a vector v is in the versionspace if 8i hY i; vi > 0. Using matrix notation we may further simplify notationby setting Y i to be the i'th row of matrix A and writing V = fvjAv > 0g.1.3 Preliminary ObservationsUpon receiving a new instance x, the algorithm needs to decide whether toquery for a label. The probability for labeling x with +1 is: P+ = PrD[v 2 V +]where D is the distribution induced on the version space V and V + = fvjAv >0; hx; vi � 0g. Similarly we de�ne V � and P� which correspond to labeling xwith �1. The QBC algorithm decides to query for a label only when the twohypotheses disagree on x's label and this happens with probability 2P+P�. ThusP+ and P� are all we need in order to substitute Gibbs oracle and make thisdecision. Normalizing jjvjj � 1, the version space of linear separators becomessubset of n dimensional unit ball Bn. Under the uniform distribution on Bn, thevalue of P+ (and P�) can be obtained by calculating n dimensional volume:P+ = Vol(V +)Vol(V) . Now V , V + and V � are convex simplexes 6 in the n dimensionalunit ball. Having P+ and P�, we can substitute the Gibbs oracle: Given a set oflabeled instances and a new instance x, query for the label of x with probability2P+P�.1.4 Few Results about Convex BodiesIn order to simulate the Gibbs oracle we seek eÆcient methods for calculatingthe volume of a convex body and uniformly sampling from it. Similar questionsrelating convex bodies have been addressed by Dyer et. al. [DFK91], Lovasz andSimonovits [LS93] and others.Theorem 2 (The Sampling Algorithm [LS93]). Let K be a convex bodysuch that K contains at least 2=3 of the volume of the unit ball (B) and atleast 2=3 of the volume of K is contained in a ball of radius m such that1 � m � n3=2. For arbitrary � > 0 there exist a sampling algorithm that usesO(n4m2 log2(1=�)(n logn+log(1=�)) operations on numbers of size O(logn) bitsand returns a vector v such that for every Lebesgue measurable set L in K:jPr(v 2 L)� Vol(L)Vol(K) j < �The algorithm uses random walks in the convex body K as its method oftraversal and it reaches every point of K with almost equal probability. ToIn our case we assumed that b = 0. However, by forcing x0 to be 1 and �xing v0 = bthe two de�nitions converge.6 the term simplex is used to describe a conical convex set of the type K = fv 2<njAv > 0; jjvjj � 1g. Note that it is a nonstandard use of this term.



complete this result, Grotchel et. al. [GLS88] used the ellipsoid method to �ndan aÆne transformation Ta such that given a convex body K, B � Ta(K) �n3=2B . Assume that the original body K is bounded in a ball of radius R andcontains a ball of radius r then the algorithm �nds Ta in O(n4(j log rj+ j logRj))operations on numbers of size O(n2(j log rj + j logRj)) bits. Before we proceed,let us elaborate on the meaning of these results for our needs: When applyingthe sampling algorithm to the convex body V , we will get v 2 V . Since V +and V � are both simplexes, then they are Lebesgue measurable, hence jPr(v 2V +) � P+j < �. Note that we are only interested in the proportions of V +and V � and the use of the aÆne transformation Ta preserve these proportions.The sampling algorithm enables Lovasz and Simonovits to come out with analgorithm for approximating the volume of a convex body:Theorem 3 (Volume Approximation algorithm [LS93]). Let K be a con-vex body7. There exists a volume approximating algorithm for K: Upon receivingerror parameters �; Æ 2 (0; 1) and numbers R and r such that K contains a ballof radius r and is contained in a ball of radius R centered at the origin, thealgorithm outputs a number � such that with probability at least 1� Æ(1� �)Vol(K) � � � (1 + �)Vol(K) (4)The algorithm works in time polynomial in j logRj+ j log rj,n,1=� and log(1=Æ).For our purposes, this algorithm can estimate the expected informationgained from the next instance. It also approximates the value of P+ (and P�)and thus we may simulate the Gibbs oracle by choosing to query for a labelwith probability 2P+(1 � P+). Both the sampling algorithm and the volumeapproximation algorithm require the values of R and r. Since in our case allconvex bodies are contained in the unit ball B, then �xing R = 1 will suÆceand we are left with the problem of �nding r. However, it will suÆce to �nd rsuch that r�4 � r � r� where r� is the maximal radius of a ball contained in K.Moreover, we will have to show that r is not too small. The main part of thisproof is to show that if the volume of V + is not too small, then r is not toosmall (Lemma 1). Since we learn by reducing the volume of the version space,this lemma states that the radius decreases in a rate proportional to the learningrate.2 Implementations of the Query By CommitteeAlgorithmsIn this section we present two implementations of the QBC algorithm: the �rstuses volume approximation of convex bodies, while the second uses the techniquefor sampling from convex bodies. Both algorithms are eÆcient and maintain the7 K is assumed to be given using a separation oracle. I.e. via an algorithm such thatfor a given point x it returns \true" if x 2 K or a separating hyperplane if x =2 K.



exponential gap between labeled and unlabeled instances. QBC" is especiallyinteresting from computational complexity perspective, while the mechanismin the basis of QBC' enables the approximation of the maximal a-posteriori(MAP) hypothesis in Poly(logm) time as well as a direct access to the expectedinformation gain from a query.2.1 Using Volume Approximation in the QBC Algorithm (QBC')Every instance x induces a partition of the version space V into two subsets V +and V �. Since V = V + [ V � and they are disjoint, then Vol(V) = Vol(V +) +Vol(V �) and P+ = Vol(V +)Vol(V +)+Vol(V �) . Hence, approximating these volumes re-sults in approximation of P+ that we can use instead of the original value. Inorder to use the volume approximation algorithm as a procedure, we need tobound the volumes of V + and V �, i.e. �nd balls of radii r+ and r� containedin (V +) and (V �) respectively. If both volumes are not too small then the cor-responding radii are big enough and may be calculated eÆciently using convexprogramming. If one of the volumes is too small then we are guaranteed thatthe other one is not too small since Vol(V) is not too small (lemma 7). It turnsout that if one of the radii is very small then assuming that the correspondingpart is empty (i.e. the complementary part is the full version space) is enoughfor simulating the Gibbs oracle (lemma 3). The QBC' algorithm follows:Algorithm QBC 0:Given �; Æ > 0 and let k be the current number of labeled in-stances,de�ne Æk = 3Æ4�2(k+1)2 , �k = �Æk96 , �k = 2�kn , tk = 32 log 2Æk�2Æ2k(1�2Æk)1. Call Sample to get a random instance x.2. Use convex programming to simultaneously calculate the values ofr+ and r�, the radii of balls contained in V + and V �.3. If min(r+; r�) < �k(max(r+; r�))nThen assume that the corresponding body is empty and goto 6.4. Call the volume approximation algorithm with r+ (and r�) to get�+ (and ��) such that(1� �k)Vol(V +) � �+ � (1 + �k)Vol(V +)with probability greater then 1� Æk5. LetdP+ = �+�++�� , with probability 2dP+(1�dP+) call Label to get thecorrect label of x.6. If Label was not used for the last tk consecutive instances,Then call the sampling algorithm with accuracy � = �2 to give anhypothesis and stop. Else return to the beginning of the loop (step1).



With probability greater then 1� Æ, the time complexity of QBC' is m timesPoly(n; k; 1� ; 1Æ ) (for each iteration). The number of instances that the algorithmuses is polynomial in the number of instances that the QBC algorithm uses.Furthermore, the exponential gap between the number of instances and numberof labeled instances still holds.2.2 Using Sampling in the QBC Algorithm (QBC")Another variant of QBC is the QBC" algorithm which simulate the Gibbs oracleby sampling, almost uniformly, two hypothesis from the version space:Algorithm QBC 00:Given �; Æ > 0 and let k be the current number of labeled in-stances,de�ne Æk = 3Æ�2(k+1)2 , tk = 8 log 4=Æk�Æk , �k = �Æk32 , �k = 2n�k1. Call Sample to get a random instance x.2. Call the sampling algorithm with �k and r to get two hypothesesfrom the version space.3. If the two hypotheses disagree on the label of xThen use convex programming to simultaneously calculate the val-ues of r+ and r�, the radii of the balls contained in V + and V �.4. If min(r+; r�) � �k(max(r+; r�))nThen call Label to get the correct label and choose r+ (or r�), theradius of a ball contained in the new version space, to be used instep 2.5. If Label was not used for the last tk consecutive instances,Then call the sampling algorithm with accuracy � = Æ2 to give anhypothesis and stop.Else return to the beginning of the loop (step 1).QBC" is similar to QBC' but with one major di�erence: calculating new ra-dius is conducted almost only when the version space changes and this happensonly when querying for a label. Hence each iteration takesO(n7 log2(1=�)(n logn+log(1=�)) operations and an extra Poly(n; 1=�; 1=Æ; k) is needed when a label isasked. Due to the exponential gap between the number of instances and numberof labeled instances, QBC" is more attractive from practical point of view.3 Bounds on the Volume and Radius of a SimplexWe start the analysis by presenting a geometric lemma which seems to be new,giving a lower bound for the radius r of a ball contained in a simplex as a functionof its volume 8 . The algorithms for estimating the volume of a convex body,8 Eggleston [Egg58] (also quoted at M. Berger's book G�eom�etrie, 1990) gives a ratherdiÆcult proof of the lower bound r � minwidth(K)2pn for n odd (for even n the boundis somewhat modi�ed). The two lower bounds seem unrelated. Moreover, width(K)seems hard to approximate by sampling.



or sampling from it, work in time polynomial in log r (R = 1 in our case). Ourlemma gives a lower bound on the size of r, hence will be useful for analyzing thetime-complexity of our algorithms. For the sake of completeness, in lemma 11we show that the bound we get is tight up to a factor of approximately 1pn .Lemma 1. Let K be a convex body contained in the n-dimensional unit ball B(assume n > 1). Let v = Vol(K) then there exists a ball of radius r contained inK such that r � Vol(K)Vol(@K) � Vol(K)Vol(@B) = v� (n+22 )n�n=2 (5)Proof. We shall assume that K is given by a countable set of linear inequalitiesand the constraint that all the points in K are within the unit ball. Let r� bethe supermum of the radii of balls contained in K, and let r � r�. We denoteby @K the boundary of K. Then @K has a derivative at all points except a setof zero measure.We construct a set S by taking a segment of length r for each point y of @Ksuch that @K has a derivative at y. We take the segment to be in a directionorthogonal to the derivative at y and pointing towards the inner part of K (see�gure 1).
Fig. 1. An example of the process of generating theset S (the gray area) by taking orthogonal segmentsto @K (the bold line). In this case, the length r (thearrow) is too small.

The assumption that r � r� implies K � S up to a set of zero measure.To show this we look at the following: Let x 2 K, then there is r̂ which is themaximal radius of a ball contained in K centered at x. If we look at the ballof radius r̂ than it intersects @K at least at one point. At this point, denote y,the derivative of @K is the derivative of the boundary of the ball (the derivativeexists). Hence the orthogonal segment to y of length r̂ reaches x. Since r̂ � r� � rthen the orthogonal segment of length r from y reaches x. The only points thatmight not be in S are the points in @K where there is no derivative, but this isa set of measure zero. ThereforeVol(S) � Vol(K) = v (6)But, by the de�nition of S we can see thatVol(S) � ����Z@K r���� = rVol(@K) (7)



Note that Vol(@K) is n � 1 dimensional volume. Hence, we conclude that v �rVol(@K) or r � vVol(@K) . This is true for every r � r� thereforer� � Vol(K)Vol(@K) (8)It remains to bound the size of Vol(@K). In App. C we show that the convexbody with maximal surface is the unit ball itself (this result can be obtained fromthe isoperimetric inequalities as well). Since the volume of n-dimensional ball isrn�n=2� (n+22 ) the n � 1 dimension volume of its surface is nrn�1�n=2� (n+22 ) . SubstitutingVol(@K) with the volume of the surface of the unit ball in equation (8) weconclude that r� � v� (n+22 )n�n=2 . utCorollary 1. Let K be a simplex in the unit ball such that the maximal radiusof the ball it contains is r. thenrn�n=2� (n+22 ) � Vol(K) � rn�n=2� (n+22 ) (9)Proof. The lower bound is obtained by taking the volume of the ball with radiusr contained in K, and the upper bound is a direct consequence of Lemma 1. utConvex programming provides the tool for eÆciently estimating the radiusof the ball contained in a simplex as shown in the next lemma:Lemma 2. Let K be a simplex contained in the unit ball de�ned by k inequali-ties. Let r� be the maximal radius of a ball contained in K. Using the ellipsoidalgorithm, it is possible to calculate a value r, such that r� � r � r�=4, in timewhich is Poly(n; j log r�j; k).Proof. K is an intersection of a simplex and the unit ball. Let A be the matrixrepresentation of the k inequalities de�ning K. Given a point x 2 K, we wouldlike to �nd r�, the maximal radius of a ball centered at x and contained in K.This problem can be formulated as follows:r� = argmaxr frj9x s.t. jjxjj+ r � 1; Ax � rg (10)This problem is a convex programming problem. Moreover, given an invalidpair (x; r) such that the ball of radius r centered at x is not contained in K,it is easy to �nd an hyperplane separating this pair from the the valid pairs. Ifthere exists i such that hAi; xi < r then the hyperplane fyjhAi; yi = hAi; xig isa separating hyperplane. Otherwise, if jjxjj + r > 1 then fyjhy � x; xi = 0g is aseparating hyperplane.To conclude we need to show that the ellipsoid algorithm can do the jobeÆciently. First notice that r� is always bounded by 1. At Lemma 7 we wereable to show that r� is not worst then exponentially small. For our purposes,�nding an r such that r � r�=4 will suÆce. Note that if r � r�=4 then the



volume of a ball with the radius r centered at x and contained in K is at least( r�4 )nVol(B) where Vol(B) is the volume of the n dimensional unit ball. Hence,it is not worst than exponentially small in log(r�) and n. Since r� is not toosmall, eÆciency of the ellipsoid algorithm is guaranteed. ut4 Deriving the Main ResultsWe are now ready to present the main theorem for each variant of the QBCalgorithm. However, since the di�erence in the analysis of the two algorithmsprovides no further insight we chose to describe in this sequel only the proof ofQBC" which seems more adequate for practical use and defer the detailed proofof QBC' to App. B.Theorem 4. Let �,Æ > 0, let n > 1 and let c be a linear separator chosenuniformly from the space of linear separators. Then with probability 1� Æ (overthe choice of c, the random sample oracle and the internal randomness of thealgorithm), algorithm QBC"(as described in section 2.2){ will use m0 = Poly(n; 1=�; 1=Æ) instances.{ will use k0 = O(n log m0Æ ) labels.{ will work in time m0 � Poly(n; k; 1=�; 1=Æ).{ will generate an �-close hypothesis h, i.e.Prc;h[Prx[c(x) 6= h(x)] > �] < 1� Æ (11)Proof. Our proof consists of three parts: the correctness of the algorithm, it'ssample complexity and computational complexity. We base the proof on threelemmas which are speci�ed at App. A.In Lemma 4 we show that if q is the probability that QBC will ask to labelan instance x and q̂ is the probability that QBC" will ask to label the sameinstance then jq � q̂j � 4�k. Using this result, we show in Lemma 6 that if thealgorithm didn't ask to label more then tk consecutive instances and V is theversion space then Prc;h2V [Prx[c(x) 6= h(x)] > �] � Æ=2 (12)therefore if we stop at this point and pick an hypothesis approximately uniformlyfrom V with an accuracy of Æ=2, the error of the algorithm is no more then Æand this completes the proof of the correctness of the algorithm.We now turn to discuss the sample complexity of the algorithm. FollowingFreund et. al. [FSST97] we need to show that at any stage in the learning pro-cess there is a uniform lower bound on the expected information gain from thenext query. Freund et. al. showed that for the class of linear separators such alower bound exists, when applying the original QBC algorithm under certainrestriction on the distribution of the linear separators and the sample space.In corollary 2 we show that if g is such a lower bound for the original QBCalgorithm then there exists a lower bound ĝ for the QBC" algorithm such that



ĝ � g�4�k. Since �k � �Æ we get a uniform lower bound ĝ such that ĝ � g�4�Æ,so for �Æ suÆciently small ĝ � g=2. I.e. the expected information QBC" gainsfrom each query it makes, is "almost" the same as the one gained by QBC.Having this lower-bound on the expected information gain and using theaugmented Theorem 1 , we conclude that the number of iterations QBC" willmake is bounded by Poly(n; 1� ; 1Æ ; 1g ) while the number of queries for labels it willmake is less then Poly(n; log 1� ; log 1Æ ; 1g ).Finally we would like to discuss the computational complexity of the algo-rithm. There are two main computational tasks in each iteration QBC" makes:First, the algorithm decides whether to query on the given instance. Second, ithas to compute the radii of balls contained in V + and V �.The �rst task is conducted by activating twice the algorithm which approx-imate uniform sampling from convex bodies in order to obtain two hypotheses.The complexity of this algorithm is polynomial in j log �kj; n; j log rj where �k isthe accuracy we need, n is the dimension and r is a radius of a ball containedin the body. In Lemma 7 we bound the size of r by showing that if the algo-rithm uses m instances then with probability greater then 1 � Æ, in every stepr � Æ( nem )nn . Since we are interested in log r this bound suÆce.The second task is to calculate r+ and r�, which is done using convex pro-gramming as shown in Lemma 2. It will suÆce to show that at least one of theradii is \big enough" since we proceed in looking for the other value for no morethen another log�k iterations (a polynomial value): From Lemma 7 we knowthat Vol (V) � Æ( nem )n�n=2�(n+22 ) at every step. At least one of V + or V � has volumeof at least Vol(V)2 . Using the lower bound on the volume of V and Lemma 1 weconclude that for the maximal radius r � Æ( nem )n2n .We conclude that with probability greater then 1 � Æ the time-complexityof each iteration the QBC" algorithm is Poly(n; k; log 1Æ ; log 1� ). In the �nal it-eration, the algorithm returns an hypothesis from the version space. Using thesampling algorithm this can be done in polynomial time. Combined with thefact that there are at most m0 iterations the statement of the theorem follows.ut5 The Bayes and the Uniform Sample Space DistributionAssumptions - RevisitedThe analysis suggested at Freund et. al. [FSST97] assumed a known distributionover the hypothesis space, i.e. learning in a Bayes setting. This assumption havealso been used in this sequel for motivating and proving the results regardingQBC and it's variants. Furthermore, a uniform distribution was assumed overthe sample space as well. We now turn to argue that these assumptions are infact unnecessary: For the case of linear separators, all three algorithms (QBC,QBC' and QBC") retain their performance when the target concept is chosenby an adversary and when the sample distribution is \smooth" enough.



Let A be any of the three learning algorithms - QBC, QBC' and QBC".The input to the learning algorithm is an in�nite sample vector X , a vectorof random bits r, the learning parameters �; Æ and the label oracle c. Hence, Acan be viewed as deterministic algorithm where all the random choices it makesare given by the input vector r. The algorithm A learns linear separators whileassuming (falsely) a uniform distribution over the hypothesis space.The main idea governing the revisited analysis is the symmetry embeddedin the class of linear separators. For any target concept and any sequence ofrandom choices forcing the learning algorithm to fail, we can always convert (byrotating the instances) these choices such that algorithm will fail in learning adi�erent concept. I.e., there are no concepts which are harder to learn then theothers in the class of linear separators. In the end of this section we augment thisstatement to handle other classes of concepts which share a sort of symmetryproperty.Theorem 5 states that QBC, QBC' and QBC" learns also in the worst case,i.e. when the target concept is chosen by an adversary.Theorem 5. Let A(X; r; �; Æ; c) be any of the QBC, QBC', QBC" algorithms.Let c be any linear separator and �; Æ > 0 be the learning parameters. Assuminguniform distribution over the sample space, algorithm A will generate an hy-pothesis h which is �-close to the target concept c with probability 1� Æ over theinternal randomization of the algorithm.Proof. In the Bayes setting, A(X; r; �; Æ; c) learns on average when the targetconcept c is chosen uniformly:PrX;r;c[A(X; r; �; Æ; c) is not � close to c] < Æ (13)It follows from (13) that there exists a target concept ĉ such that A learnsPrX;r[A(X; r; �; Æ; ĉ) is not � close to ĉ] < Æ (14)Let c be any target concept. There exists a unitary transformation T suchthat ĉ = c(T ). Note that A (which stand for QBC, QBC' or QBC") is invariantto unitary transformation in the sense that if A generates the hypothesis h whenapplied to hX; r; �; Æ; ci it will generate the hypothesis h(T ) when applied tohTX; r; �; Æ; c(T )i (TX stands for T applied to each instance in the sample X).A fails to learn c on the input hX; r; �; Æ; ci i� it fails to learn hTX; r; �; Æ; c(T )i.Due to the choice of ĉ it follows that the probability for an input such that Awill fail to learn ĉ is less then Æ. But the uniform distribution is invariant underunitary transformations, hence the probability that A will fail to learn c is equalto the probability that it will fail to learn ĉ and hence bounded by Æ. utThe next theorem states that not only that there is no need for the Bayesassumption, the demand for uniform distribution over the sample space canbe relaxed to handle \smooth" distributions. Let us �rst de�ne this class ofdistributions.



De�nition 2. Let U be the uniform distribution. A probability measure � is far from uniform if for every measurable set S: �(S) � U(S).Theorem 6. Let A(X; r; �; Æ; c) be any of the QBC, QBC', QBC" algorithms.Let � be a  far from uniform probability measure over the unit ball. For everytarget concept c and any �; Æ > 0, upon receiving X and r, A will generate an(�)-close hypothesis to c with probability 1� Æ.Proof. Fix a target concept c. In Theorem 5 it was shown that if A is appliedwhen X is chosen using a uniform distribution and the learning parameters are�, Æ, then A will generate an hypothesis which is �-close to c. Let h be �-closeto c under the uniform distribution and let S be the set of instances on whichh and c disagree. Then U(S) � �. Since � is  far from uniform, it follows that�(S) � �. Therefore we may conclude that if h is �-close under the uniformdistribution then it is (�)-close under �.Let W be the set of all inputs to A for which it fails to generate an �-closehypothesis under the uniform distribution:W = f(X; r) : A's hypothesis on the input X; r is not �-closeg (15)Since A fails with probability less then Æ, then U(W ) � Æ. Recall that if Adoes not fails to produce an �-close hypothesis under the uniform distribution,it will not fail to produce (�)-close hypothesis under � when applied with thesame input. Therefore, the probability that A will fail to generate an (�)-closehypothesis under � is bounded by �(W ). Since U(W ) � Æ and � is  far fromuniform, it follows that �(W ) � Æ which proves the statement. utNote that these results can be augmented to handle not only the case of linearseparators and not only QBC and its clones. The only demand we had is somesort of symmetry property of the class of hypothesis, the learning algorithm andthe probability measure. This property will be formulated using the next threede�nitions:De�nition 3. An hypothesis class H is W symmetric if for each h1; h2 2 Hthere exists T 2 W such that h1 = h2(T ).De�nition 4. A learning algorithm A is W -invariant if for every T 2 W ap-plying T to the training set of A is the same as applying T to the hypothesis Agenerate, i.e. T (A (hX; ci)) = A (T (hX; ci)).De�nition 5. The distortion of a class of transformations W on a measure �is bounded by  if for any measurable set S and any T 2W : �(S) � �(T (S)).From Theorem 6 and Theorem 5 it follows that if A and � has these proper-ties, then A learns also in the worst case and not only on average.



6 Conclusions and Further ResearchIn this paper we presented a feasible way to simulate the Gibbs oracle pickingalmost uniformly distributed linear separators and thus reduce Query by Com-mittee to a standard learning model. To this end, we used convex programmingand formed a linkage to a class of approximation methods related to convexbody sampling and volume approximation. These methods use random walksover convex bodies, on a grid which depends on the parameters � and Æ, in asimilar fashion to PAC algorithms. It seems that such random walks could bedescribed using �-net terminology or alike. We thus suggest that this connectionhave further implication in the theory of learning.We were also able to extend the cases to which QBC and its clones areapplicable. For the class of linear separators, these algorithms work even inthe worst case and hence the Bayes assumption can be withdrawn. Moreover,we were able to show that these algorithms may handle an extended class of\smooth" distributions over the sample space. We augmented these results forclasses which poses a sort of symmetry propertyFreund et. al. [FSST97] assumed the existence of the Gibbs oracle and essen-tially used the information gain only for proving convergence of the QBC algo-rithm (Theorem 1). The use of the volume approximation technique (i.e. QBC')provides a direct access to the instantaneous information gain. This enable us tosuggest another class of algorithms, namely Information Gain Machines, whichmake use of this extra information. Combining our results with the ones pre-sented by Shawe-Taylor and Williamson [STW97] and McAllester [McA98] mayallow to obtain generalization error estimates for such information gain machinesand make use of QBC' ability to produce maximum a-posteriori estimate.The two algorithms presented have to estimate a radius of a ball contained ina convex body, which in our case is the version space V . Finding the center of alarge ball contained in the version space is also an essential task in the theory ofSupport Vector Machines (SVM) [VGS96, Vap98, Bur98]. In this case the radiusis the margin of the separator. It is also clear that QBC is a �ltering algorithmwhich seeks instances that are going to be in the support set of the current versionspace. This similarity implies a connection between the two paradigms. Howeverthe mapping to a high dimensional space performed in the SVM paradigm resultsin a sparse sample space distribution. Hence, the Gibbs oracle implementationsuggested here will probably not work. Exploring the similarity and suggestingalternative volume approximation or sampling techniques is left for a furtherresearch.7 AcknowledgmentWe would like to thank also R. El-Yaniv, N. Linial and M. Kearns for their goodadvises.
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Let � � 1. Substituting r1 � �rn2n we conclude thatp = v1v1 + v2 � v1v2 � � (17)utLemma 4. For any instance x, let q be the probability that the QBC algorithmwill query for a label and let q̂ be the similar probability for QBC". Thenjq � q̂j � 4�k (18)Proof. We start by analyzing the case that the radii size condition of QBC" issatis�ed, i.e. min(r+; r�) � �k(max(r+; r�))n. Let p = Pru2V [u(x) = 1], thenq = 2p(1� p).The QBC" algorithm samples two hypotheses, h1 and h2, from the version-space V . The sampling algorithm guarantees thatjPrh12V [h1 2 V +]� Pr[V +]j � �k (19)and the same holds for V � and h2. Denote a = Prh12V [h1 2 V +] and b =Prh22V [h2 2 V �]. Since h1 and h2 are independent random variables then q̂ =2ab. Therefore, in order to bound jq � q̂j we need to maximize j2p(1� p)� 2abjsubject to the restrictions jp� aj � �k and j(1� p)� bj � �k. It is easy to checkthat the maximum is achieved when ja � pj = �k and jb � (1 � p)j = �k andtherefore j2p(1� p)� 2abj � 2�k + 2�2k � 4�k (20)We now consider the case where the radii size condition fails. Without lossof generality, assume r+ < �k(r�)n. From Lemma 3 it follows that p < n�kand by the de�nition of �k we get p < 2min(�k; 1 � �k) which means that q <4min(�k; 1 � �k)(1 � 2min(�k; 1 � �k)) < 4�k. Therefore, by de�ning q̂ = 0 wemaintain the di�erence jq � q̂j � 4�k. utLemma 5. Let L be any instances �ltering algorithm. For any instance x, let qbe the probability that the QBC algorithm will query for a label and let q̂ be thecorresponding probability for L and assume jq � q̂j � . Let g be a lower boundon the expected information gain for QBC. Then there exists a lower bound onthe expected information gain for L, denoted by ĝ, such thatĝ � g �  (21)Proof. Let r(x) be the density function over the sample space X . Let p(x) bethe probability that x is labeled 1, i.e. p(x) = Pru2V [u(x) = 1], then q(x) =2p(x)(1 � p(x)). Since g is a lower bound on the expected information gain forthe QBC algorithm then g � Zx r(x)q(x)H(p(x))dx (22)



since jq � q̂j � , the expected information gain for L is bounded byZx r(x)q̂(x)H(p(x))dx � Zx r(x)q(x)H(p(x))dx �  � g �  (23)taking a close enough lower bound ĝ for the leftmost term, the statement of thelemma follows. utCorollary 2. Let g be a lower bound on the expected information gain of theQBC algorithm. From Lemmas 4 and 5 it follows that there exists ĝ � g � 4�ksuch that ĝ is a lower bound on the expected information gain of QBC".Lemma 6. Assume that after getting k labeled instances, algorithm QBC" doesnot query for a label in the next tk consecutive instances. If c is a concept chosenuniformly from the version space and h is the hypothesis returned by QBC", thenPrc;h[Prx[c(x) 6= h(x)] > �] � Æ=2 (24)Proof. We de�ne a bad pair to be a pair of hypotheses from the version space thatdi�er on more then proportion � of the instances. We would like the algorithmto stop only when the queries it made form an ��; Æk4 �-net, i.e. if two hypothesesare chosen independently from the version space, the probability that they forma bad pair is less then Æk4 . We will show that if the algorithm did not make aquery for tk consecutive instances, then the probability that the queries madeso far do not form an ��; Æk4 �-net, is bounded by Æk=4.Let W = f(h1; h2) jPrx[h1(x) 6= h2(x)] � �g. If Pr[W ] � Æk=4 then the prob-ability that (c; h) is a bad pair is bounded by Æk=4 (when picked uniformly).Wewould like to bound the probability that Pr[W ] > Æk=4 when QBC" didn't queryfor a label for tk at the last consecutive instances:If Pr[W ] > Æk=4, then the probability that the QBC algorithm will query fora label is greater then �Æk=4. From Lemma 4 we conclude that the probabilitythat the QBC" algorithm will query for a label is greater then �Æk=4 � 4�k.Plugging in �k = �Æk32 we conclude that the probability that QBC" will query fora label is greater then �Æk=8. Therefore, the probability that it won't query for alabel tk consecutive instances is bounded by (1� �Æk=8)tk . Using the well knownrelation (1� ")n � e�n" and plugging in tk = 8 log 4=Æk�Æk it follows that(1� �Æk8 )tk � e�tk �Æk8 = e� 8�Æk log 4=Æk8�Æk = elog( Æk4 ) = Æk4 (25)Hence, Prx1;x2;:::[Pr[W ] > Æk=4] � Æk=4. Thus if the algorithm stops after tkconsecutive unlabeled instances, the probability of choosing an hypothesis whichforms a bad pair with the target concept is lower then Æk=2, since the probabilityof W being larger then Æk=4 is less then Æk=4 and if it is smaller than Æk=4 thenthe probability for a mistake is bounded by Æk=4. Since Æk = 3Æ�2(k+1)2 it followsthat Pk Æk = Æ=2 and we get the stated result. ut



Lemma 7. Let a > 0 and let m be the number of calls to the Sample oraclethat QBC" (or QBC') makes (assume m � n), then the following holds withprobability greater then 1� 2�a:Each intermediate version space the algorithm generates has a volume greaterthan 2�a( dem )d�n=2�(n+22 ) , and there is a ball of radius greater than 2�a( dem )dn containedin it.Proof. The �nal version space, the one that is being used when the algorithmstops, is the smallest of all intermediate version spaces. Moreover, if the algorithmwas not �ltering out instances, but querying labels for all instances, then the �nalversion space would have been smaller. Since we are interested in the worst case,we will assume that the algorithm did not �lter out any instance.Fix X a sample, while Xm is its �rst m instances. Let c be a concept chosenfrom 
. Xm divides 
, the set of all concepts, to equivalence sets, two conceptsare in the same set if they give the same label to all m instances in Xm. If 
 hasa VC-dimension d, we know from Sauer's lemma that the number of equivalencesets is bounded by � emd �d. Using the distribution Prc over 
 it follows thatPrc h� logPr [C] � a+ d log emd i � 2�a (26)where C is the equivalence set of c. We now turn to discuss the special case oflinear separators and the uniform distribution over the unit ball, i.e. 
. Notethat if V is the version space after getting the labels for Xm, then V = C.Therefore Pr[C] = Vol(V)Vol(B) where Vol(B) is the volume of the n-dimensional unitball. Using (26) we getPrc h� logVol(V) � a+ d log emd � logVol(B)i � 2�a (27)Assume that� logVol(V) � a+d log emd �logVol(B) (this is true with probabilitygreater then 1 � 2�a), from Lemma 1 we know that there is a ball in V withradius r such that r � Vol(V)�(n+22 )n�n=2 . We conclude that there is a ball in V withradius r such that r � 2�a � dem�dVol(B)� �n+22 �n�n=2 (28)utB Theorem and Lemmas for QBC'We begin by presenting a series of lemmas which provide the means for provingTheorem 7:Lemma 8. Let K1, K2 be two convex simplexes and let vi = Vol (Ki) be thecorresponding volumes. We denote v̂i the approximation of vi and p̂ = v̂1v̂1+v̂2 . If� � 2� and � � 3 then jp̂� pj � 2� (29)



with probability greater then 1� 2Æ.Proof. We shall term a result of the approximation algorithm a \good" result ifit's value remains within the � bound. We know that the probability for a badresult is � Æ. Since we activate the algorithm twice at most, then the probabilityfor two good results is greater then 1 � 2Æ. Therefore, we may assume that wegot two good results.Following Lemma 3, if we halt the computation of v̂i when ri become toosmall, we get a di�erence of � at most (in this case p̂ will be zero), since �k = 2�knthe bound holds in this case. We shall proceed with the general case:p� p̂ � v1v1 + v2 � v1(1� �)v1(1� �) + v2(1 + �) = 2v1v2�(v1 + v2)2 + �(v22 � v21) (30)Fixing v2 we need to �nd v1 that will maximize the right hand of (30). FromLemma 3 and the above discussion we may assume v2 > 0. If v1 = 0 or v1 =1we get a zero gap in (30). Hence we can use the derivative to �nd the maximalvalue which turned up to be v1 = 2r 1 + �1 + 3�v2 (31)it then follows p� p̂ � 2� 2p1 + �2 + 4�+ 2�2 + 2 2p1 + �(1 + 3�) � � 2p1 + � (32)�xing � � 3 results in p� p̂ � 2�.Let us de�ne q = v2v2+v1 and q̂ respectively. The previous discussion impliesthat q � q̂ � 2�. Since q = 1� p and q̂ = 1� p̂, then p̂� p � 2� which results injp� p̂j � 2�. utCorollary 3. With probability greater then 1� 2Æjp(1� p)� p̂(1� p̂)j � 6� (33)Proof. jp(1� p)� p̂(1� p̂)j = j(p� p̂)(1 + (p+ p̂)j = jp� p̂jj1 + p+ p̂j (34)since p; p̂ � 1 and jp� p̂j � 2� we obtain the stated result. utLemma 9. Let c be the concept to be learned. For any �; Æ > 0, if h is chosenuniformly from the version-space then:PrQBC0;c[Prx[c(x) 6= h(x)] > �] < Æ2 (35)



Proof. De�ne the set of "bad" hypothesis pairs:W = f(c; h) 2 V2jPrx[c(x) 6= h(x)] > �g (36)Denote Pr[W ] = . If  � Æk=2 then choosing at random h 2 V will generate abad hypothesis with probability . Assume the algorithm didn't query for labelfor tk consecutive instances, after observing the k'th labeled instance. We wouldlike to bound the probability that  � Æk=2.Prc;h2V [Prx[h(x) 6= c(x)] > �] =  (37)therefore Prc;h;x[h(x) 6= c(x)] > � (38)since (h(x) 6= c(x)) is a binary event, we may rewrite (38 asEx[Ec;h[h(x) 6= c(x)]] > � (39)De�ne p = Prx[Ec;h[c(x) 6= h(x)]] > �=2. Since 0 � Ec;h[c(x) 6= h(x)] � 1 thenp+ (1� p)�=2 > � (40)p > �2� � (41)i.e. Prx[Ec;h[c(x) 6= h(x)] > �2 ] > �2� � > �2 (42)Given an instance x 2 X such that Prc;h[h(x) 6= c(x)] � �=2, the originalalgorithm will make a query on this instance with probability greater then �2 . InCorollary 3 we were able to show that jp(1�p)� p̂(1� p̂)j � 6�k with probabilitygreater then 1 � 2Æk. Therefore, QBC0 will ask to label such an instance withprobability greater then (1 � 2Æk)(�=2 � 12�k). Since the Probability for suchx 2 X is greater then �=2, then the probability that QBC0 will ask to label thenext instance is greater then�2 (1� 2Æk)(�=2� 12�k) (43)The probability that the algorithm would not label tk consecutive instances isbounded by(1� �2 (1� 2Æk)(�=2)� 12�k))tk � exp(�tk �2 (1� 2Æk)(�=2� 12�k)) (44)Since we assume that  � Æk=2 and the choice we made for �k donate 12�k = �Æk8 ,then the exponent at the left side of (44) can be upper bounded byexp�tk �Æk4 (1� 2Æk) �Æk8 = exp� log 2Æk (45)= Æk2 (46)By summing Æk over k from zero to in�nity we get the stated result. utWe are now ready to present the main theorem for algorithm QBC':



Theorem 7. Let �,Æ > 0, let n > 1 let c be a linear separator chosen uniformlyfrom the space of linear separators. With probability 1 � Æ algorithm QBC' (asdescribed in section 2.1) returns an hypothesis h such thatPrc;h[Prx[c(x) 6= h(x)] > �] < 1� Æ (47)using m0 = (n; 1=�; 1=Æ)O(1) instances, k0 = O(n log m0Æ ) labeled instances andthe time complexity is m (the number of iterations) times Poly(n; k; 1� ; 1Æ ) (thecomplexity of each iteration).Proof. The proof is almost the same as the one presented for the QBC" algo-rithm and consists of three parts: the correctness of the algorithm, it's samplecomplexity and computational complexity. We base the proof on the lemmaspreviously speci�ed.In Lemma 8 we show that if q is the probability that QBC will ask to labelan instance x and q̂ is the probability that QBC' will ask to label the sameinstance then jq � q̂j � 12�k with probability greater then 1 � 2Æk. Using thisbound, we show in Lemma 9 that if the algorithm didn't ask to label more thentk consecutive instances and V is the version space thenPrc;h2V [Prx[c(x) 6= h(x)] > �] < Æ=2 (48)therefore if we stop at this point and pick an hypothesis approximately uniformlyfrom V with accuracy of Æ=2, the error of the algorithm is no more then Æ andthis completes the proof of the correctness of the algorithm.Following Freund et. al. [FSST97] (cf. Theorem 1) it will suÆce to showthat QBC' has a lower bound on the expected information gain of the queries itmakes. By Lemma 8 we know that jq � q̂j � 12�k with probability greater then1 � 2Æ. Since the probability is over the choices of QBC' (and not over x), weconclude that jq � q̂j � 12�k + 2Æk. From Corollary 2 we conclude that if g is alower bound on the expected information gain of the QBC algorithm, then thereexists ĝ, a lower bound for the QBC' algorithm, such that ĝ � g � 12�k � 2Æk.For the class of uniformly distributed linear separator, under certain restrictionon the sample space, such a lower bound do exists when applying the originalQBC algorithm (cf. [FSST97]). Since �k; Æk < Æ(k+1)2 then for Æ suÆciently smallor k suÆciently large, ĝ > g=2Having this lower-bound on the expected information gain and using theaugmented Theorem 1, we conclude that the number of iterations QBC' willmake is bounded by Poly(n; k; 1� ; 1Æ ) while the number of queries it will make isless then Poly(n; k; log 1� ; log 1Æ ).Finally we shall briey discuss the computational complexity, following thesame discussion at Theorem 4. The algorithm computes the two radii r+ and r�.It follows from Lemma 7 that with high probability at least one of the radii is nottoo small and hence can be found in polynomial time (in the learning parameters)using convex programming (cf. Lemma 2). As for the other radius, if it takesmore then polynomial time to �nd its value then this value is exponentially



smaller then the former radius, as measured by the parameter �k, and hencecould be assumed to equal zero.After computing the radii, the volume approximation algorithm is used. Thisalgorithm takes polynomial time in the parameters 1=�k; 1=Æk; j log r+j; j log r�j.It follows that each iteration of QBC' takes polynomial time and since the num-ber of iterations is m0 we get the stated bound. utC Complementary Results on Convex BodiesLemma 10. The simplex with the maximal surface contained in the unit ball isthe unit ball itself.Proof. Assume K is a simplex other then the unit ball. We will show that thereexists a simplex bK such that all it's vertices are on the unit sphere and it'ssurface is at least as large as the surface of K. Thus, by adding another vertexand taking the convex-hull we increase bK's surface. Adding a countable numberof vertices we may approach the unit sphere as close as desired. This impliesthat K's surface is smaller then the surface of the unit ball, which is the unitsphere.We start by constructing bK. Let u be a vertex in the inner part of the ball.We would like to move u to the sphere while maintaining or increasing thesurface size. In order to simplify the argument we shall assume working in <2,the general case is exactly the same. We would like to drag u out of K. Denotingbu the repositioned vertex, two constraints should be considered:1. For any vertexw adjacent to u, the size of the edge (w; u) should not decrease.This limits bu to be outside of a ball centered at w with a radius jjw � ujj.2. Dragging u to bu and taking the convex-hull will eliminate one or more verticesof the original K. This bounds bu to be not \too far" from u (�gure 2).
Fig. 2. The simplex is in bold face and the twotypes of constrains on u0 are in broken circles andlines.

Dragging u until we reach the bounds we've described (�gure 3) will notdecrease the size of the surface, due to the triangle inequality. Hence we may



eliminate some of the original vertices and apply the same procedure all overagain. Note that each time a vertex is repositioned we either reach the unitsphere (�gure 4) or eliminate at least one vertex. Since K has �nite numberof vertices, then after a �nite number of steps we end up with bu on the unitsphere or with no vertex, i.e. the ball itself. Assuming that all vertices are on
Fig. 3. The new generated by dragging a vertexuntil in reaches the boundary of the constrains. Inbroken circles and lines are the new constrains afterdeleting some of the vertexes.
Fig. 4. The simplex, after dragging the vertex untilit reaches the sphere. One can see that the size ofthe surface only increases in the process.

the unit sphere we further add more vertices to the sphere and take the convex-hull. Obviously the size of the surface wont decrease by these actions (�gure 5),meaning that adding a countable number of vertices we transform K to theunit ball without decreasing the size of it's surface. We thus conclude that anysimplex K within the unit ball has a surface which is not larger then the surfaceof the unit ball, i.e. the unit sphere. utLemma 11. For any  > 0, there exists a convex body K � Bn such that theradius r of the maximal ball contained in it isr � Vol(K)� (n+12 )� n�12 (1 + ) (49)Proof. We know from the proof of lemma 1 that the maximal radius of a ballcontained in a convex body K is related to the ratio between the volume of thebody and the volume of its edge. Therefore we would like to present a body withlow volume and large edge. The body we will use is a disc.



Fig. 5. Adding a vertex on the sphere after all theother vertexes are already on the sphere. Again, thesize of the surface increases.
Fix 1 > r > 0 and de�ne K to be K = fx 2 Bnjx0 2 [�r=2; r=2]g. K is aconvex body such that the maximal radius of a ball contained in it is r. Thevolume of K is easily seen to be bounded byrVol(Bn�1) � Vol(K) � rVol(Bn�1)(1� r2)n2 (50)For small enough r, (1� r2 )n2 � 11+ and thereforr � VolKVol(Bn�1) (1 + ) (51)and by plugging the volume of the n�1 dimensional ball the proof is completed.utIt follows from Lemma 1 and Lemma 11 that the bounds presented are almosttight:Corollary 4. Let c be the maximal constant such that any convex body K inthe unit ball has a ball of radius cVol(K) contained in it then� �n+12 �� n�12 � c � � �n+22 �n� n2 (52)


