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1 Statistical Decision Theory

We begin with a probabilistic framework for making decisions in the world.
For example, you wake up in the morning and see it is a bit cloudy. Now, in
some cases this might indicate it will rain but not always. Now assume we
can either wear boots, take an umbrella or do none of these. How should
we act.

The situation is thus that we have some observation in the world (it’s
cloudy) and there is something we don’t know (will it rain). Our course of
action depends on what will actually happen.

SDT lets us think formally about such decisions. It describes our knowl-
edge about the worlds via the following objects:

e World States. The set of possible world states 2. For example Q2 =
{it will rain, it won’t rain}. We assume that these span all the possible
states of the world (i.e., in each possible world exactly one of these is
the state).

e Observations. Some property of the world that we get to observe X.
Could have continuous values (e.g., X = R), multidimensional (e.g.,
X = R")ordiscrete (e.g., X = {itis cloudy, it is sunny, there’s a storm}).

e Possible actions. The set of actions we can take A. For example
A = {take umbrella, take coat, stay at home}.

¢ Risk function (or loss function). Whether we are pleased or not with
our action depends on what the real state of the world is (which we do
not know before we carry out the action). If it rains and we didn’t take
an umbrella or wore a coat we will pay a lot (we’ll be wet). If we took
a coat instead we’'d pay somewhat less. If we took an umbrella we’'d
be happy so we won'’t pay anything. Formally we define a function
M a|w) which gives the price we pay for action « if the state of the
world is w. In the discrete case this is a matrix.



1.1 Bayesian Decision Theory 1 STATISTICAL DECISION THEORY

So far we said nothing about probabilities. The first two items are actu-
ally random variables and they have corresponding distributions.

¢ A probabilistic model of the world. Assume we know the distribu-
tions p(w) and p(z|w). The distribution p(w) is called the prior over .
In some cases it is natural to assume we know it while in others (e.g.,
when the world state is the validity of some scientific theory) it might
not be as sensible. Approaches which assume such priors are called
Bayesian approaches.

Note that knowing these two things is equivalent to knowing p(x, w),
but since some approaches only assume knowledge of p(z|w) we
prefer to separate them.

The goal of decision theory is to decide how to act given a measurement .
We are interested in a decision function (or a strategy) 6 : X — A. There
are several criteria for deciding what the best strategy is. Below we focus
on the Bayesian approach.

1.1 Bayesian Decision Theory

How do we choose a “good” decision function? Had we known what the
state of the world w is, there would be no problem. Clearly we would just
choose the action « that minimized the cost A(«|w). But we don’t. The state
of the world is unobserved.

If we take action a every time we see an observation x we will incur
a different cost every time, since w may have different values every such
time (it might rain sometimes when it’s cloudy, and sometimes it might not).
Fortunately, we can calculate the expected cost of taking action « for a
given observation x.

R(alz) =) p(w|z)A(afw) (1)

This is called the conditional risk.

Note that in the discrete case this is equivalent to matrix multiplication
(R = Ap(w))

The probability p(w|x) is called the posterior probability and is calcu-
lated via Bayes rule:

 palopw) | plew)p(w)
Pelt) =" T S palo)p(@)

Before seeing « we have the prior distribution over p(w) which then be-
comes the posterior after seeing the observation.

(@)
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The risk in Equation ?? is defined per value of observation. We would
like a decision rule for all values of = so we would like to consider the risk
when averaged over all values of =, namely the overall risk:

R[5(x)] =Y R((z)|x)p(z) = Y plw,w)A(6(z)|w) 3)
The optimal Bayes decision rule is defined as:
" (x) = arg min R[5(z)] (4)

Proposition 1. The optimal strategy for observation x is to choose

§*(x) = arg moin R(a|z) (5)

Proof. Consider any other decision rule é(x). Then
R[3(x)] = ) R(O(x)|z)p(x) 2 Y R(6"(2)|z)p(x) = R[6"(x)]  (6)

so that the risk for 6*(x) is lower than that of any other decision rule. O
Definition 1. The risk R[6*(z)] is called the Bayes Risk.

Definition 2. Define the state conditional risk as the average risk of rule
d(x) given that the world state is w:

R(5(x)|w) =) plaw)A(S(z)|w) 7)
Then it's easy to see that

R[§(z)] =) plw)R(3(x)|w) (8)

w

1.1.1 The two category case

Suppose there are two actions A = {a1, a2} and two states @ = {w1,wa}.
What is the optimal decision rule? Lets write the conditional risk.

R(ai]z) = Maa|w)p(wi|z) + A1 |wa)p(walz)
R(az|z) = Mazlwi)p(wi|z) + A(az|w2)p(wa|r)

We will take action « if R(aq|z) < R(ag|z). This is equivalent to:
plenlz) [Mazlon) = AMarfwn)| = p(wala)[Malws) = Aaalws)| (@)

3
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Use the fact that
plofe) = L) (10)

To get:

p(xlwi)p(wr) | Alaz|wr) — )\(a1|w1)] > p(z|w2)p(ws) [Aai|ws) — )\(a2|w2)}
(11)
Assume wlog that A(az|wi) — AMai|wi) > 0 (meaning if the state if w; we
should prefer to predict «1). Then the rule is:

plxlwr) _ plwz)  Alaifws) — Aaz|ws)
p(zlwz2) ~ p(wr) Aaz|wr) — Alarfwr)

(12)

The above is called a likelihood ratio. Note that the RHS is independent
of . Why does it make sense: suppose ws is apriori much more likely than
wi1. Then z needs to be such that it's much more likely given w; for us to
decide in favor of w;.

Q: What happens at equality?

Show examples with Gaussians.

1.1.2 Error minimization

Suppose we have n states and our action is to predict the correct value of
the state. So:

Mooy ={ § 12

The conditional risk for observation z is

R(a|z) =) pwlz)A(alw) = Y p(wle) =1 - p(wlz) (13)
w jF#i

Minimizing the risk is equivalent to maximizing p(w;|x) so in this case we
should choose the action «a;« where

i* = arg max p(w;|z) (14)
7
More simply, we will predict the state to be the one that maximizes p(w|x)

1.1.3 Error minimization: Two states

Assume two states. Then we will predict state w if

p(wo|z) > p(wi|z) (15)
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or
p(z|wo) > p(wi) (16)
p(zlw1) ~ plwo)
This partitions the space into x for which we will decide 0 and those that will
decide 1. Denote by D, the set of x for which we decide 0.
Example: assume p(x|w;) are two one dimensional Gaussians with
same variance o2 and mean ;. Then:

1 S MR
p(x‘wi) = \/We 7,7 (T—pi) (17)

Assume equal priors. Then x € D if:

log p(z|wo) — log p(zfw1) > 0
—(@ = po)* + (x —m)* > 0
2x(po — 1) > g — 44
Mo + p1
g > 0T

2

1.1.4 Overall risk. Error minimization in Two states

The expected value of the risk is the probability of error of our procedure. It
can be written as:

= > p(W)R(3(x)|w) = p(wo) R(8(z)|wo) + plwi) R(5(x)|wo)

x)|wo) ZP zlwo)AB(@)wo) = D plelwo) = p(z € Dilwo) (18)

x€Dy
Similarly R(6(z)|w1) = p(x € Do|w1). So:

R[6(x)] = p(wo)p(x € Di|wo) + p(w1)p(x € Dolwr) (19)

2 Hypothesis Testing

In the previous class we learned how to predict the state of the world € if
we have a prior probability defined on it. What if we want to test a scientific
hypothesis (e.qg., is the world round). It’s not clear that a prior is well defined
here. The school of thought which avoid assuming priors in such cases is
the frequentist approach.

Assume the world states 2 are partitioned into two sets ¢ and ;.
Define two hypotheses:
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e The Null Hypothesis H, which corresponds to the hypothesis that
w € Q.

e The Alternative Hypothesis H; which corresponds to the hypothesis
that w € Q.

As before we assume we have access to distributions p(z|w) for all w. A
test is a procedure that receives x, checks if x € D; (the rejection region or
critical region). If it is, we reject H, (accept H;). Otherwise we accept Hy.

In what sense is such a procedure good or bad? Begin with a simpler
case where there is one world state in 2o and one in Q; (denote by w; and
ws). This is called the two simple hypotheses case.

We define two types of errors:

e Type | error (e; or «(0) or false positive): The probability of rejecting
Hy when in fact it is true (i.e., the world state is wp). This is given by
p(z € Di|wp). Itis also called its size. A test with size at most « is
said to have significance level a.

e Type ll error (e;; or 5(9) or false negative): The probability of accept-
ing Hyp when in fact it is false (i.e., the world state is w;). This is given
by p(x ¢ Di|w1). Note that 1 — 3 is sometimes called the power of the
test.

Recall from our Bayesian discussions: if we had priors on €2, we could
have defined a procedure that rejects Hj if

p(elor) _ plwn)
p(zla0) = plen) (20)

Since it is the optimal Bayesian strategy we know that it minimizes the risk

p(wo)a(d) + p(w1)B(6) (21)

Suppose are interested in a test with significance level a. If we never
reject then we have it but clearly that’s not very good and our test is not
sensitive. Also, there are probably tests which do reject and still achieve
this significance level. Which one is preferable?

Lemma 1. (Neyman and Pearson, 1933) Assume we have a test of the
form: Choose w; (i.e. reject the Null) if

p(z|wo)
Denote this test by dy9(x). Assume it has type one error a(dy) (i.e., p(xz €
Dq|wy) = «a(dg)) and denote its type two error by (3(d¢). Then for any other
test o with a(d) < a(dp) it holds that 3(6) > (3(d¢). Furthermore, if a(6) <
a(dg) then B(5) > B(dp)-
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Proof. Denote the above test by J,. We can define p(wy), p(w1) such that
their ratio is exactly 6:

plwo)
T—pen)
pen) =iy o+ ) =

Thus the test above is Bayes optimal for this prior. This implies that:

pwo)e(dg) + p(w1)B(dp) < p(wo)a(0) + p(w1)B(5) (23)

for all other tests 6. Write it as:
p(wo)(a(dg) — a(9)) < p(w1)(B(9) — B(d)) (24)
And so if a(dg) > «(0) necessarily 5(5) > ((dg) (the second part of the
lemma also follows easily). O

How do we choose 6 in practice? Usually we have some o' error that
we want to achieve, so we would like to set 6 so that the test dy has this
error. This means that 6 should satisfy:

o = p(z € D1(6p)|wo) = / p(x)dx (25)
2€D1(dg)
Note that in many cases, there is no need to optimize over # but rather to
consider all possible decision regions D; and choose the one that satisfies
the above.

As an example, say p(z|w;) is a Gaussian with mean pp = 0,1 = 1
and o2 = 1. Recall that in this case, the likelihood ratio test is equivalent to
decide w; when xz > v where « is some constant. So, we want to find a
such that:

/00 N(z,0,1)dz = o/ (26)
.

And this can be solved for « using the inverf function. Denote by ®(~) the
tail integral of a standard Normal distribution between —oc and 4. Then
v=o11-d).

3 Multi Dimensional Observations

A typical setting is where before we decide how to act we have multiple
observations. For example

e say there are two possible coins and we obtain results for n throws
before deciding which coin it was.

7
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e Make repeated measurements with a thermometer

Assuming all measurements were made with the same state of the
world, and are independent we have:

p(l'l,---,l'n‘w) = Hp(xz‘w) (27)

We call them Independently Identically Distributed (lID).

We will be interested in the behavior of measures based on such sam-
ples as n grows.

Suppose we perform a likelihood ratio test. So decide w; if:

plwilzy, ..., op)

>t 28
p(wolz1, ..., Tp) (28)
This is equivalent to
1 e 1
7logp(w1\1’17 » Tn) > Lyt
n p(wolxi, ... xp) n
1 1 1
7logp(w1) LA p(z1,. .., Tnlwr) > Liogt
n plwo)  n p(1,. .., Tnlwo) n

What does this number look like as n — oc? That depends on where
the x; are coming from.

1 ey, Ty i
710g]9($1a s Tplwi) Zl p(wilwr) (29)

n p(xy,... ,xn|w0 p(zi|wo)

This is an empirical average of IID samples from a variable with value
> ;log %, it thus converges to:

p(@lwi) _
zx:p(ﬂ?!wl) log ozl = D p[p(z|wr)|p(w|wo)] (30)
Or: p(elor)

> plalwo)log T = —Dicalp(eleo) el (31)

Similarly the expected value of log % is
Epor.nlon) (log P, x”)) — nDycrlplalwn)p(elen)] + log 2
.... " p(wo|x1,...,xn) p(w())
(32)
Eptoronlon) (logp(“'x“ . %)) — —nDier[p(luwo) [p(alwn)] +log 21
Lyeey¥m @0 p(wolz1, ..., Ty) p((cé%))
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As n — oo: if the samples are coming from w; we will decide w; if

Dgplp(z|wi)|p(zlwo)] = 0 (34)

meaning always, and therefore we will not make any mistakes in this case.
As n — oo: if the samples are coming from wy we will decide w if

—Dgrlp(z|wo)|p(z|wi)] = 0 (35)

which is never, so we will never make a mistake in this case as well.

4 Kullback Leibler divergence

The Kullback?Leibler divergence between two distribution is defined as:

Dgrlp Z p(x Ei (36)

Note that here if p(x) = 0 we add 0 regardless of the value of ¢(x).
Itis

e Non negative and is zero iff p(x) = ¢(x) (in the continuous case it may
be zero if p and ¢ are equal almost everywhere).
Proof: Use the fact that logz < x — 1:

;U q(x
(37)
Equality holds iff }% =1 for all z.

e Non symmetric. For example if there is an x for which p(z) > 0,¢(z) =
0. Then we will have a divergence of co. This makes sense because
it means we are looking at the likelihood ration between p(x) and g(z)
observe something that is infinitely more likely under p(z).

5 Sequential Decision Making

Say we first observe z; then x5 etc. Now we wish to decide about w at
every step. At every step we want to decide according to the MAP. Initially
we decide based on z; by maximizing p(w|z1)

p(z1|w)p(w)

P =)

o p(z1|w)p(w) (38)
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Next:

Dy, z2) = p(x;,(ii\o;lz)?(w _ p(xl\c;ziiwilg)p(w) < plasl)p(wlen)
’ ’ (39)

p(wl|x1, 2, x3) x p(x1, z2|w)p(xs|w)p(w) x p(zs|w)p(w|z1, z2) (40)

If we have two states, what happens to the prior? Converges to one for the
true state.
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