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k miniiw `l j` m = n = k e`) m ≥ n m` .r dzbxy A ∈ Rm×n idz-xhn oi` ,xnelk .A z` oqkll ozip `l f` (A ly miielz izla miinvr mixehweSingular Value miiw inz ,z`f znerl .zipeqkl` De A = PDP−1y jk P dvi:Deomposition

A = UΣV′

Σ ∈ Rr×re (zeilnxepehxe`) U′U = V′V = I , V ∈ Rn×r ,U ∈ Rm×ry jk.0 mpi` oeqkl`d ixai`e.zipeqkl`.BA = In y ze`xl lw f` B = VΣ−1U′ xibp m`e zniiw Σ−1y mb o`kn :dxrd.A ly (il`ny) ikted oirn `ed B okly o`kn .AA′ = UΣ2U′ dne ote`ae A′A = VΣU′UΣV′ = VΣ2V′ :dxrd
(A′A)−1 =e dkitd A′A ∈ Rn×n f` r = n m` .Rank(A′A) = Rank(AA′) = r

VΣ−2V′. (AA′)−1 = UΣ−2U′e dkitd AA′ ∈ Rm×m f` r = m m`
1



zireaix d`iby xerfn jez jexriy(over onstrained) :1 dira
Rank(A) = n ike (dfx A) q > n y jk A ∈ Rq×ne y ∈ Rq mipezp ik gipp:zireaixd d`ibyd z` xrfnny y-l aexw Ax-y jk x ∈ Rn `evnl epipevxa

arg min
x

‖y − Ax‖2zpn lr .menipin zewp `id zqt`zn zxfbpd da dewp okle xa ireaix iehia df:iehiad z` hrn gztp dxifbd z` lwdl
J = ‖y − Ax‖2

= (y − Ax)′(y − Ax) = y′y − 2y′Ax + x′A′Ax0l deeype x itl xefbp
∂J

∂x
= −2y′A + 2x′A′A = 0

A′y = A′Axzlawl (A′A)−1 a l`nyn letkp .dkitd A′A okle Rank(A) = ny jka xfrp zrk
x = (A′A)−1A′yxrfnn (A′A)−1A = VΣ−1U′ iehiad .x = VΣ−1U′y lawp A = UΣV′ aivp m`epnqp .(I ozep epinin Aa ltk ik) A ly il`ny ikted `xwpe zireaixd d`ibyd z`(ddf ote`a oneqn jynda bveiy ipnid iktedd) A†a(under onstrained) :2 dira

Rank(A) = n ike (dpny A) q < n y jk A ∈ Rq×ne y ∈ Rq mipezp ik gipply oaena) xzeia ohw x-e (z`f zeyrl ezip) Ax = y-y jk x ∈ Rn `evnl epipevxa:(zireaix dnxep
argmin

x
||x||2 s.t.Ax = y:'bpxbl iltek zxfra xeztp .miveli` mr dira ef

J = x′x + λ′(Ax − y)

x itl xefbp
∂J

∂x
= 2x′ + λ′A = 0

x =
1

2
A′λ ueli`d z` miiwny λ `vnp

A(
1

2
A′λ) = y2



(AA′)−1 miiwy oeeike
λ = 2(AA′)−1y

xa dxfg aivpe
x = A′(AA′)−1y = A†ymewink zpzep A = UΣV′ zavdy al miyp .ipnid pseudo inversed zlawl

A† = VΣ−1Uilnihte` dxwa ze` z`ivn:LTI zkxrn idz
xn+1 = Axn + Bun ,x0 = 0 , u0 = 0.xn oezp avnl nd rva zkxrnd z` `iaiy dxwa ze` `evnl dvxpzlawl dbiqpd zgqep z` yextl ozip ,reik

xn =

n−1∑

i=0

AiBui ipeivixhn ote`ae
xn =

[
B AB · · ·An−1B

]
︸ ︷︷ ︸

Ã




u0...
un−1




︸ ︷︷ ︸
ũzkxrnd m` ,epiid) d`ln zexey zbx zlra Ã m` ,okle under onstrained dira ef.d`eeynd z` mixzety ũ daxd mpyi f` (!dxwal zpzip.ũ = Ã′(ÃÃ′)−1xn ,mewink ,`ed oexztdy ixd ilnipin ‖ũ‖2 y jk ũ z` xgap m`lawp zevixhnd zeltkn z` rvape Ã z` dxfga aivp m`

ui = B′Ai




n−1∑

j=0

AiBB′
(
Ai
)′



−1

︸ ︷︷ ︸
W

−1
c (n−1)

xnontrollability grammian -d m` ik dgkeda yniyy dxwad ze` weia edfy al miypdgpdl epyxp o`k mb .(zihxwqi zkxrn xear) dxwal zpzip zkxrnd f` dkitd.(?eti`) ef3



zitvz yrx mr avn jexry(onfa zihxwqi) zkxrn epl dpezp ik gipp
xt = Axt−1

yt = Cxt + νtz` epi`x ik gippe observable `id zkxrnd ik gipp .oal ilnxep yrx νt ∼ N (0, I)ykik al miyp .{y0, . . .yt} zeitvzd zxq



y0

y1...
yt




︸ ︷︷ ︸
ȳ

=




C

CA...
CAt−1




︸ ︷︷ ︸
O

x0 +




ν0

ν1...
νt


 okle

yi ∼ N (CAix0, I) ytgp
arg max

x̂0

p(y0, . . .yt|x̂0) = argmax
x0

t∏

i=0

1

z
e−

1
2
||y−CAix̂0||

2.arg maxx f(x) = arg maxx ln(f(x)) okle xa dlere zipehepen `id ln(x) dlertd reik`evnl i okl
arg max

x̂0

ln(p(y0, . . .yt|x̂0)) = argmax
x̂0

t∑

i=0

−
1

2
||y − CAix̂0||

2

= argmin
x̂0

1

2
||ỹ −Ox0||

2lra oexzt `ed ziaxind ze`xipd oexzty eplaiw ilnxep yrx ly dgpddn ,xnelkepi`xy itk .zilnipin zireaix d`iby
x̂0 = (O

′

O)−1Oȳ

=

(
t−1∑

k=0

A′kC′CAk

)−1 t−1∑

k=0

A′kC′yk.(O′

O)−1 meiw dgihan zetvipd zgpd
x0 jexrya d`ibyl dxew dn ogape (ip`iqe`b jxkda `l) |νk| < v ik gipp zrk:t dind jyna zelzk

x̂0 − x0 = O†ȳ −O†(ȳ − ν̄)

= O†ν̄

=

(
t−1∑

k=0

A′kC′CAk

)−1 t−1∑

k=0

A′kC′νk4



zlawl A = ae C = 1 ik gipp gezipd zehyt ornl
|x̂0 − x0| =

∑t−1
k=0 atνk∑t−1
k=0 a2t

≤
v
∑t−1

k=0 at

∑t−1
k=0 a2t.∑t

k=0 ak = 1−ak+1

1−a
ik xekfp .zeiqpd zexq ly mekq dflawp t → ∞yk |a| < 1 m`

x̂0 − x0 ≤
v(1 − a2)

(1 − a)
= constant zxg`

x̂0 − x0 = 0zewiqtn zetqep zeitvz okle onfd mr 'gkyp' izlgzdd avnd f` daivi A m`avwa dlb izlgzdd jxra dphw diihq f` daivi `l A m` .jexryd z` xtyl.0l dribyd z` oihwdl lkep okle il`ivppetqw`

5
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zelzk |x̂0 − x0| :dpezgzd dxeya .zeitvzde avnd ly milelqn :dpeilrd dxeya.zxazn zkxrn xear - oinin .daivi zkxrn xear :l`nyn .zitvzd jynaik d`xp .xzeia 'ohw' pseudo inverse mivex epiidy o`kn O†ν̄ `id d`ibydy epi`x.z`f miiwn O†.A† = VΣ−1U′ idz .A = UΣV′e d`ln dbx zlra dfx A ∈ Rq×n idz :dprh
BB′ − A†(A†)′ � 0 miiwzn BA = I y jk B dvixhn lkly miiwzn x xehwe lkl xnelk ,positive semi de�nite `id M y lnqn M � 0)(x′Mx > 0

||A†ν||2 < ||Bν||2 y miiwzn ν (yrx) xehwe lkl :zernyn:dgked6



B = A† + Z xnelk ,Z = B− A† xibpik ze`xl lw
ZA = (B− A†)A = I − I = 0 okl

0 = ZA = ZUΣV′

0VΣ−1 = ZUΣV′VΣ−1

0 = ZU y o`kn
Z(A†)′ = (ZU)Σ−1V′ = 0 okle

BB′ = (A† + Z)(A† + Z)′

= A†(A†)′ + A†Z′ + (A†Z′)′ + ZZ′

= A†(A†)′ + ZZ′

BB′ − A†(A†)′ � 0 :sivx onf zkxrnsivx onfa zkxrn dpezp
ẋ(t) = Ax(t)

y(t) = Cx(t) + ν(t)`id (zkxreyne zizin`) zeitvz oia zireaixd dribyd
J =

∫ t

0

||y(τ) − CeAτ x̂(0)||2dτ

= x(0)′Qx(0) + 2r′x(0) + s

Q = Wo(t) =

∫ t

0

eA′τC′CeAτdτ

r =

∫ t

0

eA′τC′y(τ)dτ

s =

∫ t

0

y′(τ)y(τ)dτ`id jexryd z`ibye x̂(0) = Q−1r zlawl d`ibyd z` xefbl ozip dne ote`a
x̂(0) − x(0) = Q−1

∫ t

0

eA′τC′ν(τ)dτ7



System Identi�ationxibp .yl aexw Axy jk A `evnl eppevxae {xi,yi}N
i=1 ze`nbe zepezp ik gippjexry ziira

argmin
A

N∑

i=1

||yi − Axi||
2 =

N∑

i=1

x′
iA

′Axi − 2y′
iAxi + y′

iyizlawl A itl xefbp
∂

∂A

N∑

i=1

||yi − Axi||
2 = 0

N∑

i=1

2Axix
′
i − 2yix

′
i = 0

A

N∑

i=1

xix
′
i =

N∑

i=1

yix
′
ilawpe (N > ny `ed igxkd i`pz) d`ln ∑N

i=1 xix
′
i zbxy gipp

A =

(
N∑

i=1

yix
′
i

)(
N∑

i=1

xix
′
i

)−1 :`nbe
xt+1 = Axt + ω zkxrna A z` jxryl dvxp
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