
dxwae zein`pi zekxrnonlbity `ialzetivx zekxrn ,zilnihte` dxwae zeiv`ix`e oeayg
xtf

lr dvw iveli` `ll ,oezp tf ,oezp x0 •(`l wlge) tfae t0a mipezp avnd ipzynn wlg ,oezp tf •

.minimun jerk ziira –meqgn lrn wiwlg zv`d –(`l wlge) tfae t0a mipezp avnd ipzynn wlg ,oezp `l tf •onf menipin zeira –lelqnd lr lxbhpi` ueli` •.heg zgz ghy meniqwn –dxwad ze` e`/e avnd ly divwpet lr oeieeiy iveli` •

xtf lr dvw iveli` `ll ,oezp tf ,oezp x0gipp
ẋ(t) = f(x(t),u(t), t) x(t0) given t ∈ [t0, tf ]dxevdn xign ziivwpet mb gipp .ua miielzy oeieeiy iveli` ly svx epiia xnelk

J = φ (x(tf ), tf ) +

∫ tf

t0

L (x(t),u(t), t) dtiltek ziivwpet zxfra xeztp .(dwinpi) oeieeiyd iveli` zgz J z` xrfnl dvxpezixehwe 'bpxbl
JA = φ (x(tf ), tf ) +

∫ tf

t0

L (x(t),u(t), t) dt +

∫ tf

t0

λT (t) [f(x(t),u(t), t) − ẋ(t)] dt

(1)

1



o`ipehlindd z` onqp ,mewnk
H = H (x(t),u(t), t) = L (x(t),u(t), t) + λT (t)f (x(t),u(t), t)(λT (t)ẋ(t) ly miwlga lxbhpi` revia jez) ezxfra 1 'yn z` aezkpe

J = φ (x(tf ), tf )−λT (tf )x (tf )+λT (t0)x (t0)+

∫ tf

t0

[

H (x(t),u(t), t) + λ̇T x(t)
]

dt

(2)
Jly div`ix`ed z` aezkp mipzyna J ly zelzd z` oiadl zpn lr

δJ =

[(
∂φ

∂x
− λT

)

δx

]

t=tf

+ [λT δx]t=t0 +

∫ tf

t0

[(
∂H

∂x
+ λ̇T

)

δx +
∂H

∂u
δu

]

dt

(3)mrtd mb ,iad dxwna epiyry itk .δJ z` eqt`iy mi`pz sqe` `evnl dvxpey jk λ(t) xgapy i"r δx (δu(1 : t)) aeyign wngzp
λT (tf ) =

∂φ

∂x(tf )
, λ̇T (t) = −

∂H(t)

∂x(t)
= −

∂L

∂x
− λT (t)

∂f

∂xzeavdd xg`l .tf onfa dvw i`pz mr zil`ivpxti d`eeyn zniiwny λ epxga xnelkl"pd
δJ = λT (t0)δx(t0) +

∫ tf

t0

∂H

∂u
δudtmenxhqw` `vnpy zpn lr ,zrk .δx(t0) = 0 aivp okle oezp x(0)y jka (aey) xfriponfe onf lka qt`l epilr laben epi` uy oeeik .xzepy lxbhpi`d z` qt`l dvxp

∂H

∂u
= 0 , t ∈ [t0, tf ]ze`eeynd z` xeztl i zvle`nd dirad ly menxhqw` `evnl zpn lr mekiqlze`ad

ẋ(t) = f(x(t),u(t), t)

λ̇T (t) = −
∂L

∂x
− λT (t)

∂f

∂x
(4)

λT (tf ) =
∂φ

∂x(tf )
(5)

∂H

∂u
= 0 (6)

x0 givenzenevn zeil`ivpxti ze`eeyn el` .'bpxbl xlie` ze`eeyn ze`xwp 6 ,5 ,4 ze`eeyndvwd ipnfa mipzip miveli`d mrtd mb xae λa ielz xy` u aλ̇e ẋ ly zelzd zekfa.two point boundary-value problem ef okle
2



odizexfbp xnelk) ihiviltqw` ote`a onfa zeielz opi` f e L ea geind dxwnailnihte` lelqn lr f` (0 od tl qgia zeiwlgd
dH

dt
=

d

dt

[
L (x(t),u(t)) + λT (t)f (x(t),u(t))

]

∂L

∂x
f +

∂L

∂u
u̇ + λ̇T f + λT




∂f

∂x
ẋ
︸︷︷︸

=f

+
∂f

∂u
u̇





=
∂H

∂u
u̇ +

(
∂H

∂x
+ λ̇T

)

f.Ḣ = 0e miqt`zn mixaegnd ipy ilnxhqw` lelqnae
LQR :`nbezix`pil zkxrn `idz ,epi`xy ihxwqid dxwnl dnea

ẋ(t) = Ax(t) + Bu(t) (7)xignd z` xrfnny u dxwa ze` `evnl dvxp
J =

1

2

(
xTSfx

)

t=tf
+

1

2

∫ tf

t0

(
xQx + uTRu

).positive definite od Sf ,Q,R zevixhvde mipezp tf e x(t0)yk`ed lawzny o`ipehlindd
H =

1

2
xQx +

1

2
uT Ru + λT (Ax + Bu) 5 d`eeyn it lr

λ(tf ) = Sfx(tf ) 4 d`eeyn it lr
λ̇ = −Qx− AT λ (8)6 d`eeyn it lr
0 = Ru + BT λ okl
u = −R−1BT λ (9)ze`eeynde (λ xear) iteqd onfae (x xear) izlgzdd onfa miveli` mr diira oaenk ef.zenevn mdly zeil`ivpxtid
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zpzep 7 dwin`pid z`eeyna 9 d`eeyn zavd
ẋ = Ax + BR−1BT λ (10)y jk S(t) dvixhn zniiwy (Bryson & Ho, p150 d`x) ze`xdl ozip

λ(t) = S(t)x(t) (11)zpzep 10 d`eeyna 11 d`eeyn zavd .S(tf ) = Sf e
ẋ = Ax + BR−1BT S(t)x(t) (12)dxwnak .igkepd avnd ly zix`pil divwpet `ed u = BR−1BTS(t)x(t) ,xnelkzil`ivpxti d`eeyn epl ozz 12 d`eeyna dzavd .S(t) d`eeyn ytgp ,ihxwqid.(λa zelz `ll) x xear (onfa dpzyn) oey`x xqn zix`pilzlawl (minrt) 8 d`eeyna 11 d`eeyn z` aivp

Ṡx + Sẋ = −Qx − ASxzlawl hrn xqpe 12 d`eeyn z` l"pd d`eeyna aivp z`k
(

Ṡ + SA + AT S− SBR−1BTS + A
)

x = 0zlawl ea mvnvp x(t) 6= 0 y oeeik
Ṡ = −SA − ATS + SBR−1BTS − Aef dxevn d`eeyn .S(tf ) = Sf dvw i`pz epiiae Sa zireaix zil`ivpxti d`eeyn ef(zixnep divxbhi` i"r lynl) dze` xeztl ozip .zipeivixhn Riccati z`eeyn z`xwp.S(t) zlawl

Sl qpkzz onf jxe`l dvxde daivi `id S ly zin`pid zkxrnd llk jxa •m`) df S z` z`ven Matlaba care dewtd .tf → ∞ da diral mi`zny(miiw `ed.g` oexztn xzei okzi zireaix `id zil`ivpxtid d`eeyndy oeeiky al miyp •-hpi` mirvane S = 0n miligzn m` .PSD `id Sy dfk `ed ievxd oexztd
Bryson&Ho p. d`x) .df oexzt lawzi (Ṡ → 0) zeqpkzdl r zixnep divxb

167-8(`l wlge) tfae t0a mipezp avnd ipzynn wlg ,oezp tf

Jly div`ix`ed z`eeynl r o`k mb qtez mewd wxtay oeid
δJ =

[(
∂φ

∂x
− λT

)

δx

]

t=tf

+ [λT δx]t=t0 +

∫ tf

t0

[(
∂H

∂x
+ λ̇T

)

δx +
∂H

∂u
δu

]

dt

(13)
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df dxwna f` oezp xk(tf ) lynl ,iteqd avndn wlg lr miveli` mpyiy gipp zrki`pza jxev oi`e δxk(tf ) = 0

∂φ

∂xk(tf )
− λT

k = 0

xk(t0) m` ,dne ote`a .tf onfa xg` dvw ueli`a slgzd g` dvw ueli`y eplaiwyexp δJ = 0y zpn lr ,okle δxk(t0) = 0y gipdl oi` f` oezp epi`
λk(t0) = 0ze`eeyn ly ddf xtqn mr epx`yp df ote`a .0 zxzep δJ lr δxk(t0) zrtydy jk.(o`k bvez `le) xzei dpir ∂H

∂u
= 0 i`pzd ly dwvdd .zeevwa mipzynd xear.controllable zeidl zkxrnd lr dxizt didz dirady zpn lr ,ok enk:miveli`d ze`eeyin mekiq

ẋ(t) = f(x(t),u(t), t) (14)

λ̇T (t) = −
∂H

∂x
= −

∂L

∂x
− λT (t)

∂f

∂x
(15)

λT
k (tf ) =

∂φ

∂xk(tf )
or xk(tf ) given (16)

∂H

∂u
= 0 (17)

∀k λk(0) = 0 or xk(0) given (18)
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minimum jerk-a drepz :`nbemiligzn t0 onfay jk xf dewpl x0 dewpn onfae mewna x(t) lelqn `evnl eppevxa.ilnipin jxd jxe`l dve`zd iepiye xf mewna dgepna mi`vnp tf onfa ,x0a dgepnn`ed xignd .u(t) = ȧ zeidl dxwad ze` z`e [x, v, a] zeidl avnd z` xibp
J =

1

2

∫ tf

t0

u2(t)dt .φ = 0e L = 1

2
u2 ykod drepzd ze`eeyn

f1 = ẋ = v

f2 = v̇ = a

f3 = ȧ = u o`iaewrid z` aygp
∂f

∂x
=





0 1 0
0 0 1
0 0 0





∂L
∂x

aygp
∂L

∂x
=





0
0
0





∂f
∂u

aygp
∂f

∂u
=





0
0
1



 15 d`eeyn t"r zrk
λ̇T (t) = −

∂L

∂x
− λT (t)

∂f

∂x

= 0 − [λ1, λ2, λ3]





0 1 0
0 0 1
0 0 0





[λ̇1, λ̇2, λ̇3]
T = [0,−λ1,−λ2]
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okl
λ1 = c1

λ2 = −c1t + c2

λ3 =
1

2
c1t

2 − c2t + c3 o`ipehlindd z` xibp
H = u2(t) + λT f

=
1

2
u2(t) + λ1v + λ2a + λ3u 17 d`eeyn jezn

∂H

∂u
= 0

0 = u + λ3

u = −
1

2
c1t

2 + c2t − c3:drepzd ze`eeyna z`f aivp
ȧ = u

a = −
1

6
c1t

3 +
1

2
c2t

2 − c3t + c4

v̇ = a

v = −
1

24
c1t

4 +
1

6
c2t

3 −
1

2
c3t

2 + c4t + c5

ẋ = v

x = −
1

120
c1t

5 +
1

24
c2t

4 −
1

6
c3t

3 +
1

2
c4t

2 + c5t + c6mr epxzepe c6 = x0e c4 = c5 = 0 y lawzn x(0) = x0e v(0) = a(0) = 0 jezn
a = −

1

6
c1t

3 +
1

2
c2t

2 − c3t

v = −
1

24
c1t

4 +
1

6
c2t

3 −
1

2
c3t

2

x = −
1

120
c1t

5 +
1

24
c2t

4 −
1

6
c3t

3 + x0

tfa zelzk minlrp 3 a ze`eeyn 3 lawp x(tf ) = xf oev(tf ) = a(tf ) = 0 jezn




0
0

xf − x0



 =





− 1

6
t3f

1

2
t2f −tf

− 1

24
t4f

1

6
t3f − 1

2
t2f

− 1

120
t5f − 1

24
t4f − 1

6
t3f









c1

c2

c3
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d`eeyna aivp c3 = (xf − x0)
60

t3
f

e c2 = (xf − x0)
360

t4
f

,c1 = (xf − x0)
720

t5
f

lawzn
x ly

x(t) = x0 + (xf − x0)(6τ5 − 15τ4 + 10τ3) .τ = t
tf
yk

10 20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x(t)
10 20 30 40 50 60 70 80 90 100

2

4

6

8

10

12

14

16

18

x 10
−3

v(t)

10 20 30 40 50 60 70 80 90

−5

−4

−3

−2

−1

0

1

2

3

4

5

x 10
−4

a(t)
10 20 30 40 50 60 70 80 90

−2

−1

0

1

2

3

4

5

x 10
−5

u(t)
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dvw iveli` mr zkxrn :`nbed`ad diral qgizp
β
u

v

a

m
h

t=tf

u(tt)

x

y

lrten wiwlgd lr .mixivd ziy`xa dgepnn ekx z` ligzn m dqn lra wiwlgzeidl wiwlgd lr t = tf onfa .dxwal ozip (β ziefd) epeeike ma eznvery dxwa gek.yexd dxwad ze` z` `evnl yi .ziaxine ziwte` zexidnae x d xivn h wgxna(iwlg) oexztzeidl avnd z` xibp
x = [x y u v]T :drepzd ze`eeyn z`e

f1(x,u) = ẋ = u

f1(x,u) = ẏ = v

f1(x,u) = u̇ = a cos(β)

f1(x,u) = v̇ = a sin(β)o`iaewrid z` aygp .φ = u(T )e L = 0 xibp
∂f

∂x
=








∂f1

∂x
∂f1

∂y
∂f1

∂u
∂f1

∂v
∂f2

∂x
∂f2

∂y
∂f2

∂u
∂f2

∂v
∂f3

∂x
∂f3

∂y
∂f3

∂u
∂f3

∂v
∂f4

∂x
∂f4

∂y
∂f4

∂u
∂f4

∂v








=







0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
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lawp 15 jezne λT = [λ1, λ2, λ3, λ4] 'bpxbl iltek xibp
[λ̇1, λ̇2, λ̇3, λ̇4] = −[λ1, λ2, λ3, λ4]







0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0







= [0, 0,−λ1,−λ2]:'tid ze`eeyind z` xeztp
λ1 = c1 , λ2 = c2 , λ3 = −c1t + c3 , λ4 = −c2t + c4o`ipehlindd z` aezkp zrk

H = L + λT f

= λ1u + λ2v + λ3a cos(β) + λ4a sin(β) 17 t"r
0 =

∂H

∂u
=

∂H

∂β
= −λ3a sin(β) + λ4a cos(β) okl

tan(β) =
λ4

λ3

=
−c2t + c4

−c1t + c3 dvw i`pz aezkp zrk
[x(0), y(0), y(0), v(0)] = [0, 0, 0, 0] ok enke

y(T ) = h , v(t) = 0( λ4e λ2l `l j`) λ3e λ1 xear miveli` `vnp 16 jezn
λ1 =

∂φ

∂x

∣
∣
∣
∣
t=T

= 0

λ1 = c1 = 0

λ3 =
∂φ

∂u

∣
∣
∣
∣
t=T

= 1

λ3 = 0t + c3 = 1 y jkn
tan(β) =

λ4

λ3

= −c2t + c4

c2, c4 mixhnxta zelzk oze` xeztl ,drepzd ze`eeyna aivdl ozip df llk z`.y(T ) = h , v(t) = 0 exzepy dvwd i`pz jezn el` mixhnxt z` `evnle
10



(`l wlge) tfae t0a mipezp avnd ipzynn wlg ,oezp `l tf-ip xy` dirad ly sqep xhnxtl jted `ed ,oezp epi` ,tf ,zkxrnd zlert onfykep`vny (oexztd zeilnihte`l) mi`pzd mze` .oexztd xign lr rityne dxwal oz:zeilnihte`l sqep i`pz sqep j` df avna mb mitwz (18,17,16,15,14 ze`eeyin) mew
(

∂φ

∂t
+ H

)

t=tf

=

(
∂φ

∂t
+ L + λT f

)

t=tf

= 0 (19)mb `id div`ix`ed :g` lada mew epi`xy jildzd lr zxfeg dgkedd (zviwq)?:(1 'yn) mewink ,`ed o`ibpxbld ,xnelk .tfa
JA = φ (x(tf ), tf ) +

∫ tf

t0

L (x(t),u(t), t) dt +

∫ tf

t0

λT (t) [f(x(t),u(t), t) − ẋ(t)] dt

x a iepiyd ,xnelk) t = [tf , tf + δtf ] lkl x(t) = x(tf ) y jk ei ohw δtfy gipp:`id zlawzny div`ix`ed .(gipf `ed df onf jyna
δJ ′ = δJ +

∂φ

∂t

∣
∣
∣
∣
tf

δtf + L(tf )δtf + λT (tf )f(tf )δtf

= δJ +

(

∂φ

∂t

∣
∣
∣
∣
tf

+ L(tf ) + λT (tf )f(tf )

)

︸ ︷︷ ︸

require =0

δtf.(zkaeqn hrn dgkedd j` l"pd dgpdd `ll mb lawzn oexztd eze` :dxrd)onf menipin zeira :dnbemkxre mipezp ,ok enk . u ∈ Rm ,ẋ = f(x,u, t) ∈ Rn,`idylk zin`pi zkxrn dpezp.zkxrnd zlert seqa avnd ipzynn wlg ly mkxre t0 onfa avnd ipzynn wlg ly(lawzny lelqnd z`e) dxwa ze` revnl yi .oezp epi` tf ,zkxrnd zlert seq onf:dheytd xignd ziivwpet z` xrfnn xy`
J = tf − t0 y o`kn .onf menipin oexzt ,xnelk

φ = 0 , L = 1:`ad ze`eeynd hq z` zpzep 19e 18,17,16,15,14 ze`eyna davd
ẋ = f(x,u, t)

λ̇T = −λT ∂f

∂x

11



λk(tf ) = 0 or xk(tf ) given, k = {1 . . . n}

λT ∂f

∂u
= 0 m equations

λk(t0) = 0 or xk(t0) given, k = {1 . . . n}

λT (tf )f(tf ) = −1zeilnihte` i`pz m ,zeil`ivpxtid ze`eeyind 2n liaya dvw i`pz 2n epizeyxa.tf xear sqep i`pze u inin m xearlelqnd lr lxbhpi` ueli`dxevdn ueli` miiwny dxwa ziiral zexzt `evnl epipevxa ik gipp
c =

∫ tf

t0

N(x,u, t)dtote`a mitqep dvw i`pze sqep avn dpzyn mr diral divweix i"r z`f xeztl ozip:`ad:dwinpi z`eeyne xn+1 yg avn dpzyn siqep
ẋn+1 = N(x,u, t) ik ze`xl lw

xn+1(t
′) =

∫ t′

t0

N(x,u, t)dt yexp m` ,zrk
xn+1(tf ) = c , xn+1(t0) = 0.ixewnd lxbhpi`d ueli` z` miiwz zagxend zkxrndy ixdoezp swidl ghy meniqwn :`nbe

a0
t

x1

ө
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lxbhpi` ueli` m` div`ix`e ziirak divlenxet
L = −x1 , φ = 0

u = θ

f1 = ẋ1 = tan θ

x1(0) = 0 , x1(a) = 0

tf = a

p =

∫ a

0

1

cos θ
dt:`ed xignd .(p < πa ik gipp)

J = −

∫ a

0

x1dt:sqep avn dpzyna lxbhpi`d ueli` z` silgp
f2 = ẋ2 =

1

cos θ
, x2(0) = 0 , x2(a) = p:o`ipehlindd z` aygp

H = L + λT f = −x1 + λ1 tan θ +
λ2

cos θ
= const (20).ihiviltqw` ote`a onfa miielz mpi` f e L ik H =reaw ik mirei ep`:15 d`eeyn itl λ xear zeil`ivpxti ze`eeyn aezkp

λ̇1 = −
∂H

∂x1

= 1

λ̇2 = −
∂H

∂x2

= 0 okl
λ1 = t + c1

λ2 = c2 17 d`eeyna xfrip zrk
∂H

∂u
=

∂H

∂θ
=

λ1

cos2 θ
+ λ2

sin θ

cos2 θ
= 0 okle

λ1 = −λ2 sin θ = −c2 sin θ13



:xnelk
sin θ(t) =

−t − c1

c2`evnl ,20 d`eeyne ,x ly mireid dvwd i`pza yeniy i"r c1, c2,H z` `evnl ozipefkxny lbrn ly zyw `ed ilnihte`d lelqndy `ed lawzny oexztde θ(t) z`. sin α
α

= a
p
miiwn αe p

2
eqeixe (a

2
,− p cos α

2α
)adxwad ze` e`/e avnd ly divwpet lr oeieeiy iveli`dxevdn sqep ueli` zllek div`ix`ed ziira m`

c(x,u, t) = 0,yg 'bpxbl dpzyin siqep ,xnelk .dwinpid iveli` l`k df ueli`l qgiizdl ozipzeidl o`ipehlindd z` ygn xibpe (zixehwe divwpet) ν

H = λT f + L + νT c.miqtez minewd migezitd o`kn

14


