Computational Geometry

Exercise session #4: Polygon decompositions

Art Gallery Theorem
Trapezoidal decomposition

Convex decomposition
Solution to homework 1
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The art gallery problem

 Given a simple polygon, place point guards
whose visibility regions cover the interior.

n=36, guards=9
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Art Gallery Theorem

* Theorem: For any simple polygon, | #/3] point
guards are sufficient to guard the entire
polygon. A placement of | #/3] guards can be
computed in O(nlogn) time.

 Proof idea: triangulate polygon, then position
guards to cover each triangle.
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Placing the guards
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3-Coloring of Polygon Vertices

Green: 8
Black: 8
White: 9

Yaron Ostrovsky-Berman, Computational Geometry, Spring 2005 5

Correctness & Complexity

 Dual graph of triangulation is a tree.
» BFS traversal of tree visits vertices once.

» Neighboring triangle vertices get different
colors.

* One vertex guard sees the vertices of different
colors.

* Running time: triangulation + linear traversal
of dual graph. Can be done in O(n) time.
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Guarding with Edge guards

How many edge guards are needed to guard a gallery?
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Lower bound for edge guards

| n/4] edge guards needed

What about star-shaped polygons?
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Trapezoidal decomposition

Trapezoids are quadrilaterals with two parallel
edges, or triangles (degenerate case).

Trapezoids are easily triangulated.

Decompose polygon into slabs which are
easily searched.

Computation using sweep line is easily
achieved.

Drawback: new vertices are added to the
decomposition.
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Example
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Sweep events |

Sweepline status: (e;,e,,es,e4) 2 (€),e4)
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Sweep events 11

Sweepline status: (e;,e,) =2 (€,€,,€5,€4)
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Sweep events 111

Sweepline status: (e;,e,,eq) =2 (e1,65,€,)
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Convex decompositions

Partition polygon into minimal number of
convex pieces with disjoint interiors such they
cover the polygon.
Two versions:

= Partition using only diagonals

= Partition with additional vertices (‘Steiner points’)
For a given polygon, which version results in
less convex pieces?

Which is harder to compute?
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Decomposition example

Decomposition with diagonals

Decomposition with Steiner points

:
LY
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Bounds on optimal decomposition

» Let ®@ be the fewest number of convex pieces
into which a polygon may be partitioned.

* Theorem: for a polygon of r reflex vertices:
(7211 <D <+l
* Proof:
» Drawing a segment that bisects a reflex vertex
removes all reflex angles = upper bound (Steiner).
= At most two reflex angles can be resolved by a
single segment = lower bound (both versions).
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4-Approximation algorithm

Hertel & Melhorn 1983.

Quickly partition polygon such that number of
pieces is at most four times the optimal.

Definition: a diagonal d is essential for vertex

v if removal of d creates a non-convex piece.
Otherwise it is inessential.

Algorithm: triangulate, then remove
inessential diagonals one after one until none
remain.
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Quality of approximation

Algorithm outputs convex partitions, since it
starts with one and maintains this invariant
throughout all steps.

Lemma 1: There can be at most two diagonals
essential for any reflex vertex.

Lemma 2: The Hertel-Melhorn algorithm is
never worse than four times the optimal
number of pieces.

Yaron Ostrovsky-Berman, Computational Geometry, Spring 2005 18




Proof of lemma 1
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Proof of lemma 2

When algorithm terminates, all diagonals are
essential.

According to lemma 1, every reflex vertex is
responsible for at most 2 diagonals.

Number of diagonals cannot be more than 2r.
Number of convex pieces produced: M < 2r+1.
Lower bound for @ implies M < 4®.
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Optimal Convex partitioning

 Best algorithm for partitioning with diagonals:

[Keil, 1985], runs in O(r’nlogn) time.
* Best algorithm for partitioning with Steiner
points: [Chazelle, 1980], runs in O(n+r?) time.

Yaron Ostrovsky-Berman, Computational Geometry, Spring 2005

21

11




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


